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y preface 


science is heavily 
. 1 of computer science 18 

The rapid developmen ; miogical progress. Many 

’ fic and oes eee such as biology, 


i ong the rate of scientt®” iy sciences. 
infeoat were ouce cae qT en eae ‘re becoming more 
phy. geology, oo ay the traditionally creative spheres 
technoloyy—are now aided by 
optimal sojutions have become 

knowledge. 

lex processes was the first 
developments in cel 
. it became possible to use powerful mat ematica 
technology bears reviously peat infeasible. The theories of identi- 
fication, optimization, and dynamic programming, for example, had 
already heen developed and employed, but were not widely used. 
Numerical methods developed in close connection with develop- 
ing computer technology. Moreover. each level in the development 
of computer technology influenced computal ional mathematics. Take, 
for example, variational methods. They were very important in pre- 
computer mathematics as it was possible to state a problem of ma- 
thematical physics or engineering as a problem on the minimum of a 
functional and construct an approximate solution in the form of a 


small but informative set of trial functions. In many cases the success 
of the solution depended on the choice of the simple functions and 
this constituted the creative component of the study. The advent of 
electronic computers and the rapid development of finite-difference 
methods for solving problems rendered variational methods almost 
obsolete until even more powerful computers appeared. These made it 
possible to passfrom difference approximations to variational-difier- 
ence ones, presenting science for asecond lime with the finite-element 
method and the method of spline functions, the origins of both 
going back to pre-computer mathematics. As a result of this loop 4 
powerful set of difference methods has become available, enrich 
with the idea of a best, in a certain sense, approximation of the orig: 
inal operators of problems without violating their definitenes- 
These methods are now used everywhere. 
Tho selection of the most efficient algorithms for the numerical 
solution of a problem was also interesting. At first the quality of 


of human ac Sat 
jateractive compu ‘ 
: ssible in various areas of human 
tical modelling of comp 
nee the impact of the 


8 Preface 
otential of computational mathematics 


rcuils is 30 extensive that the crea- 
a subject of investigation of 
has now come to formulate computer 
architectures f numorical methods and data-base 
control. To do this will require tho development of new directions of 
computational math lor technology. The driving 
force behind tho cre 
all associated with t 
lems. Hence applied problems can 
source of new computational mathema 
algorithms originally acose to solve applied pr 
after years of wider applications were they a 
basis of computational mathomatics. 

collaborators, and col- 


The writer of these lines and his pupils, 
rded computational and applied 


leagues have for many years rega 
mathematics as a single system of knowledge. This has allowed us to 
make some advances in a number of particular areas of science with 


a subsequent generalization of the results obtained to computational 
mathematics. This can he seen from the papers included in this 
collection. 
“A Generalized Conjugate Gradient Method in a Subspace and Its 
Marchuk and Kuznetsov presents a new approach 
to the generalization of the classical method of conjugate gradients 
with preconditioning. The approach is based on considering the 
method in a specially chosen subspace of a vector space rather than 
OY carr me method is applied to the optimization of 
ive methods of fictitious c i 
ec 7 the corresponding baa ene someny rree 
“Problems of Projection-Grid Methods i " 
Tie Tenet be Ag i Variations’ Focas ‘of Brsbles a 
Tran 7 y” by Agoshkov and Smelov discuss ti i 
iag in solving a class of proble ey 
The first paper covers siuas of arate venaltenk peat 
methods aro used, such as the smoothness of a s an Mrpies tion are 
of basis functions, and the extention of the functions « rith | ae 
aes preserved, and suggests solution methods for a ig ees 
e second paper formulates a variational stat Corege tare 
a three-dimensional region with piecewise per ace Peo lem 1 
the method of spherical harmonics. An a sped, houndaries far 
tion of the original transport equatio pe gaa 
Vector Algorithms and Randomiz Tio eo aered 
by Kargin et al. presents basic pag ab of Monte Carlo Methods” 
stochastic algoriiins | a usions from the theory of vector 
“doubl : . or solving systems of inte . 
ouble randomization" algorithms for solvi gral equations and 
parameters. It deals with the basic theory ii S povems with random 
nd construction of these 


Nowadays technological poten 
scalo intograted circ 
; ig itself becoming 


ation of now mothods an 


he need to solvo ever } a 
bo justly considered to he the 


lics. [ndeed good computing 
oblems, apd only then 
bstracted to form the 


Applications” by 
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algorithms for transport theory taking into account the polarization: 
of light and stochastic heterogencity of tho modium, and with sto- 
chastic problems of clasticily theory. 

“Numerical Simulation of a Large-Scale Atmospheric and 
Oceanic Circulation” by Marchuk ef al., “Methods of Mathoma- 
ti 1 Modelling of Sea and Oceanic Processes” by Sarkisyan et 
al.. and “Optimization Models for Environmental Protection" by 
Penenko ef al. cover the main computational aspects of modelling 
atmospheric and oceanic circulation, tho simultaneous almosphoric 
and oceanic circulation, and the dynamics of pollutant propagation 
in the atmosphere and ocean. Theso probloms are some of tho most 
complicated problems in modern physics and requiro large computa- 
tional costs. When implementing these models the efficiency of the 
computational algorithms is of primary importance. The algorithms 
presented in the papers are based on splitting the original problem 
by both pbysical processes and geometrical parameters. Solution 
methods for problems with a small parameter of a higher derivative, 
the procedure for investigating the response of discrete models to- 
variations in the inpul parameters, and methods of experimontal 
design are considered. ; 

In recent years mathematicians havo shown a growing interest in 
one of the biological sciences, immunology. The rapid development of 
theoretical and experimental immunology was stimulated by (and 
stimulated in turn) the application of mathematical modelling. The- 
mathematical modelling of! pees disenses are discussed in the 

“byJMarchuk, Belykh, and Zuev. ead 
peti the paper by Ilyin et al. uses the problem of alesigaing 
electrophysical} devices as an example lo demonstrate the curren 
approach to constructing computer-aided «lesign systems. As already 
stated above, this direction is naturally connected ma the ue e 
computer science, the intellectualization of technology and creat 


of data bases. 


{ A Generalized Conjugate Gradient Method 
in a Subspace and Its Applications 


G. 1. Marchuk and Yu. A. Kuznetsoy 


; In recent yoars much work has Appeared dovoted to var- 
ious” generalizations and applications of the classical conjugate 
kradiont mothod first dovoloped in [1.1] and [1.2]. In thig Paper we 


Tho paper consists of five sections. Section 1.1 deals with general 
problems of the theory of the generalized conjugate gradient method 
in a subspace. Section 1.2 discusses some simplest specific variants 
‘Of the method. The remaining three sections are devoted to applica- 
tions of the method to the optimization, in the corresponding sub- 
spaces, of tho method of simple iteration for the kinotic transport 
‘equation, of the fictitious Components method, and the block 
relaxation mothod which uses geometrical decomposition of the do- 
main in which tho solution of the original differential problem is 


-defined. 
GENERAL THEORY 


Consider the sy. 
Au=f 
i i nix ' =AE 
rith a real quadratic matrix A and a vector Fe Im A M 
silaes Ey is the space of V-dimonsional real vectors with the ieual 
-scalar product (-, -) and the corresponding norm || : | = (-, ) ; 
Notice that it is not assumed hero that the matrix A is nonsingular, 
bul it is required that the original system (1.1) be ee r 
We next introduce matrices D and H and subspaces U, © Ey, 
ssuming the following: ee 
ale mulapace Y,, is invariant under the matrix 5 = aii he ia 
atrix D is self-adjoint and positive definite in U4, i.e. 
ee ae i Dy) holds and (DE, §) > 0 
any §&, 9 € U, the equality (DE, n) = (, Dy 


holds for any nonzero & € U4. ; aaa 
The assumption about D allows usto define in U7, a new 


(1.1) 


— 


duet and a now norm: 
Qa. Wp (A, 1). g ncUa, 
Sil (BY BEM, 

Now we mako yot nnothor very important assumption that in Uy 
the matns S -- AH is D-soll-adjoint and D-positive dofinite, |e. 
for any % We Ua we have (SE Wo Sy)p and for any nonzoro 
REU,Wwe have (SE. Bn > 0. Notico that this assumption Is oquiva- 
lent to the requirement that DS bo solf-ndjoint and positive dotinite 
in Uy in he sense of the usual scalar product (+, *)- 

Under the assumptions mado wo havo 

Lomma t.f. Lei ¢ -= dim Uy. Then U, is the span of some D-ortho- 
normal system of eigent tors a vs Wp, of S which correspond to its 
positive cigenvalues ky & ha. Se 

Lot some nonzero vector §€ U, and somo integor r = | ho givon. 
Then tho span of the systom of voctors S§, 1, STE is callod the 


Krylov {1.7) space and denoted by 
@)= 4 (SE S’$). 
It iseasy to suo that #, (8) = *, (&) for any r > p, whore p = 


p &) is tho maximum wholo number for which the system of vec- 
tors SE, SPE is lincarly iudopondont. In particular, #, (§) = 


wT. (8) for any r > t, whore ? is the number of distinct values 
among the previously determined cigenvaluos 2, ., 4, of S. Note 


that for any & € U, we havo p (8) <!. 

Stow suppose that §° = Au — f¢€U, for somo givon voctor 
u’ € Ey and that woe know a system of voctors @,, » -» Gp such that 
the vectors w, = Ag,, &=1, p, form a D-orthogonal basis of 
& , (8°). Then, using the lincar dependonco of the vectors eo, Se, 
caine (2°) (with p = p (&) previously dotormined) it is onsy to 


va Fp Bac, will, k= p12) 


and hence the solution u* of the original syst 
using the computational procoss eee eee 


uw = ub! — Brey, k= 1, Ps (1.3) 
where u* = u?. Lot us invostigate in detail tho 

, u problem of construct- 
ing the required basis wy, wp for somo arbitrary but fixed 


vector § € Uy. 
This problem can be solved using the usual Gram-Schmidt D-ortho- 


™ 
12 


G. 1. Marche, ond ¥u, 4, Kasnetsoy 
Sonalization Process: 


Se, 


Iwilh 2 Ph k~4, ka Tp 
or equivalently the process 


SE, k=1, 


ae A~1 
, Swp_s— 2 be, kW, >A, 


Swp-1, : “a 
one, i=1, k—1, k=, p 


b.1= 


which, by virtue of the easily verifiable equations 5) = 
i= 1, * —1, can be represented in the three-term form 


SE, m= 
“=| Sw,— aw, aie 


(1.6) 
SWy-1— pWa-s— VaWaory > 2, 


Iwa-sllb pT p 
SWnr-1, Wr-z) — (SWa-ty Wa-s)p __ © 2? 
a=! Twas i me I Was Ilp Nw n-a lib 


show 
: [1.9]. We 2° 
called the Lanczos orthogonalization process Oe cted ving 
that the orthogonal basis for &'p (8) can 3) with process (1+ 
more compact formulas, by combining (1.6) 

residual vectors: 


(EA-!, WalD = k= 1, Ps 
oe ee 


' Oo . i lo 
where £° — £, (6°, Sé%)p ~ 0, that pr . ! 
Suppose, taking into account B, = “Tseei, 1 <p) 
. .. = re 
some k>1. We show that Basi # 0 (if se 0), is | 
shall use the fact that tho vectors w,, i = 1, P» dual vector 
necessarily nonz 


ero, SEA-1 ¢ #, (§°), and the resi (5)! 
“Orthogonal to wi, i=1 


wk, formulé 
MICe wy = (1/f,) (EA-1 ga » to calculate Wats 
Can be ‘ritten in the ntreh En form 
Wanye 1 be 1 (SEA, wip ’ 
By StS p> at My Cues = Fr tertb 
jam § — 
(= 4, k, 


- 
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from which it immediately follows that 


(BA, Waeidp 1 (SER, Ep 
Brey = Twalh Ba nll Ze: 


In addition, it follows from 
i 


(SB, wip = (8, Swip= (Bs Wass be a)0 


that cys. = 9 for i < & and accordingly (1.8) has the form 


Wares = — (4/By) (SE* — Cys swa), 
— (1) Se ee 


¢ = 
mei Is 1B 


Putting all the foregoing together and using for the D-orthogonal 


vectors (—fB,_,W,) the same notation w,, k = 2, p, we arrive at the 
following two-term formulas for constructing the D-orthogonal basis 
for &, (&°): 

ae ( R=A, | _ (St1, waadp 
» SE — O08 on : Iwill, - (4.9) 


2, Wr) qn 
§' =) Bywy, p< — iz , k=1, p 


which leads to the vector §? = 0. 
From the above reasoning we readily obtain 


Theorem 1.1. Forw, and &", k= 1, p, of process (1.9) the following 
| erthogonality properties are satisfied: 


(w,, W)o=0, 1=1, k—1, 


(e, wi)p = 0, 4, k 


l=1, k, 
(se*, Ep =0, l= 4, k— 


“4 


Corollary. The coefficients a, and Bp, of process (1.9) can be calcu- 
lated from the formulas 


__ Ne bsg _ tts 
= Tbs eal 


where || - |lps ts the norm generated in U, by the matriz DS. 


Suppose a vector u° € Ey is such that §° = Au® — f€ U,. Then 
the solution u* of the original system (1.1) can be found byt the-faly. 


HRY, ken, Wet"! Ibs 
x= | Hea k> 1, tn * — TPs (1.10; 


HER" hs — 
aw! —Bygas Baa a 1, Py 


where W, = 48) gk = Au* — f aro residual vectors and u® =u’, 
Noto that in the case of tho singular matrix A no unique voctor u* 
can be found for given matrices H and D and a given subspace Uas 
i.e. it depends on the choice of tho initial vector uv’, 

If the matrix A of (1.1) is symmetric and positive definite, H=l 
(7 is the identity matrix), D = A“, and U, = iy, then the corre 
sponding method (1.10), whose formulas havo the form 


_{[® kat, ero 
B=] ett oxen bt, HO WRI? 


ier pop 
Bx= “Tem? 


(1.14) 
u* = ut! — Bagr: 


is the well-known conjugate gradient method (4.4). It is therefore 
natural to call method (4.10) a generalized conjugate gradient 


method in a subspace Loo. 
In the case where U4 = Ey, det A #0 and, for D and S, the 


assumptions made above hold, i.e. D and DS are symmotric and 


positive definite, we have [1.6] the following 
Theorem 1.2. The generalized conjugate gradient method (1.10) is 
equivalent to the classical conjugate gradient method (1.11) applied to 


solve the system 
Av =f 
ith symmetric positive definite matriz 
4=K" AT DAK ' (4.43) 


(1.42) 


and vectors { = K-ATD{ and v = K'/u, where 
K = A'DH-!= A'D(DAH)'DA (1.14) 


is a symmetric positive definite matr 
The proof of the theorem is effect 
of the expressions for the matrix A 
mulas (1.14). 
Using Sec. 15 of [4.4] (see also (4.10) and [1.14]), we introduce 


more compact three-term formulas of the generalized conjugate gra- . 


dient method (1.10) which do not involve calculating vectors gy 


iz. 
ed through a direct substitution 
and the vectors f and v into for- 


and wy = Ag,. Let &< p. Then the equations 
Bt BAe B= Bt fl 
Attias, SE — ays Ag 


RACL__ tA _ eh A—FA-1 
fret Ss nt Ba 
uivalently 


ee = 3 ers B.. SB 3 (n+ 1Bno1/B,) (B — BF). 


(1.15) 


{ 0, kez 1, 
@% =i? ai={ —@,/By4, k>1. 


We show that the quantities q, and €,., can be evaluated from the 
following formulas (e, = 0): 


1 SE (13, es 1 8* Ibs = par 
TETTps Ot Oe TEES) R= TP 
(4.16) 


Indeed, using the properties of Ag, and &* we get 
Il Ags Iib=(S6*!—a,Agn4, Agy)p = (SE, Agn)p 
= (Se, SB! — ay Agy) p= |] SEA Ilb 
— (@/By-1) (SE, i? — gn) 
= 1 SE" [b— ens 18°! Ibs 


from which we at once obtain formulas (1.16): 


LT a 
TE Ibs TE Tbs Oe 


IEA lbs 
THis * 
Now we consider briefly the estimates of the Tale of convergence of 
the method under consideration. 

_Denote by u* the solution of system (1.1) which we obtain for a 
Biven u° in p = p (E°) steps of tho generalized conjugate adient 
method in U, and consider a Sequence of orror vectors g — ue 
It is not difficult to show that 2*, k = 0, p, are in the sub: 

A 2 » Py a 
U = BU, which is the span of the ATDA-orthenarma] aystons of 


Cn = — Oya /By = —Oyayg, = 


efgonvectors yy, 6 = 41, f, of the matrix HA Wal corran 
positive vigenvahias Ay Ags, , Shy, Thess slgonvactan: tt 
rolatod to the corresponding previously datermi nay) si genvactors fi 
of the matrix § = 4H hy the equations b= Aq, t= TT 7 
Suppose that the sigon values Ay t=4,0T, He in the intaryel 
a, bl], whore a < b are some Poritive integers, and denote hy 7’, (, 
Ghobyshev polynomials af the first kind of order k (k > 0): al 


_ { 008 (k cos! x), lz/<1, 
T, (x) = cosh (/¢ cosh 7), |z|>4, 
vivalently 


Py (2) = (1/2) ((2@+VP—1)" 4. (eV ART, yy. 
Then we have ((1.4), [4,42], [1.13}) 
Theorem 1.3. Under the assumptions made, for the sequence D, « 


DTAD-norms of the error vectors z* of the eneralized confu 
Sradient method (1.10) we have the estimate é a, 


{ 
[| 2” | STC Tae CaT 12° Ilo,, (1.17) 


where 
Py [(b + a\i(d — a) = (1 + g*hy/2gH, ae 
q= (1 — v¥/4)/(1 + vi?) vy = a/b, 
Corollary 1. To minimize the D,-norm of the vector of inital error by 


@ factor of 1/e (¢ <1) it suffices to carry out le steps of methad (1.10), 
where k, is the minimum whole number sattsfying the tnequalltty 


In (1/e+- V T/e—4] 4.4 
k >a PyA—viAy ° (11) 
Corollary 1.2. If v, e<1, then k, is evaluated by the following 
approximate formula: 90) 
kk, & (v-'//2) In (2/e). (1. 


1.2. SIMPLEST APPLICATIONS 


In this section wo consider some simplest a haere . : 
‘the general theory of the generalized conjugate eden aud 
subspace when for given matrices A and # the subspace U4 
by the relation pie 
U, = Im [(U — AX) A] & Im (J — AX) Nim A. 


one 
Then the initial vector of method (1.10) can be chosen te by 
iteration @f the corresponding stationary iterative m ' 


the formula 
uw? =v — H (dv — f) (41.22) 


ir gonoral arbitrary, vector v € Ey. In this caso the vector 
e° = Aue — f = (J — AA) (Av — f) 


will belong to the chosen subspace Uy. 

Let A and H be symmotric positive somidofinite matrices satisfying 
the requirement ker H () lm A = 0. Then, since U, = Im A and, 
for any §, n € Va, 

(DAH &, n) = (HE, 4), 
the matrix D = A* and the corresponding matrix DAH are self- 
adjoint positive definite in U,. Thus, to solve (1.1) one can apply 


(1.10), with given D, A, and A, whose two-term implementation 
formulas have the form 


| kat, nal 
bx =| HE ayy, ko 1, OO TR? 
uw =u"! — Bye, By = IL 8""* Ilde/Il ga Hd: 


*, gx and e, of (1.15) will be evaluated from 


I AEA? [12 WBA lly 
9 = TRE ew = Oh TTA, (4.24) 


It is obvious that when H = J we arrive al the usual conjugato gra- 
dient method (1.11). 

Now let A bean arbitrary matrix, 4, and H, be symmetric posi- 
tive semidefinite matrices satisfying therequiremonts ker 4, (Im A = 
Oandker A, ()ImAT=0, H = H,ATH, ondU, = Im A. Then, 
since for any §, 4 € Im A 


(DAH &, y) = (#38, 9), 


it is not hard to see that matrices D = AH,A™+ and DAA are solf- 
adjoint positive definite in U,. After simple transformations it can 
be shown that the implementation formulas for the correspon bing 
method (1.10) are of the form 


ATH, k = 1, Il Rand TF 
*e"| ATH u= — Tea 
A AE ayy, kk > 4, ne Ne, 
(1. ) 
a 1 BA-? 
u' =o"! 6,g,, By = ii. 


ye ih, 


8 G. 1. Marehuk and Yu, 4, Kusnetsov 


Similarly, qq and ¢y of (1.45) aro evaluated from 
WAT HARA If, WE ile, 
qn = ] Ae! If, —~Cyity r= Qh il gan lity, . 


Now consitor tho case where A is asymmetric positive semidef- 
nito block matrix of the following form: 


_ [Au a 
a=| 4 Ava |? (1.27) 


where A,, and 44, are positive definite matrices of order V, and N,, 
respectively (V = N, + N,). Wo choose H = &-!, where 


Bea fe | (1.28) 


and define the matrix C = B— A. Then Ux, © ImC f\ImA and 
assuming D = A* it is not hard to see that for any £,n€ U, 


(AHE, )p = (HE, n) = (§, Hn), 
i.e. the matrix DAH is self-adjoint in U,. Moreover, if we represent 


0 
BE Uy, ot=(p 


(DAH &, &) = (AB, &) = (AziSe, 2) > 0 


and hence the matrix DAA is positive definite in U, (see (1.14]). 
Thus, to solve (4.1) one can apply the goneralized conjugate gradient 
method (1.10) with given H and D in a chosen subspace U,. We 
write out the implomentation formulas for this method, we shall 
yet need them in Sec. 1.5. 

Suppose that for somo k >0 we know vectors sp" = Cu* and 
3’ = Au" — f or, to he more precise, vectors y4, &% € Ey, from 
0 0 
the presentation v= | B= | A Then the vector u’ can 
vt B 


(4.26) 


i where &, € Ey,, then for any — ~ 0 (&, #0) 
we have 


be reconstructed by solving the equation 

Bud = Cu" + &* +5 (1.29) 

or equivalently by solving the system 
Ayu} + Agus ~ Fy, 

A,uk ~ f, + sph 4-5h, 


although it would be more correct to evaluate y*, w is the solu- 
tion of the system 


By" = f + &, (1.31) 


(1.30) 


{. Genoralized Conjugate Gradtont 


instead of w’, since in this case we have 
pvt — a* fin < put —u* ly (1.32) 
in the space of error veetors U. 


Thus in the course of the implementation of method (4.10) it is 
sufficient for us to evaluate only the components yp and § of 


and & and after k ic steps (for oxample, it =: k, or k= p) either 
to use (1.30) lo reconstruct the ontire vector uw’ or to use (1.31) to 
find a more accurate approximation vy" to the solution u® of the 
original system (for i = p we have we = ys u*). The correspond- 
ing ruplenentatien formulas for mothod (1.10) have the form 
(v = 0): 

Cw=CB"f, 9— —Cu?, 


Rs e2 - - - 
G* = Ay Ar gal IB, 


_f{ @ k=2, 
(gt —ayt!, k >, 
ey ql, k=4, (1.33) 
Beg" —aywi', k> 1, 
vis -{ Nee! Wasa 
WE? Wags 


Wh= PEI —Byyh, BE Bt Bw, 
Br= WEA IG MCW, AGB), 


where yt, wi € £yx, are the components of vectors y" = Cg, = [) | 
A 
2 


0 
hes 
and w* = Ag, = el from U, | ImC. us that to 


implement (1.33) it suffices to store (ignori 
finding the v h adie Rnoring the procedure for 
sion oe Vector ¢" from a given vector §4-') five vectors of dimen- 


The two- cls 
eine = term formulas of method (1.15) similar to (1.33) can be 


¢" =A AT yp BE', 


& = 
Wie vr '— (Ha) (o*—e,(yh-!— 2), (1.34) 
82 = 6: — (4/94) (—ot—e,_, y's", 


—— 


(4aeba"' 8!) 
“2 1a Choir 


’ Wact 


A 2 
tl 3 Way (1.35) 


OTT? 


To imploment (1.34), (1.35) it is also sufficient to store simultancous- 
ly only tive vectors of dimension N,. 

Thus, the most important procedure in terms of the amount of 
computational work required for the implemontation of each step in 
methods (1.33) and (1.34), (1.35) is (especially in tho case V, < N) 
to calculate @* from a givon vector f-'. We shall return to this 
question in Sec. 1.5. 

It is clear that methods (1.33) and (4.34), (4.35) can be inlerpret- 
ed in another way. We cau treat them as the generalized con jugale 
gradient mothod applied to the solution of a transformed, implicitly 
given system 


Av = F, (1.36) 
where A = As. _— AyATAia, v= Us and F = f, = A Ajih. 
Chosen as His H = A>} ond the analogue of U, is 0, = Im [(J — 


AH) 4}c £y,, the implomentation formulas for (1.53), for 
example, assuming the simpler form (4.23). 

Thus, in the situation we have considered the methodsina su bspace 
can be given Adifferent, more convenient and simplor interpreta- 
tion using the idea of the methods of [4.15]. But in our opinion hased 
on experience such an interprotation is not always sufficiontly obvi- 
ous or visual. In addition, theconcept presented in Sec. 1.1 seoms to 
our minds to be more general, from the viewpoint of uniling iterative 
piping et yden iu nee potatos into a single class, as well 
; ructive when developing no i = 
tour enplied problems Ping now methods aimed at par 

© conclude this section by discussin briefly the esti ion of 
the rate of convergence of method Vy). if is pie chaLithe Glee: 
valugs of thotransition matrix T = _ 
matrix and the matrices B = H-1 and A have heen defined above) 


a complete system of oigenvectors and p (7 <1 = 

only if det A = 0. It at once follows that a ta'the a fe ces. 
vestors of AH Corresponding to its eigenvalues not equal to zero or 
unity. To put it another way, for the method under consideration it 


ig possible to set 


amin (1.37) 
Ma Aad 
i ith b<1. It 

whore a (HA) is the set of all eigenvalues of HA, with 
follows, in particular, that when a@ 4 and {1 — b| <1 instoad 


of (1.20) one can use for &, the approximate formula 
hk, ax (a '//2) In (2/e), (1.88) 
1— yp (7) (if dot A #0). 


THE METHOD OF A SIMPLE ITERATION FOR 
THE KINETIC TRANSPORT EQUATION 


Given a domain G x Q, where G is a unit cube and Q 
isa unit sphoro, consider the one-velocity intogrodiforontial kinetic 
transport oquation (1.16) 


(6, grad) uj 2. SL Juan +e (1.39) 


~~ 4m 
a 


with the homogengous boundary condition 
u = 0 for x = (x,, 22, 43)€ 0G, (8, v) <0. (1.40) 


Hore a -- 0 (x) and a, ay (x) are nonnogative continuous func- 
tions satisfying the inequality o > o,, f=. { (x, 8) is a continuous 
laser v is the vector of tho outward normal to the boundary 
dL a 4 

We construct a uniform square grid with a mesh-sizeh —A(n 1) 
in Gand a grid with nodes g;, 6 =: 1, 2m, whore m is some integer, 
nalisfying the condition 5, —8m41, 4 1. m, on the unit sphere 
Q. We thon approximate the ori inal problem (1.39), (1.40) using 


tho simp] eystem of grid equations [1.17] which in matrix note- 
tion has the form 


Lu = Su +f, (1.44) 


Where tho matrix L corresponds to the differential operator on the 
left of (1.39) and S corresponds (o the integral aperator at the right. 


ith an appropriate ordering of the unknowns and equations the 
matrices /, and S can be represented as 


a “A0 . S, S, 
“Lo ar ]+ s..5,] § a (t. 


Hore \ is a block diagonal lower triangular matrix, > — Ye 


10 re 10 - : 
} | and Y,=L, @ E at whore > and §, are diagonal MAlricgs 


with nonnogalive diagonal elements, and S, is a symmetric pos; 
tive somidelinito matrix of rank n®, The above matrices have the 
following proportios: @ 


(i) S, = S}/2, i.e. the matrix Y 2S, is an orthogonal : 
(ii) tho matrices Land L — § are positive definite, Projector; 
(iii) 4, and L — S are M-matrices; 


iv) the splitting A = L — S is rogular [4.18 
p is)" { : a ie roguiar 4-18l/end Consequently 


One of the most widely used methods of solving (1.44) ; 
called mothod of a simple iteration (1.44) is the So- 


Lut = Su 41, k=1,2,.. 


every step of which requires O (N) arithmetic operat; 
= 2mn*. Obviously, for all k > 4 Perations, 


E* = Au'—f= Su! — Su* € Im S. 
We choose U, = Im (I — L-'§) = Im S. TI t : 
lel sce ) len the following lemma 
Lemma 1.2. Matrices A-', L-', and S* are self- djoi ve 
definite operators in U4. {adjoint and POSitive 
Proof. Indeed each of the matrices can be 


form 
" D, Dz | 
D,§Di 
where D, and D, aro some matrices of order N/2, wi : 
symmetric. But for any § »€ Ux, we then Nan 2 with D, being 


(DE. 9) = (DE ne 
where B= (D,+2D,+-D1)@| | ‘| ae 


(1.43) 
Where 


represented in the block 


14 Symmetric positive 


definite matrix in U4. 
Lemma 1.3. Let D be one of the matrices 4-1 7-1 ; 

matriz AL“ is )-self-adjoint and D-positive dee; a m4 - Then the 
Tho proof of the Jomma makes use of the structur Ai ial 

simple matrix transformations for every particu! @ of U, an ne 
A direct rear heey a rey last two striae choice of D. - 
Theorem 1.4. To solve (1. We use the : 

dient method in Ux, =Im § with H — ipa 4 conjugale bf 

L', or St, a BD equal fe “ 
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-l 

i ti thod for D = A™- 
We writo out computational formulas of the met : 
i ilarly to the last method of the proceding section we set the fol 


lowing problem: given k = i tind first Sut, gh € Uy, andonly after 


that find the required vector w' or vector vi as a solution of the 
system 


Ly* = Suk +f, 
tisfying, by virtue of p (L-'S) < 1, 


{| Avé —Eilp <I] Aut — E llp. 
Thus for k = 1, 2, ., & we have 
Sur <= Su®=!— (1/9,) (SLOE*"! — ey, (Su! —Su*-*)], 
(4.44) 
BY = BP-1 — (1/ qq) (BP — SLBA! — ey, (BR-1— BP), 


where e, = 0 and the other values of e, and g, are found using the 
following formulas: 


(SE-y-, (—SL- )y 
te = RT, SIMD Ot (4.45) 
ex= On (SLIEN, Eg SLA, Bogs, 


In deriving the last formulas we have used the fact that StS = 
anJ therefore for any two vectors §¢ U, and 1€ Ey 


&, n)=( 5m) 57. 


Some words about the computational characteristics of method 
(1.44), (1.45). Since the rank of S is al most n?, to implement the 
method it suffices to store five of n®-dimensional vectors and use at 
each step only © (n°) arithmetic operations. At the samo timo to 
implement the procedure & -» SL-'€ requires O (N) arithmetic op- 
erations. Thus the use of formulas (1.44), (1.45) of the conjugate 
gradient method to optimize the simple iteration method (4.43), 
while increasing the required storage by two and a half times, does 
not lead to any considerable increase in the number of arithmetic 
operations. ‘The rate of convergence of method (1.44), (1.45) is natu- 
rally much higher (especially if p (L“'S) is close to unity) than 
that of the simple iteration method (1.43). 

Extensions of the method presented to other cases, in particular 
to problem 


$ with nonisotropic dispersion, are discussed in [1.47], 
{1.19], and 4.20). F 
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1.4. FICTITIOUS COMPONENTS METHOD 


Consider a system of linear algebraic equations 
A,u, = f, (1.46) 


with symmetric positive semidefinite matrix A, of order N, and 
vector f, € Im A, and suppose that its solution uses the iterative 
method 


B, (uj —ut”*) = —%, (Aut *—f,) (1.47) 


with some symmetric positive definite matrix B, and a parameter se- 
quence t,. Then, to make easier the choice of readily invertible 
matrices B, in particular matrices of special structure (this is espe- 
cially important for systems of grid equations), it was suggested in 
[1.24] that system (1.46) should first be transformed to system (4.1) 


f 
with vector f = & € Ey and matrix 


A= ie a (4.48) 


of order N > N,, where A, is some, in general, arbitrary symmetric 
positive semidefinite matrix of order NV, = N — N,, and then one 
should apply the iterative method 


B (u* — u*-1) = —1, (Av — ff) (4.49) 


with a chosen symmetric and positive definite matrix B to the re- 
sulting system Au = f. 

The procedure described is known as the method of fictitious or 
false components. In [1.22] it was pointed out that other var- 
iants of the fictitious components method are possible, for exam- 
ple, one with the matrix 


A, 0 ~ 
a= raya si 


Specific applications of the fictitious components method with traus 
formation (1.48) to the solution of elliptic equations with natural 
boundary conditions were studied by Astrakhantsev ({1.23), [1.24)) 
and with principal boundary conditions by Matsokin [4.23]. The 
fictitious components method with transfermastiqns of the type 
(1.50) for elliptic equations with principal hewedigh( emits x 
(close relations with the capacitance matrix methefi: (4 
are meant here) is dealt with in [1.28] and [4.20]. Chuse-ikpha’ 
approaches (1.48) and (1.50) were noted by Matsoldn: [4:a8n. 
In [1.21] and [1.22] the following theorem was proved. 


ak oe are 
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Theorem 1.5. Suppose that for the matriz A from (1.48) and a ma- 
iris B the above assumptions hold, 


@e min A, b= mox A, (1.51) 
ako oe X€0 UIA) 


and let A, and B be fixed. Then the maximu ratio a:b is reached at 
A, 0. 

Thus in terms of the maximum ratio a/b, which determines the 
rate of convergence of Chebyshov iterative methods and that of the 
generalized conjugate gradient mothod in a subspace (tho closer a/b 
is to unity, the higher the rate of convergence is), the optimum var- 
iant of tho fictitious components method is A, 0. If therefore U, 
is given by formula (1.21), the last V, components of vectors — € 
UY, willbo zero and the form of the first A’, components will be de- 
termined hy the structure of the first \, rows of the matrix B — A. 
We consider how these remarks are used in a particular situation. 

Suppose in a two-dimensional hounded domain — with piecewise 
smooth boundary dQ the following equation is given 


—Au+cu =f, 
where c = const >0, with the boundary conditions 
as 4+ pu=g on 6Q, (4.53) 


where v is the vector of the outward nor al to dQ, @ is a given posi- 
tive function and f is a given nonnegative function. 

We enclose the domain 2 in some open rectangle G with sid 
parallel to tho coordinate axes and consider the problem 


—Av + cv =F in G, 
ov/av = 0 on AG, 


where v is the vector of the outward normal to the boundary 46 of G. 
We then construct in G a uniform rectangular grid, (rianguiate it 
in the standard way and assume that dQ belongs to the union of sidos- 
of elementary triangles (see Fig. 1.1). 
Under tho assumptions made, upon discrotizing problems (4.52), 
(1.53), and (1.54) we accordingly arrive at systom (1.46) and obtain 
the matrix 


Bx | 
b= | on an 
where B,; are N, x Ny blocks, with i, { = 1, 2. Following Theo- 
rom 1.5 we get 


a=[o'o]: (5 
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de ler the assumptions mad 

follows from [1.23], [1.24] that unc P 
distsnioait of the quantitios in (1.51) is bounded below by a cop. 
stant independent of the mesh spacing, 30 we shall agree to consider 


this ratio a constant. 
It is not hard to seo that under the assumptions made the rows 


of By, — A, and #,,, which correspond to the grid nodes in Q, arg 


NN 


HAVA 
VAVA 
VAVA 


NI SDS 
ININAN 
NANAK 


VA 


Fig. 1.4. 


all zero, i.e. the nonzero rows may correspond only to the grid nodes 
on 6Q. 

It follows from the foregoing that only those components of any 
vector § € U, may be nonzero which correspond to nodes on aQ. 
‘The total number of such nodes is O (N1/*). Notice that the number 
of nonzero columns in B,, — A, and B,, is also at most O (NY) 
‘and, for the matrix B,, — A,, they may correspond only to the 
nodes a and for B,, only to the nodes al the boundary @Q that are 
not in Q. 

We introduce a diagonal matrix R whose diagonal clements equal 

it 


unity if given rows correspond to the nodal Points on 9Q and are 


jugate gradient method with matrices H = B-' and D = A* in & 
‘chosen subspace U, can he implemented by the formulas 


Ru* = Ru'-t poe (1/9,) [RB-igr-e ee Chy (Ro®!— Ru**)], 
BP = Bt — (1/ qq) [ABBA ens (G1 — BA-)), 
where e, = 0, 


a (REE), AB-iga-1) RB-tEh, Bh 
ORE ma (1.58 


[t is obvious that the main computational problem at the Alb step 
of the method is (all the rest requiring only @ (N') arithmetio 
Operations) to find from a given vector -'€ BW, the a 
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RRB and ARE" or, to be moro procise, 
of these vectors which can be nonzero, Takin 
structure of A and the fact that 


ABER. EArt -| By— Ay, sa BEM, (1.59) 
a 0 
to solve the problem set it suffices to find only those components of 
the vector g*, the solution of the syslom ; 


Bg* = B1, (1.60) 


which correspond to the grid nodes on 6Q2 and the nodes at dQ in 
GSN Q. itis known ((1.61, (1.34]) that this problem can be solved by 
separation of variables in O () arithmetic operations, with only 
O (V'/*) quantities stored at the same time. Thus oach stop of method 
(1.57), (1.58) can be implemented in O (V) arithmetic operations, 
while storing five data arrays whose dimension does not exceed the 
number of nodes on df. 

The foregoing is summarized by 

Theorem 1.6. System (1.46) resulting from discretizing problem 
(1.52), (1.53) is solved by method (1.48), (1.57), (1.58) to an accuracy 
of e (¢ < 1) in O (In (1/e)) steps to implement which it suffices to per- 
form O (NV In (1/e)) arithmetic operations and to store only a finite num- 
ber of arrays of dimension O (NY), 

Notice that to find the initial vectors Ru® and &° and to recon- 


struct u* will require O(N In In N) arithmetic operations if the 
algorithms of {41.31] and (1.32) are used. 


1.5. DOMAIN DECOMPOSITION METHODS 


An important class of iterative methods in subspaces 
comprises uethods based on the idea of domain decomposition. In 
recent years x large number of efliciont algorithms which could be 
optimized using the genoralized conjugate gradient mothod (1.45), 
{4.29], [1.34]-[41.37} have beon proposed along these lines. We shall 
discuss only one of them here that proposod hy one of the authors in 
14.34] and developed in subsequont work [4.15], [1.35]. Moreover we 
shall restrict ourselves to the simplest model case which allows the 
most economical implementation. 

Let a two-dimensional domain 2 be the union of a finite number of 
rectangles Q;, i = 1. r, whose sides aro parallel to tho coordinate 
axes, with different open rectangles not intersecting and tho inter- 
sections of different closed rectangles parallel to only one (fixed) 
coordinate axis. We also assume that the region atlows a uniform 
grid to he constructed using an appropriato variable (for example, 
Z,). 


alana na —a 
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Conaidor Wok the difhuden eynntion 
a ay ft my 
— (Poa) tay (Qcaag) | eet 1.04) 


With constant nonnogallve values of Ihe cosffelonts /', 0, and & 
in oach rectan ular subdomain Q, aubject tothe houndary conti then 


adu/av 4- flu -> gy (1.62) 


whore f, g. a, BP are given fineUons and v ia Che direction of the 
outward normal (o 0M, An tod and JIL ds further assed Uiot tery 
aro nonne ative, that tho functlon @ | A Ja ponttive on 02, and 
that on cach aide of the rectan low making up 3 that aro parable! to 
tho x,-axts oithor a or Bia ldontleally zero, 

We construct in Qa rectan ular grid with « uniform spacing in 
the direction of tho variables, and ustng thesimploat difference mete 
od (or variational dl croneo mothod) carry out discretization (ag 
quantization) of thoort inal problem, Asa result we arrive atthe sys 
tem of linear algobraic oquations (1.1) with block symmotrie matrty 


ne 0 A,, reg 
| 
A=! 4 i. ; ra oe (1.63) 
Arn, Ares, roortge rest 


As to the blocks A 4, We assume that they correspond to the similar 

diflerence approximations of the problems 

— P,d*u/dz} —Q,0°u/d234-Kyu=f in Q, 

adu/dv + pu = g on 60,1) dQ, (1.64) 
u=0 on ofl, (1) dQ, 

where 6Q, are the boundaries of subdomain Q,, i = 7, r. It is obvi- 


ous that the matrix A,,,,,4, corresponds to the grid equations on 
the sides of Q, parallel to the z,-axis and it has order O (N14), 
where N is the order of A (it is assumed that the number of nodes 
with respect to each of the variables is O (N/*)). It is obvious that 


A+, r+, isa block diagonal matrix each block of which is a tri- 
diagonal matrix. 

To solve the constructed system (1.1) we apply the generalized 
conjugate gradient method considered at the end of Sec. 1.2, as 
suming 


ce ® Apr (4.65) 


2p 
1 Cieneralised Canjugato Gradiont 


; f opti- 
. hia method may be thought of as a way o 
arte tiocaink up the convergence of) the block Gausa-Soldel 


method 


Nat = Cue! (1.656) 
where 
Ay Ay, (4.67) 
0 Ay |’ 


which ix of the same time a particular varlunt of the methods using 
a decomporition of (2. 

It follows from the foregoing that the gonoralizod conjugate gra- 
diout method in a subspace incorporatos the following threo main 
alayoe: 

(i) entrance into the subspace U, (calculation of Cu® and &°); 


QU implomentation of & stops of the method (taking into account 
tho atructure of U4): 


(iil) going out of V, (reconstruction of ué of Rnding a better ap- 
Praximation vA), 


The implomentation of the first and third stages consists in se- 
quentially solving Holmholtz difference equations in subdomains 
Qi =f, Fr. Considering the assumptions made these slages can he 
implomontad using O (NV in N) operations (in a 
Cangas they can he implomonted ueing O(N In In 
whaeu anploying the methods on a sequence of gridy (additi 
(ions aro roquired) using U (N) arithmotic operations 
inlareat to us is the implemontation of the sec; 
apace U, = In C, whero Cs AA. 


Glvon for some & 2 1 vector EA-! ¢ U,, ie. the components of 


Y 

bef BET C Bw. 
where NV, in the order of Ags, find the compononts of { € Ly whi 
aro tocessury for the last Vy components of CB'g4-! oo ho calcu- 
Intod. ft is obvious thal this problem consists in finding the corre- 
sponding compononts of @ € Ey, which is the Solution of the system 


Ang = 0, 


the vector B4-! from the repromntation gr 


(1.68) 
Whore yA yA cigant (calculating the compon t i 
hu nonzoro, reaulres QO (N'A) arithmetic operating mn ie 
Systow (1.08) is Partitioned into r sy, ySlemy 
Nats = 1 sg. 
which corrospond to homogenoons ‘Yslems of diff oo) 
in th fs s} is of differ i 
in the ractangles of O With homogeneous ound ence equations 
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the sides parallel to the a-axis and with (in general) nonhom 
Dirichlet boundary conditions on the sides Parallel to the 2s-AXis, 
For the subsequont calculation of tho components of Ag® il is only 
necessary to lind a solution at the nodes close to the boundary and 
adjacent to the sides of rectangles Q, parallel to the X-OXxis, [t ig 
obvious that a simple solution r of such problems by the method of 
the separation of variables requires O (V) arithmetic operations 
and storing at most O (V*) quantities. 


The stated problems for system (1.69), as in the preceding sec- 
lions (they, as already noted in the introduction, relate to problems 
of a partial solution of Systems), arise at every step of the method 
undor consideration. It is shown in [1.34] that a multiple solution 
of these problems can be carried out in the following way. First ip 
the method of the separation of variables two fast Fourier transforms 
are performed using O (N4/2 In N) operations (since the right-hand 
Side of system (1.69) is other than zero only on the two grid lines 
parallel to the 1q-axis). We then must implement a series of sweeps 
for the tridiagonal system, which requires O (¥) arithmetic opera- 
tions. But the linear Systems solved by the method of sweeps are 
very specific since on their right-hand sides only the first and last 
components are nonzero. Knowing the corner elements of the inverse 
matrices, we therefore can solve tho entire sot of these systems (we 
need only the first and last components of solutions) performing 
O (N'/*) arithmetic operations. This is the essence of the suggestion 
that one should calculate at the first step the required O (V2) 
corner elements of the matrices inverse lo O (1/2) tridiagonal ma- 
trices using O (V) arithmetic operations and perform at each subse- 
quent step only O (N/*) operations in the procecure described. Again 
only two (for each rectangle Q,) fast Fourier transforms requiring 
O( In N) arithmetic operations complete the algorithm for the 
method of the separation of variables. 

To summarize, the implementation of the first step of the meth- 
od requires O (N) operations, each subsequent sia dager 
O (N¥/? In N) operations and the entire algorithm requiring only 
O(N) quantities to be stored. 

Tho results of [1.34] and [4.35] yield 
Lemma 1.4. For method (1.66) we have the esti 


Ogencous 


p (B-1C) <1 —ah, (1.70) 


where h = O (N-) and d is some N-independent constant. 
Thus we have the following of 
Theorem 1.5. To solve the constructed system (1.1) to an accur ba f 
e <1 by the stated generalized conjugate gradient method rf (or 
space it suffices to perform O (N In N) arithmetic operati 
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O (NW In In J) operations) at the first and third stages and 


O (NX) + 0 (N™4 In N In (4/e)) 


arithmetic operations at the second stage while storing only O (N'Y) 


quantities. 
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2 Problems of Projection-Grid Methods 
in Transport Theory 


1 Marchuk and V 


Projeclion-grid mothods (finite-element techniques) havo 
een uset to advantage to solve noutron transport problems, but a 
number of difficulties have arisen. This par formulates some of the 
problems of projection-grid methods: the choice of a goncralized 
statement of a problem, tho problom of investigating the differen- 
liability peopertica of the solutions of transport equations, the 
estimation of the rate of convergence of approximate solutions, the 
choice of basis functious taking into account singularities of solu- 
lions. the construction of oxtensions of solutions preserving the class 
of smoothness and their passible applications in numerical algorithms. 
In some cases ways of solving the problems discussed are suggested. 


24. INTRODUCTION 


Projection-grid methods (finite-clemont techniques) havo 
been successfully used to solve nentron transport probl ss. A num- 
ber of diffcultion nrise hero, however, duo to some “disagreeable 
singularities” of these problems, tholr being assentially ralttdihen- 

jonel in the first place. Considerable difficultica associated with 
the justification of projection-grid methods and obtaining ‘numertcat 
estimates of the rate of convergence. Ono of the difficulties is the 
problem of approximating boyndaries and boundary conditions, an 
extra problem of seeking and approximating tho “lit” and “shady” 
parts of a boundary coming up, due to tho de — dente of boundary 
condition« on angular variables. mi 

Ni should be noted thét profection-grid algorithms f uently7ine 
solve the function theory and the theory of boundary-value prob- 
lems. Solving these queattons helps dimineto many of the diffigul: 
Hee in projection-grid algorithms when a lying these to Jrangport 
problems. This paper discusses some Problems of prajecajon-gtid 
tnethode, These are the choice of @ gencralizod statement of a prob- 
lem, the smidy of the diffarentiability praparties ofsthe solutions. of 
{ransport equations and the estimation of the rato of coy targence of 


mh hath 6, the choi 
rt ie sieanhesioatea ies ile {estan «(ple 
stems of solutions peeerving, the filers of ravepiionete 9 it Da 
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sible applications in numerical algorithms. Jn some cares ways y 
solving the problems discussed aro suggested. 

We formulate the problems to bo discussed below. Let L) be acm 
vex domain in A* with piecewise smooth boundary AD of clase (7, 
Q be a sphere of unit radius in R? with centre at the origin. » - 

3 


(S. $3 53) dsl = 1, 5, = sin O cos yp, s; = sin O sing. 


cs 8 OS 61,09 < 2a). Consider the following static 
ary problem for the one-velocity transport equation 


(e, ¥)9+09=10,/(4)] J (uo (x, 8's’ +F (x, 2), 


9(x, 8)=0 when x€9D, (6, n(x) <% (22) 


where n=n(x) is a unit vector of the outward normal to OD at 


3 3 
a point x€ OD; (s, n) = > PAH Poem (8, s‘)= 2 ssi: (5. Vie= 
fod 


3 2a a 
> s,dgldzy; joes J ay [ae Og(x, 9)40; a(x), 9, (x) a ts 
int de 
almost everywhere bounded fanctions of ED; Olt) is # 200F og, 
ative fonction summable over [—1, 4], with f © (ig) d= 4x. ft 


Is assumed thet 
0<4, a (xr) Qa < 
0<a, (a)/a (1) 4, < I, a, 4, b= 
(2.1) will often bo written as 
)e+e=1b/(4a)| Jewee. o') de’ +/ (x, 9). 
where 5 (x) am a, (x)/o (m), / (x, 8) = F (x, #0 (3). 


We denote by # a Hilbert space in which the salar pr 
the norm have the form 


ealvel 


1" 
( O— 5 a(x) q(m, 8) o(s, s)duds, Vem (q. o)Y*> and'y 
oxuD t Tieh th 
v4 (L) will bonged a mt of senctlioe @ € 8 much that (Lo; oh | 
and alm evaryt' ff ! 
Giviog on DU) thooperatcr Lt ty (ene Whe ae pape 


AF 
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ing by § the integral operator (ppearing on the yj 
ri 


| setting Sq = 1b (2). 4a] { 6 (4) @ (x, 8°) de 
lem for equation (2.3) in eparate: form 

Le = S¢ +f, (2.4) 

wl 


where it is ass cow the” 
equation is ee eee ieee ree pone hs bat ie \ransport 
fying equation (2.4) almost everywhere in D a. Soe 
The problem conjugate to (2.4) has the form , 
L*p = Sy: + g, (2.5) 
where g € B and L* is the operator conjugate lo / which is given by 
) L*p = — (i/o) (s, V) y 4- y and the domain of definition D (L*) 


consisting of functions y (x, s) such that y (x, —s) € D (L). Prob- 
( Jem (2.5) can also be written in the form 


— (1/0) (8, V) p+ p= [b/(4n)} j © (119) (x, 8’) ds’ +. (x, 8), 
Q 


ght of (2.3), i.e. 
» We write the prob. 


(2.6) 
¥ (x,s)= 0 for x €@D and (s,n (x)) > 9. 
‘ If the domain D is a slab D = {x: OS net, —- OSH, 


In Soo}, where o (x) and a, (x) depend only on the cone ae 
depends only onz and one angular variable @, then the problem 


equation (2.3) is written as follows: 


— 


§ ere & &- ’ 
(11/0) (aqp/az) + @ = (b (2)/2) f O(n, 1’) 9 (2s yaw’ +1 os 
oe | i 


0, 
7 (0, n)=0 for p> 0, p (A, yu) = 9 for w#< 


The scalar product in B in 


Where © (p, Wy = [42m ]f 0 dip. 
0 


| ; | 

= f as j o (2) P (= p) p (2 p) dp 
this problem is of the form (9 '?) = ae 

= 

} centre ayes on 

variable » ™ 


the radius 


co AR wit 
If, however, D is a sphere of devia jus 7 = A 
and o, o,, and f depend only tf expressed by | 
with the angular dependence o te airection one eat 
Cos & ae le between in coord 
vector frome origin to the point %» te" 
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me q2.4) can be wtilten as 
» oe 
sw (n> we x) ‘¢ 
* 
el = | OQ WIE WI tH sy 
“1 
(O<r<kh, —Leop<t), 
(Rk. we —i<p<O, 
rai 


etm #') = (La) | 8 (p. wn’) +11 —n9 (1 rycen do. 


Here the scalar odie in Bis 

H ' 

(i. Y= \ dr j Or) er, WH) HEE. Bae. 

9 “1 
: [tis easy to see that the operator of cyuation (2.4) is not symmel- 
ric. In a number of casos, howover, it is possible to go over from the 
problem for equation (2.3) to the one in which all operators are 
symunctric, which has corlain advantages. Suppose, for exemple. 
that the functions © (4) and / (x, 6) are oven with respect to angu- 
lar variables, i.e. O (jt,) = O (py) and f (x, 6) = f (x, —s). Thea 
it ix passiblo to go over {rom tho problem for equation (2.3) to the 
following symmetrized problem [2.4]: 
—(Lof (6. 9) (I's) @, Fu tum Sut f, 
é — (1.0) (s, V)u = 0 for x € 8D and (6, 0) <0, 2.0 
u + (J 0) (s, V)u = Ofor x € aD and (6, a) > 0 pat 
whose solution is related to the solution q of @. 3) by 


u(x a) (p(x, 8) + (. —8))'2, 

g (x. a) - uw (x, 8) — (1/0) (. V)u (x, 8). 

Problem (2.9) can be waftton in operator form nia 
La = Suieh - (2.40 


wherd 
fp -*—.(1'o) , ¥) (1/0). Vu tu 

Dib.) a'{u: we B, Ls € Bi u — (V9) @, V)u 0 
. ; , for 5 € OD... O).<.9, 


“ 4 ue (ire) (0, Oyu Ofer 8 ED, “ on 
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Note thal the operator of problem (2.10) is now symmetric. Using 
the following formula of integration by parts (2.1) : 4 


(Ly. ©) \ (s. n) q(x. 8) (x, 8) dxds 


oOo -De 


+ J}, mals, (x, s)dxdsi2(¢, H—(G, LY), (2.11 

a: 9D. : 
where oD. is the part of the boundary dD for which (8, n) > U with 
8 fixed and gD- is the part of dD for which (6, n) < 0, it is not hard 
lo prove that £ and £, are positive dofinite. It may also be shown 
(2.41 that in the probloms above the operator £-" acting from 2 
into # exists and is bounded and that equation (2.4) has a unique 
solution g. with [1@V)¢ il + ileile@e Uslhc comt>0. + 


2.2. THE CHOICE OF A GENERALIZED STATEMENT 
OF THE PROBLEM 


Generalized statements of problems nol only bear clasely 
on the study of solvability of equations but thoy also underlie: pro- 
jection-grid algorithms. Tho choice of statement determines the 
requirements for tho smoothness of basis functions, the necessity for 
satisfying boundary conditions, otc. Therefore we consider hero 
some of the genoralized statements of problems for the transport equa- 
tion that are frequently used in constructing approximate solutions, 

Conalder Hilbert spaces 


A= (uz (u,v), = (u,v) + § 1(6, n) Juvdzds, Wull,am(u. uy}, 
ooxa : 


Hy {uz (u, v), = ((1/o) (8, V)u, (1/0) (8, Y) ¥)) + (u, ») Ss 
+f Menm)luvdzde, ulm. wt"), 
opya 

Let @ bea solution of problem (2.3), (2.2) and lot ~ be an arbitrary 
function in #,. Perform a scalar mulliplication of (2.4) in 4 by @ 
oud Integrate by parts taking into account tho houndary conditions, 
Then we obtain the oquation 
~(e (lions, VT D+ F Me. Mievdxds—(Sy.9) 0.0) 


oD. «8 


(2.12) 


vo which the definition of a geuctalized solution obten oe 
Definition. 2.1. 4 generalized solution of problem A2)..2. 
funetion « € Hl, saits{ying (2.12) for en arbitrary element 
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uestions of solvability of problems in genera). 
lations are considered, since problem (2.3), (2.2) itself: 
fzod formu This gives an answer to the question about | 


: has a unique Ha ‘generalized solution. We shall be concerned wir 


58 
In what follows 20 q 


the existence 0 


the requirements imposed on smoothness and satisfying boundary ' 


itions i eneralized formulation as factors influencing to 4 

Se decailé degre the course of a projection-grid algorithm. For 

example, it is not required in (2.12) that should satisfy the bound. | 

ary condition (2.2). However, if the generalized solution 9 € H,. 

possesses some additional smoothness (with nothing assumed about ' 
j satisfying boundary conditions), then it turns out that og =0 for 
| x € OD, (s, n) < 0. Indeed, let m € H,. Then integrating by parts in 
| (2.12) we arrive at 


((1/0) (s, V) 9+9—So—f, ¥)+ | 1(8, n) | gpdxds=0. 
8D_x2 

It follows from the arbitrariness of that @ almost everywhere sat- 
isfies both equation (2.3) and the boundary condition (2.2). Thus 
(2.2) proves to be natural in the problem under consideration. This 
formulation of the problem is therefore convenient where the configu- 
ration of the domain D is such that it turns out to be sufficiently 
difficult to construct basis functions to satisfy boundary conditions. 

Attractive is a modification of equation (2.12) which would con- 


tain no term { | (s, n) | pp dx ds. When implementing a projec- 


@D.xQ 

tion-grid algorithm this would save us from computing the inte- 
grals over the set 2D, xX Q = {(x, s): x € AD, 8 EQ, (s, n) > 0}. 
It is possible to have this term omitted by requiring that p = 0 
for x € OD, (s, n) > 0. We thus arrive at the following statement of 
the problem. 

Definition 2.2. A generalized solution of problem (2.3), (2.2) is the 
function ~ € B satisfying 


| 
He an arbitrary functionyp € H, such that » = 0 forx E aD, (s, n) > 


Again it is not required that @ should sati | 

: sfy bo +48 ! 
If it turns out that @ € H,, then intereatin, : undary conditions. 
arrive at & SY parts in (2.13) we} 


Lo—So— 
(Lo—Sp—f, p) 4 J 1 n) | pp dx ds =0. 


6D_x 


_ 


ee 
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of satisfying the boundary iti 
: y conditions for 4, but simi 
‘ : a it s 1 
ee a rte remoy ed. It is obvious that Pan Ns 
grid metho this will affect the requirements to the b Feuer 
approximate @ and to the functions on which equati Serene 
projected. quation (2.3) is to be 
It is natural to assume that i 
- i at if the basis f i 
See the solution of the problem, pcan nested aa of 
wey ery of He videsertpie then therale of convergence of pai 
utions to the exact one will be greater. TI fs 
‘ . Therefore w 
ee suceds fn constosting (w,) so hat (oy) D (Oth allan 
g of the problem (in fé iv i 
a lecable. Pp (in fact equivalent to (2.3), (2.2)) is 
Par iarie 2.3. A generalized solution of problem (2.3), (2.2) is 
e function » € H,, p = 0 for x € 9D, (sy, ny< 0, satisfying 


(A/a) (5, V) 9, bt) +, P= Se Wt ¥) C14) 


for an arbitrary function sp € B. 
This statement of the problem is convenient in applying the Bub- 
nov-Galerkin method, the method of least squares, and the method 


of moments. There is a sufficient arbitrariness in the choice of func- 
be in the same 


tions ip here. If it is required that @ and yp should 
set, then it is not hard to obtain different a priori estimates for 9 
(and for the approximate solution in the projection-grid method) 
and to prove that the matrix of the system is positive definite. 
In (2.14) it may also be assumed that sp € /7, oF ¥ € D (L*). i 
Will result in a modification of the projection-grid algorithm. The 
Presence of two different bases, j.e. the case where @ an 
bl can) are in different sets, often oar 
gorithm for solving tho problem, though Lo 
Mentation may seeatly simplify (calculating matrix olements, 
Tight-hand sides, boundary integrals, ole-)- the case where 
Our next formulation of the problem refers 3 3), (2-2) reduces 
@ (u,) and f (ea) in (2.3) are evon. Then prot ce yn is possible. 
to problem (2.9) for which now 4 variational form® ) 
e give il. |] = (Lots v 
We introduce on D (Lo) the scalar product [u,v 


Which can be written as 
(u, vj = | | (s, n) | u(x, 8) v(x; 
axeD v)— ( 
+(u, v) + ((4/9) (5 Wy) u, (4/0) ( ait ing vo the 
and tho norm {u] = (u, u)!/*. Completing 
norm [-] we obtain the encrsy ce ¢ 
(2 Now pro 


iitial data of problem (2-3) 
4nd [ul] for u eB 4 are equiva 


however, I- 
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finding a minimem of the quadratic functional 
F (v) = (v}* — 2 (f, v), (2.16) 
whero v € By. 
Definition 2.4. A generalized solution of problem (2.3), (2.2) ts 
the function u € By realising a minimum of F (v): 
P = ., Soy 217 
2) 5 dnt Foo (2.17) 
By virtue of the properties of the operator L, — S the problem of 
minimizing (2.16) has a unique solution u € Bu. The boundary con- 
ditions in (2.9) aro natural here. Therefore if the problem of minimiz- 
ing F (u) Is eolved by the projection-grid method, then, the basis 
functions may bo chosen without having to satiefy, the boundary 
conditions in (2.9). If u is a solution of the variational problom 
(2.17), then a generalizod solution ¢ of problem (2.3), (2.2) is taken. 
to be tho function defined by the relation @ = u — (4/0) (s. Vyu.’ 
Thus when choosing a generalized statemout of the problem for!, 
tho transport equation wo must take into account a number of fac? 


tors sinco it may strongly influence the entire process of solving the 
problem. 


2.3. DIFFERENTIABILITY PROPERTIES OF 
SOLUTIONS AND ESTIMATION OF 
THE RATE OF CONVERGENCE 


Of great importanco in tho theory of projection-grid meth- 
ods (as woll as in approximation algorithins goncrally) is smoothiucas 
of the solution of tho problem. Obtaining this information in prob- 
lems of transport theory involves great difficulties, however. Con 
sequently, tho study of smoothness properties of solutions and of 
estimation of the rato of convergence on a concrete class of solutions 
ie ono of tho problems in the theory of approximate methuils for 
transport probloms. 

Howover, if a set problom has a unique solution, then it ix poe 
‘ible as a rulo to solect a particular smooth solution which would 
correspond to spocial initial data (it is here passiblo to use the well 
known technique of substituting a smooth function into t pation 
and finding the corresponding right-hand sites, olc.), In such 4 case 
estimation of thorate of convergence of arror may be carried out (or tbat 
particular smooth solution. [t le notural that the results obtained hee 
cannot be carried over to a general case. ut if they are suftcieally 
eflective, one would oxpect the algorithm to be efficient in. uncrels 
situations as woll. The most desirablo result, of course, is ult 
under practicable assumptions about tho smoothness of the exact sole 


ees 


™y 
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{ 
lion. The situation is such, however, that solutions of (ransport 
theory problems usually have no smoothness in space and angular 
variables, even if the coefficients and functions of the sources are 
sufficiently smooth, For example, the solution of the simplest prob- 
lem 

HNO + p= I, gO, K=O, p>0, g (H. 1) = 0, 

B<0, 


which is ® special caso of problem (2.7), can be written in exolicit 
form and it turns out that the solution @ (z, 


ropa 7). then for any 2, 2°€ 0, H), lz—2j Ah owe ME 


io 4 
(Jive wee, yy du) 


; Ale, i<pea 
<eti/t, ladaibin: eye. 
HC) 9668) SUF h-hh Inh}), 
= p fl }) (2.19) 


ond that : 


be Seti ty eee PEG 
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Then it can be shown that the functi 
derivative dg,/ds and that 


a 
({ Idgyids Pds)"¥<e, I< pce. (2.20) 


i yiial o, bf € CY", then (assuming 6 an 0 and / aw 0 outside 


of integral Nux q, (t) hee a 


duo 


as (oyeay{— <2 a} 
7) 


-j FH rr{-{ Pa) ere 


£6 (3. Fret). H>O 


Fi 
bie 


pe roe (2.24) 


G— (yer { { 7 <o a} 


doitt 
x 
+f Bun ap { j 2B a} as’ tor 
' : 
s€n Tad p<, 


where G (1) = (6) Go (s)+/ (2), (Gh = G (Gy — 0) ~ 6 (+0) 
a Gh) + fly and the functi 


Fu- {fo for s€(t4. %), (mt, ..., ne 
may have discontinulties at the points i é= (0, i+ 
Under the assumptions made the derivative of %e ay is of the f 
See (e)/ids m (0 (s)/2) (V, (2) + Ve (2)). 
Hare the function V, (s) has within the int val (i,-,, #;) a devivatl 
4V,/ds for which In the neighbourhood of 3, there is an asyrupt 
expremion 


AV, (yds = fo (8) (GI,/(s — 3,) (1 + Ole 3, 1 
The function V, () satiaBes, for any 2, 8° € (Req. a). the celal 
IV, @- VOI Sele— vetted 
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For p + U the solution q (2, p) may have discontinuities at oa ia 
t,o... 4, with ¢ (3, — 0) — ¢ (, + 0) = Ld), @, (&) + Ifh- 
The solution g (2. ») will be continuous in the domain (0, H) x 
(—1, 1) if it is assumed that 6 (s) and f (2) are continuous fune- 
Uons. For gq (3, 4) to have a derivative dg (z, »)/4s in B it is not 
only necessary for o (3), 5 (z), and f (z) to be continuous but it must 
also be assumed that they bolong to the class Cj’ and that } (+0) = 
&(H — 0) =f (+0) = f(H — 0) = 0. (Theo last requirements 
lead to fail in physical problems.) 

In [2.3] conditlons are investigated under which the solution of 
problem (2.7) is inthe space H,.,(X), X = (0, H) x (—1, 1) 
where the norm is of the form 


etn om (WMI, ant \ (WAU IR, cxyyfhtes) dn)", 
(2.22) 


where 
O<a<cl, X,=— (0. H—A) x (—1, 1), 
Ayu mu(z+h, p)—u(z, p) 


t 
Wet, cay DM QA/22UIE cay iene 
Cad 


(llere for h > H the domaln X , is considered to be an empty sot and 
in this case the integra! over tho set is Identically zero.) The subset 
of functions in ,,, that are independent of the angular variable p 
coincides with the space Wit¢ (0, 4) with the fractional index 
1+a. 

It bas been proved that if o (2), 0, (2) €L. (0, A) N We 0, 
1(¢, w) € La (X) (1) He.» (X), then the solution » of problem (2.7) 
is io the set H..(X) A Le (X). pOqds € Hag (X) N Le (X), with 

‘ 


NE Macr mie lly, jut Dy I (H8/88)"9 lew cx 
aot 


Selif lng, 9+ llkg co 1 + NS Tha, an 


+1lO.Naypce, als (2-24) 


where the constant ¢ Ls independent of @. 

The amoothness properties of solutions of problem (2.7) and of 
problems for the transport equation in other geometeles are studied 
in (2.41-12.121. 11 in pointed out there, in particular, that a solution 
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of Whe transport equation may turn oul to be discontinuous even iu 
thors subdomains of D in which the coefficients of the problem are 
tbemselves smooth. The behaviour of solutions in these subdomains 
is strongly influenced by the smoothness of the coefficients in the 
other parts of D, the smoothness and form of the boundary JD, of 
the lines of discontinuity of the initial data, etc. These and the 
above facts show the specific character of transport equations and 
it may be expected that tho study of algorlthms for approximate salu- 
tiou of these equations will turn oul lo be a more complicated mat- 
ter than, for example, the investigation of elliptical problems and 
that in order 10 obtain catimates of the rate of convergence in prob- 
lemor of transport theory it will be necessary to carry out additional 
tudies (concerning the properties of solutions, the procedure of estab- 
iene the estimates, etc.). 
1 us estimato the rate of convergonce of some 

algorithms. First consider problom (2.9) in slab para 
product in AM, and the functional F (u) are here of the form 


n t 
tu. rym | de 5 {(y7/0) (u/éz) (00/62) + oun) dy 
9 ° 


4 
- J (wv! 29 + Utron) dt, (2.25) 


i] 
F (uy = § de { (uso) (ou/dsy? + 0(2)u2 (2, Wid 
o 


+} pu? 0, p) a7 (4, p)) dp 


w= oe 


Hu i) 
= 5 ds { dp j b(z)u(s, pul, pO pH, B') dp’ 
8 e 


4“ 
—2 § dz | a (z)u(z, p) f(z, p) dp. (2.26) 


Suppose that the covificients of o (2) and & (2) are piecewise constaul 
with discontinuities at a finite number of points. 

The approzimate solution is constructed using piecewise lincat 
functions in the variable z. To do this we introduce a grid 0 = 
rom. ap hy et — hy, so that tho discontinuk 
thes of the functions o and b should coincide with some of the grl 
nodes. Each node s, is amigned » function y, (3) equal to unity a 
8. to zero al all the other nodes, anid linear in cach interval (40 
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za. The approrimate solution of the problem is sought in the form 
N 


ws (2 w= S01) 0 (2) (2.27) 


where functions a, (u) are found by minimizing the functional F (u,). 
As a result we arrive at the system of integral equations 


t 
dan {ou B') Bai’) dp’ +6, (2.28) 
$ 
where A (yu) = (Ay, Wu). 8 (8,,), with 
H 


" 
Ay (p) = \ (1/6 (3)) (Og 05) (Op fas) ds + J (2) @, (3) @y () ds 


+1: (0), (0) + 9, (Ag, (4), 
Nn 
By | b(2)6(2) 1 (2) 9, (2) dz, 


< 
H 


TOD Ho. Ae W", bw | oC) fee wg, (eds, 
° 


Res 10 w is easy to establish by using the 
ne of the form (2.27) (ax h ~~ 0) In Hy Wo 
Palade us lou. if a Oxact solution of 
, second derivatives with rea t lo - 
tumble Hae vpnera then the prproximating properties at (. @) 
hat (uy ub 0; ). As noted above, however, the 
von in tho case 
+ using 0- 
z (8/0) 104/42) = 
(BO) dq, ¥2), u, « Sas 4 (2 
ot formulated eae a a ¥ Aas ee oe 
COAL Manilla GIST, AG form Of the “math 
Ca eae eee acedlnpeting teh 


" Weaety ~ Up MorRe. by 


(yu ) ou, us, 


ree Wee 4 
Ses ter 
- e 
Ua ye CS i eee 
et Sh Me, Anmaxh, (2.39) 
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whose left-hand side difers from the norm of error arising in the 


Ritz method 


We now consider the Bubnor-Gelerkin method as applied to the 
solution of problem (2.8). As a generalized statement we teke the 
statement in Definition 1 (see equation abl We py a4 io 
10, Ri and (—1, 4) the grids r; = jh, h, = hip Ure thy, hy = 
2M. respectively, construct plecewlse iitner WN functions” 
Hr) 60... Meat fm 0... Me. gry) mb, 
#5 (Yr) = oor ‘and form billsear functions %,, (r, p) = © (r) 4, OY uf 


Bn pe ae ears Bes AM, where 11 = Brbchyy * 


write? Niaieeg The approximate 00- 
lution ae boy be at Gap 


ea(r, p= bi} 3 Oris (7, B) 


and a;, will be determined from the system of equations 
A (Ga. His) 0. ey) 6, NOM, (2.90) 
or In matrix form 


4a =f, (2.31) 


where f= (fy), @ = (1), A= (Ayn) Ava =A (ti Pad 
m0, 2... M, ke, fom 0, .... Af, with 


4(¢ ¥)= farecr, #) OCR, n) dp 
e 
a 
+ j ridr i [cvw—@ (now/er 4 =e S)) a 


Rn i) 1 
=) dr j to¢r) bery2t J OH, #9 (re B') an'y (re Bee 


to in this algorithm that the matrix A is 
deta, Name i me has a unique solution. In ses, 
since the function, (¥;) ‘are uniformly linearly independent, !.¢ 


cubic £ Bou Braont-s.ap 
<tyes(S z a), 


’ 2. Projection-Grid Methods 
47 


where ¢ and ¢ are positi 
Silive const ; 
i . stants 
M, the algorithm Will bo also meres me Independent of {b,)), 

We investigate the erically stable (2.15 its NV and 
the projection-grid proplen of approximati =a. 
(2.43) w -grid algorithm described. U tion and 

y 2.13] we arrive at the relations . Using the u 
IE— Fa llasSc inf ions: 3 
rst hea" Coa (Fy 8) ly 


{c; j) j= 


convergence in 
sual arguments 


<e(h)—>0, h=max(h,, h,)>0. (2.32) 


To obtain estimates i 
explicit form it is eae oe o asa Nee teed Ie 
eT APNG CONGR. Poe . 1¢ known results on the smooth- 
ed onenaney Pee An gre here, too, as already noted, solutions of 
eae ae see ie . aa rule to have classical smoothness in 
pera anes a a raki may be assumed, however. for some 
= oa : particular solution and the function of sources. 
jing par icular basis functions {p;;} it is then possible to find the 
) estimate e (hk) in explicit form. 
Pd dl ad teeta that in (2.32) the function ¢ (ra) is twice 
ane ee erentiable and {fy (7 #)) is a basis constructed 
or products of one-dimensional hill functions. Then, 


‘ Peart e(h) Sch | Il ca and IG — 4s la <ch I Il ce 
al we are interested in the error estimate not in the melric 

l| - Ila but in a weaker metric, for example, in Il ° |. The following 
slechnique is often used in elliptical problems to obinin such an 
<estimate. An auxiliary problem racy = SPD + G, where G = 
~ — q,, is considered. Subsequently (Pp is again approximated by 
basis functions. As a result we obtain an increased rate of conser 
gence of w, to p as hk — O in the metric Il ° lI provided the ee 
i ths <— ch | D {I w= 


for the approximation || ® — SD eu? ; 
{ il (even if «p 


, 
. ch |G | is valid. But this last estimate tends iglt-hand 


: . righ 
Was assumed to be smooth). The trouble here is that al 6 
Side of the equation L*D = orl - 


s@m + Gisapn nstead 
and wo must no longer assume that @ 1s Laer this point WE cS ov- 


ble smoothness. 
n addition, 


Pies for investigating the ra 
: len inefficient in solving tran timate of t 
oe Galerkin methods. ted fo ning 09 SUM 4), (2.2) 

ne of the ways to be sugse? ° dering ai 
Tale of eeneeeance in {I< Il when consiweet ly obtain! 
With a smooth exact so that of 


lution is 


id 


es 


nate without considering any auxiliary problems. aL is natura 
that it will require a more detailed study of approximation erron 
than in the usual projection-grid algorithms. This method was used 
in (2.15) in studying the rate of convergence of approximate solu: 
tions q, (7, p) in considering problem (2.8) whose solution was as 
sumed sufficiently smooth. The reasoning proceeded as follows. Thi 
ioterpolant was introduced 
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x 
er (", wae amen By) Fr (% B) 2.33) 
and the equations 
AG Bd = Os Bu) + ey (2.3) 


were wrilten with e,, = A(¢,;—@, $,), 'm 0, ...,.N, jmrO, ..., AL. 
The following assertion about the approximation was then proved: 


ul 
for any set of constants (b,)) and vg(r, }1)— 3 3 out (r. w) 
the inequality 


N OM 
1S Zeb] SOM FAD ah (2.35) 
ia true. A system of algebraic equations 
A ai Bi) ry 6 0, a Me fe, ee Ms 
was then obtained from (2.30) and (2.34) for 4. = 9; — 4a" 
5, Cuties Where C1) Yes @ (Fs. Bs) — yy. Estimating the vector of 


the right-hand side of that systom and using (2.35) and [lq — lla < 
O (ht + ht) ylelded the estimate of the rato of convergence 


t 
(§ tat teal? dus lo—e, in)'” KO + hb 
ck ; (2.36) 
(Note chet using the usual schome of reasoning of the Bubses’ 
Galeckia method we would have obtained in (2.32) ¢ (h} =O (tr Aa 
and hence the value O (h, + h,) on tho right-hand side of evti 
(2.38).) on 4 
24. CONSTRUCTING BASIS BUNCTIONS THAT 
ALLOW POR SINGULARITIES OF A SOLUTT 


ae U4 wide repate in the thecry of projertian-grid algartee 
i the inetbed af tetroduciag ppb Pall whoa pre a hands for | 
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ave no such pro ly of localization of singul: 
erlties. He: 
tempt to allow for detected sin ularities ft greta 


Suppose that o (3), 6 (z), and f () functions, piecewise smooth 
in 2, of class C™ with possible discontinuities of the first kind ine 


finite number of points 7, i= 1, .. well 

We introduce in (0, HJ] a grid with nodes 0 = BaA<... 
rs Ssyuyp <Ssy = A so that for h, = z,—2,, and Am HIN 
we have 


O<ceh QhyQoh, jmit,..., N, (2.37) 
whore the constants ¢, and ¢, are independent of /. We assume that 
some of the nodes coincide with tho points s,,i—1,...,..< 
N. 

We define the simplest finite functions 


wf 1 for s,,q2<2, fmt,..., 
ot) vf O In (Sus. fn), oe 
and construct functions {®, (z, 4)), where ®, is a solution of the 
problem L®, = q,, f= 1, ..., MN, of the form 


f o(2’)q,(2)exp { - { (o(s)/p} az} ds'ip, 
7] (s, p) = R . 
Jorerterorp{ { to(si/uj de} ds(—p), »<0, 
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Ut is obvious that (O,) are linearly independent. They can be written 
io explicit form for the practically Important case of plecowise con- 
ant cosflicleats, But if o (2) is plecewise smooth, then ®, (s, ») 
can be calculated using the simplest quadrature formulas and laking 
into account the Aniteness of (2). 

The functions {®,) satiafy the boundary conditions in (2.7) and 
have singularities of the solation of the problem that ariso from the 
Presence of the operator L. In addition, {@, (s, 4)} refloct the behav- 
four of  (:, ») asa function of p as welll (whleb follows from the 
bf sively ape) results below). Hence we need not introduce additloa- 

basis functions in the angular variable here, which considerably 
reduces the order of the system being solved. 

An approximate solution of the problem will be sought in the form 


w : 
Pa (2, Hd @,0, (2, p). + -apf2.59) 


Taking as generalized statement of problem (2.14) wo determine 
the unknown constants (a,)} from the system of equations 


(Len — Seu), Or fmt, ee M, (2.40) 


where ¢, = L®,. This system hes a positive dofinito symmeteic 
matrix and ls uniquely solvable. 
We write (2.40) as 


x 

dorm 2 Biaytiiy bay cu My (2.44) | 
where di; = (9. G1): Biy = (SO, @), fe = Vf, 9). There is a; 
dlagonal matrix on the left of @.44), which simplifies solation of the 
system by iterative methods. Further, owing to the properties of 
the assumed basis functions {@,} it becomes easier to calculato the 
matriz elements and tho values of (/, 9). The calculations are not 
diGlcull to carry out using the appropriate quadrature formules. 1! | 
the coefficients of the problem are plecewlse constant, then d,, and : 


By, io (2.44) can be found in explicit form. For exemple. H 
Byy m 2b, (oyhy + Ey (hy) — 172), 


where o (8) = 0,, 0 (2) = b,, £ € (3,-;, 4), Zp (x) = [muna | 


The values of £, (x) and «* can becalculated accurately and econo” I 
feally using the methods of tabulation end expapsion [nto sales: 
of these functions and thelr verlous approximations. ’ 

We estimate the rate of convergence of @, 10 © as h—» 0. Ibcs?; 
be shown [2.13] that 


i 
WL(@—elice {of 1Q(e, n-¥ Co (oh. 2.4") H 
(a 4 : 


: 
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$ 
where Q (g, {) = (1/2) \ @ dp + f (2). Thus the problem of estimeat- 
a” 


ing the rate of convergence reduces to that of approximatiog the 


function Q (g, f) (which in each interval G1 Bea) is smoother Uban 
the solution 9 (z, p)l) with the aid of the assumed finite*functions 
{7 (2)}. Since with the step functions (¢,} we bave Hed CeN—- 


J ep I< O (A), wo obtain an estimate (in general unimprovable) 


WL@—edt<o@). (2.43) 
It can also be proved that for the functions of integrated fluxes 
4 


1 
Go () = j 9 dy/2, gaa | ea dp/2 we have the estimate 
“1 = 
HT} Go— Ge, a lize, 2050 (h? Am (1/8)),” hw 0. (2.44) 
i : the form of functions {®, (2, p) for;the case of 8 piece 
|wise ‘constant. cooflicient 0 (c) = {0 = const for 311 Src he 
eon VY). 
— os sqrt 
| | {tuto}. Seer St GH 
=), stun 


{- en tnd} (1—oxp {- 


4 orp 

7 $48 
®, Ys { elem tend >» ont (1 exp (-*5})> 

oe r tole 
- vee We 

E> tiew Bp tty j i+2 
Case p<0: ade 
0 


ae {eu=")}, 1ast<e 
eu {—festes=*) } (1—er {22t}), 


an EE Zee oe: 


Peat Sp QEKBye jut d woo 
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To conclude, the algorithm with basis functions of the type (®,} 
can be extended to a number of other problems for the transport 
equation (see [2.7] and {2.13]) As shown by numerical ex iments, 
eveo with a small number of basis functions (M,) the approximate 
solution ¢, constructed by thoalgorithm described here is a suflicient- 
ly accurate approximation of the solution @ of the problem {2.13}. 


25. EXTENSION OF SOLUTIONS IN THE SAME 
CLASSES OF SMOOTHNESS AND 
THE FICTITIOUS DOMAIN METHOD IN 
PROJECTION-GRID ALGORITHMS 


We shall discuss yet another matter closely related to the 
theory of approximation and tho theory of projection-grid algorithms 
iu particle transport problems. This is the problem of extending so- 
lutions of transport equations In the samo classes of am am. By 
an extension of a function @ defined on some set X in a space A(X) 


we mean a function @ defined on a set X > X and satisfying the 
conditions: (a) @ = @ on X; (b) 11 ¢ lad) Se IG lacey. Where ¢ is 


independent of 9, 9. 

Extensive results have been obtained on the construction of exten- 
sions of functions in the samo classes of smoothn —_((2. £9], 12.201. 
etc.). The solution of this problem in transport problems is specific 
The thing is that the order of diflerentiability of solutions of trans: 
part equations with respect to the direction » is by a unity greater 
than with respect to the directions orthogonal to » (with respect to 
which « solution mey not have any smoothness at all). Besides, s 
mey be any direction and sinco the domain D is fixed, we cannot | 
amame that in a coordinate system in which one of the axes colncide: | 
with s the domain D is a rectanglo, a parallelepiped, etc. This fac! 
makes It Impossible to use a number of statements obtained, for 
example, in the theory of elliptical problems. Constructing exten- 
sions of solutions in trans t thoory should thorefore be regarded 
ts 8 probl lo its own right. 

In (2.3) a number of statements is proved suggesting that in prob: 
lems with slab geometry oxtensions of solullons in the same class 
ef smoothness can be constructed using well-known methods. Tho* 
a for simpliclty thet (0, #7] ¢ (—n, mn) and X — (—a, a) * 
(=—1. 1). Then, If the solutlon © (s, jt) of problem (2.7) tishes In 
equality (2.24), this proves [2.3] that It can he extend to the »! 

XK In the came class of smoothness of A (X). The extension ¢ will br 
2 halte fonction in s ia the Interval (—7n, An) and « solution of som’ 


probless af the type (2.7) on ¥. ; 
In considering the problem of extending solutions in the case ° 
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three space variablos the study of many questions becomes more 
pret cheat it is —ae rie ai lo construct these 
extensions. Consider, for example, problem (2.1), (2.2). Int 

a space Hy, (0 <a <1) with the norm er lament 


se 
Hag, er (llulth, son + f (« NOt Hi, org alh'+29) do’ any'/2, 
mao 


where Re DAa, Ant mes (x + hs’, 8)—u(x, 8). Xue me Diy XQ, 
‘100%, ao 2, I1(@, V)"ull2,, and Du is a setof points x€ D 
such that ly! t ether with x in D i int "E 

oben xin js any point x-+-As’E, whero 


Assuming that 0, 6, € Le (D) 1 We (D). 5 
Has (X), Sine solution. of ol a ix Yin bt has age 
Ha (X) 1 Le (X) and wo have the estimate (2.3) 


ace) = Nella, r+ 3 Ul (8, ¥)" eller 
NeC i / lay, gti / Mayen (ilo Wweron +119, Ihesean + 1)}. (2.45) 


where c is @ positive constant. 
We consider further only the c = whore a@ € (0, 1/2). t a 
any parallelepiped with tto which D = D + OD isa strictly 


interior subdomein and let X = D x Q. Wo extend o @ te BND 
by any positlve constant, and o, (x) and { (x, 8) by zeras. Denote the 


extensions thus constructed by 6, 0, and J. Note that these functions 
are extensions of a, o,, and f, respectively, In tho same classes of 


amoothness. Now consider in DxQa problem of the form 


(8. ¥)~-+oq = (o,/(4n)) [ete ae +7, 


@-+0 for x€0D and (8, n(z)) <0. 


Nole that ra O for x € dD anil (s, 1 (7) <0. Therofore q 4 in 


X and ¢ in an extension of @ in the same classes of smoothness [2.3], 
We illustrate passible applications of the above method of extend. 


ing a solution of problem (2.1). (2.2) to tho domain (ON 1) x Q 
in projection-grid algorithms. Supp = that the configuration af @ 
(convex!) domain D with curvilinear boundary df) is inconvea ] 
for somo reasons for numerical ralution. According to the foregoing 
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we can then considor problem (2.46) whose soluti 

. on is now di 
in both the domain D x Q and a“fictitious domain" (D gee 
with D being now a domain of simple configuration. If we now con 


struct an approximation to @ In D x Q, th 

D - Q, It can be thought of as an approxienstion 10-9 socal’ a 

F ° construct en approximate solution of problem (2.46) we intro. 
luce in R® (for simplicity) a uniform grid with spacing A in each 


variable z,, i= 1, 2, 3. Wo form functions @, (x) = pn (r)). 


where ey (1) = @ (eth — AVE f= Ua Jar fs & ) is 0 alae. 
dard “bill function”. An approximate solution Ga is sought ip the 


form 5 
a= py a, (8) 9, (x), (2.47) 


where summation is taken over those Indices that;correspond to func- 
Ulons g, (x) with supports having nonzero intersections with D. We 
take a generalized statement of the problem in the form (2.12) and 
determine the unknowns {a, (s)} by the Bubnoy-Galerkio method 
from the system of equations 


— foals, Vedat | (v.—lo/t6an j OF. ds’) 9,45 
Fs 3 


D - ~ ~—n 
: + § He. (x) lens x= {oleae 


ihe sani range as it deer: in the sum edi) 
bly ay hes unique solution (2.13). Te ae Soe eal : 
solution as a system of integral equations frees strc at 


k thods. We therefore restrict our a 
gone @.)- In the umal way (2.13] we arrive at the relate | 
ne— sateen (12) file, CDI jp— eal? dx ds | 
oxo ee | 
sile-eaitce (e-em | 

(2.49) : 


+f U0.7a)] Io— alte)» 
éb.x0 aie? 
ith arbitrary co 
where 7 ad (o) ¢, (a) Is 8 function * 


Pe 
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{b, (s)} which belong Lo the same class as tho solution of system (2.48) 
does. Let @ be extended in a finite manner) to) A® and denote 


this extension by @. Thon, by extending the limits of summation in 
¢, So that the sum contains only b, of the functions @; whoso sup- 


ports have nonzero intersections with those of ® we obtain or. 
Hence (2.49) yields 


AT ak a 
Wen lla<e {Orly caexo 


+ J ls n)le—gPaxds, (2.50) 
epxa 


where ® — 9, is an A*-finite function. Its support is in some convex 


bounded domain which will be denoted by D. Using now the in- 
equality [2.3] 


soil mes Jie eae Son 
| 1G. miig—orP ax as<ello—Orily, Gems 
oDxa 


we get 


Ba) al a: ig 
{I P—Pr lage {| ——F: Ile, 1(R*'xQ) 
A *& 


=e [ds [+0 v*@—onPay, (2.51) 
a R 


where v denotes the Fourier transform of the function v (x, s) with 
respect to variables x. If we now use the known results of approxi- 
mation [2.16], [2.21] using functions {@, (x)} and relation (2.45) 


it may be stated that for  € Alz,, (R® x Q) there is a combination 
qz such that 


. = = 2 ~ 2 2a 2 
il 9— Ilz,, tarxa) Se? le lag, 16R* xO) <ch?e || ¢ lle, y(DxQ) 


<ch* (| flla,, coxa tif Wegman (1 Ihe . PAI 
We thus arrive at he emeenate a aig eden, - ue . 
ho — alla SO (B20. mre ee eR (2.52) 
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Considering a only in D x Q as an approximate solution 9, of 
problem (2.1), (2.2) we come to the estimate 


IO — Ga llegoxm SO (A). (2.53) 
Remark. \t is naturally possible to assumo D = D in the algo- 


rithm described (i.e. no transition to a wider domain D is effected). 
Then the stronger estimate (2.52) is also valid for the approximate 
solution. 

Note al that the above algorithin (which may also be regarded as 
a combination of the fictitious domain methed and the Projection-grid 
algorithm) suggests that for numerical solution of many transport | 
problems in convex domains with curvilinear boundaries it suffices 
to develop efficient methods for solving such problems in parattele- 
plpeds. And in considering these domains it is very convenient to 
use the various splitting methods (2.13), (2.44), (2.22) which fre 
quently allow one to reduce the original multidimensional problem 
to a ial solution of ono-dimonsional problems. 


References 


2.4. if ‘. Viadimirov, Trudy AIAN SSSR 81; 3-159 (1961) (in Russian). 


2.2. Aas Agoehiov, lo: Diferentiat and I ntegrodiferential Equations, 
olbirek: s). Teentr SO AN SSSA, 1 Tae (lo Russias). sae 
4 was Tee Peateee: a the resiat or a rintmate Solution 
a re: ms joscow: le yebial. Matem. 
SSSN, 1984) (1n Russian). ’ plems, A 
24. v. S, Vladimirov, Zh. Vychisl, Mat. i Mat. Pis. 8, No. 4: 842 (1068) (in 


jan). 
25. VS. Viadimairow Vpchisl. Matem. No. 3: 3-33 (1 : 
26. T.A we, Dokl. Aked. Neuk SSSR fee pl a 


27. G. 1. Marchak and V. 1. ”, Dokl. Akad. Nauk SS. 6: 
1253-1286 (1977) (in Russian), eee eo ee eees Ne 


2.6, WS. Kaper and A. B. Kellogg, SIA Af J. Appl. Math. 32, No. 1: 201-214 
29. V. P. Shotyaey, ja: Numerical Methods and Statistical Modelling ta 
Transport Theory (Novosibirsk: Vychial. Teeate SO AN SSSR, 1980) 81: 

td i. fReslan). 


Agoshkov, In: Partial Digerential E. reali IN 2 Ni 
160): ee aoe A quations (Novosibirsk: Nauks, 
. V. 1. Agashko: 

tT 


ie Wenaw r 10). Proceedings 0} the International Mathematical Congres 
13. Go tM aad Mia Agpeho 
Methods (Moscow: Nauka, 1981) ete to Profection-Grit 
2.44. G. 1 Marchak, Metheds of Computational Makiméités 2nd revised en! 
eolarged ed., (Moscow: Nauka, 1980) (lo Nusiany 
BI adele ta: tre oct Pputyeee (0: Numerical Vethods and Statiaice! 
’ ag ia Tre fe x 
SSSR, 1980): 19-34 (lo Huaslaay | Cvom Brak: Vychinl. Teentr 80 A 


2 Projection-Grid Methods 87 


2.16. G, Strang and G. J. Fix, An Aree of the Finite Element Method (Bo- 
Clldis: is Preatice-Hall 
2.17, Loa. L. A. Rukbovers, Vertattonal Difference Methods for 
Sotcing ne dipte Equations (Yerevan: Akad. Nauk. Armyan. SS: 
1979) Rumian). 


1 
2.16. axchan and V. V. oeadcron i eg te the ee of Solutions 
loscow: ke, 1979) f iD Rossiso 
2.19. 0. V. Besov, V. P. Ilyin and S. . “Nitto Mol'aky. me ae ereumissiake and 
mbedd: ms (Moscow: Nauka, 107 7) (lo Russian). 
at im of Functtons of Pier Vartebles and 
bedding a Qloscow: Nauke, 1977) (io Ruselan). 
2.21. 1, Hath Valet hey by atti TFunetone {tnt for r Fuld Dynan. 
| aiv. of Maryland, Tech. Note 
22 G1. V. I. Lebedev, Mumertcal Methods. iy i eetron Tren 
pert Pal iienae: Atomindat,, 1971) (im Rossian). 


¥ 
3 Variational Forms of Problems 


in Transport Theory 
V. J. Agoshkov and V. V. Smelov 


New results on the method of spherical harmonics and 
applications of adjoint equations and conjugate functions in trans- 
theory ere presented. These results are used In obtaining varis- 
tlonal forms of problems in transport theory. First, variational for- 
mulations of problems for the method of spherl ! harmonics ere 
considered. It is then shown how using adjolot uations we cas 
obtain variational statements directly for the kinetic equation. 


INTRODUCTION 


A great number of methods of approximate solution of 
problems for the Boltzmann transport equation aod approaches te 
the study of these problems have been developed lo transport orgif 
Tho method of spherical harmonics (MSH) and the algorithms . = 
theory of conjugate functions are the most known. These algori 7 
have been intensively studied by ioe (3.1]-13.4] and bis pup’ 
3.5113.7] and by many other authors. . 
: ras in 13.41 a ventor-matrix representation of typical cn 
problems in an arbitrary P y approximation of the mrothod Pd 
al harmonics was formulated in detall. The represeatat apices 
formally “copies” the cl ical diffusion equation, possesmite die 
the latter's properties. In particular, it allows the igor the problee 
ence notation as does the diffusion equatton. ary Tay swoop ale? 
in the Py approximation can be solved by thos! . 
ritha (in a matrix-vector variant). velopment of the us 
The next, very important, stege in the develoPhne 5 | gpprot 
was the removal of the causes of “incorrec hs. The jncorrectors 
Amations, that were corrent palit lasas about the prinelp oo) 


ad 
discontinulties. Investigations of Rumyentery (3 iy” of Pr 
13.2] identified and removed | C bnape ool ations 5 Tot 
ined All ns end of ail eticaulated (ateredt [Ti ijgg tbe 
approximation which so 
rv 


v 
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Curreat developments in the MSIL aro reflected in (3.8) where addi- 
Niooal attention is given to the Construction of difference analogues 
of enbanced accuracy and to a thorougher study of the factorization 
incibod as @ tool of solving finite-difleronce problems. 

Among another group of algorithms widely used in reactor design 
(cory are algorithms based on the uso of adjoint oquations and 
conjugate functions. The development of these algorithms is to a 
Great extent due to [3.9] in which for the (cansport oquation a theory 
of perturbations with respect to tho funcittonals of a problem's solu- 
tion has been developed. The approaches developed in that paper 

{ lave substantially infuenced the formation of the principles of nu- 

1 Merical solution (using the theory of adjoint equations and conjugate 

(functions) of a number of important problems of mathematical 
i physics, the theory of neuclear reactors, meteorology and astro- 
physics [3.8), 13.40}. [3.11]. 

This paper presents new resultson tho method of sphorical hermon- 
ics and on applications of adjoint equations and conjugate functions 
in transport theory. Tho resulis concern obtaining variational forms 
of problems in transport theory. The paper first discusses variational 

, formulations of problems in the method of spherical harmonics. 
Ht is then shown how using adjoint equations onecan derive varia- 
tional statements of problems directly for the kinetic equation. 

The results presented in this paper have been obtained with the 

particlpation of, or under the inQuence of tho ig | actor that have 

“been developed for a number of years by CG. I. Marchuk and these 
authors express their profound gratitude to him for the support of 
thelr work. 


3.2, VARIATIONAL FORM OF THE METHOD OF 
SPHERICAL HARMONICS 


3.2.1. The method of spherical harmoales. Tho linear Boltamanao 
eyuation describing steady-stalo one-velocity processes of particle 
4ransport in a medium can be represented as 


Lew OV¢ +0(2)¢—9, (x) fete 00‘) 9 (x, Q')d0’ =f(x, 9), 
where (x. Q) is the desired density of a particle Our, QEQ, 
(Q isa set of unit vectors in Ay) n€D, De R, ina spatial domain, 


<p is a scalar prodact of vectors @ and OQ’; o(x)>0, 
©, (3), g(x, w) >0, f(m, O) areigiven functions (0 (x) 290, (x), 
' 


{ @(m, p) dp -- 12h). 


@ V. J. Agoshkov ead V. V. Smeion 


The method of spherical harmonics (MSH) is the following 
algorithm (Py approximation): 


x 
(a) O(x, O)= 2 = Pam (x) YP (Q), (3.1) 


(b) [co-n¥P@ao~o, kad ®, ma Erk, 3 


where Gam(x) are desired coefficients and vy 
mal system of spherical functions (complex-v. 
case*), 

In ‘061 V. S. Viadimirov formulated for the Py approximation 
(with N odd) homogencous boundary conditions corresponding to ¢ 
zero irradiation of a region from the outside which engure that the 
Py approximation is symmotrizeble when the scattering indicatrix 
g(x. ae the function of sources f (x, Q) are even with respect 
to @ (3.12). 


These results are developed below 


(Q)) Ls ap orthonor- 
‘alued in the general 


along the following lines! 
aX +1 Approximation under tho Vie 
dimirov boundary conditions (both homogencous and inhomogencous) 
is carried out without any constraints on the evenness of g and f. 
(ii) for tho most gonoral form of Pays, approximation conditions are} 
found imposed by the symmotry or i 
cters” and under these 


QNet a ; 
(x, = FS gin (x YOO). 32 


AwO mak 


The even P yy approximation is only briefly described at the end 4 
this section, 
The Parity 


Properties of spherical functions (Y{"(-W)- 
(Yay 


allow @(x, Q) in (3.3) to be Teptreonted in ' 

nalurat way an W(x, Q) = g*(x, )! g'(x, Q), where qi(x, 

(Dieta, —Q), 150, 1. In particular, if 
ea a eg ee 


Pteers Uome Tacyeels vi 
* lh tbe f complex spherical tum con 
t pli Dtalions (3.1), Gdael wi are complex, while the fuartion © (* 
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3 > yf?) (Q) (3.4) 
q(x, Mm 2D Penn (2) (Q). 


id 
an arbitrary internal surface in D of class C™ an 
one Be be its tea A jump of any funotion a” a) 
on S will be denoted by (a(x, Q)jgema (xq, 21)—a (xs-, ‘lige: 

2. After these preliminaries it is possible to formulate the + 13.3: 
ing result relating to integration conditions of Rumyantse 


the fol- 
Theorem 1. Jn the case of the odd P +4 approximation : 
lowing three representations of integration’ condit tons are equivalent: 


[9e1@ (x, OY) d0—0, kaTIWET m= FF, C5) 
é 
(¢°(x, Q)),=0 3.8 
J aaig'(s, OQ) (O)d2—0, kT N, m= —%, ZT, (3.8) 
eo 


§ 20 (o(a, 2)) Yi) (0) do = 0, 
Qa>e 


J Qs10(, o,719(0) ao 0 
ance 


ahere a ts the unit normal to S. 


For the proof of the theorem soo (3.13). 
OF the th 


. 3.5) to 
eq eduivalont variants of integration conditions ( : 
3.7) the th he teucture in which the flow of a Sele ma 
the boundary § in the direction of the normal (Gn > 0) unt. This 
OPporite direction (Qn < 0) is separately aiibe baucdney condi- 

ct” directly from (3. 
© external (aonconcave) boundary 8D in the aha ; ‘) 
Proximation. Indeed {fat points xy € 4D the fux density qr tes. Q) 
of a substance (radiating a region D from the outside (qn lox of 
nated as (xe-, Q)) is known, then the ics of beneder ¥ 
cenaione in (3.7) will be the physically justified systera 


k=O, N, mm —2k, 2k, (3.72) 


§ anioys,, 2)— ar (xe, 0) YQ) dQ—0, (3.8) 
Gace 
= —2%h, th, 
where & (4 Ba G Hy om 
opreen| 


form 
as @ (xg-, Q). In the genoral 
the fret lime syetustions (3.8) the one conditions rig 
theorem thus Ul#ined and substantiated by Viadimiroy [a.tal, Tee 
Mlroy tan labtishen » logical connection between the 
— 3.8) and the Rumyantsev condittons (3.5). 


e v. 1. Ageshhos and V. V. Smefov 
") and period- 

f metry (mirror reflection ) and per 
ket ee ey peel problem or the boundery of an ole- 
Intornal surfaces of a medium, the boundery 


ent of periodicity are 
sie oa ter thee cases in the P,v+, approximation can be ob- 


lained using the above theorem (3.0). 

Consider {o detail the first of these cases, i.e. tho case whero S is 
a symmetry plane. To begin with, we introduce an “aurillery” ortho- 
gonal basis for even nrgen functions M4¥(Q) satiafying the condl- 
tions [1i$"(Q) = eyellsf"(Q’), where Q’ = 2 — 2 (Qn) n is tho mir- 
ror reflection of the vector 9 and gym is oither 1 or —1. As [138'() 
one mey take, for example, the spherical functions 

Inmy, m>0, 

=) 0) oe PD ” 8 p 

iy'(a)= PEW) Tae). Tatw=( ome meo, 


where (for r € S) tho reference axes of the angles » and 6 = cos"'p 
are io the symmetry plano S. In the ebove example t,. = 
—sign m (m 0), tag = 1. It is easy to see that in any variant 
of auxiliary basis (no) among the numbers (e,5)2%..2.. there 
will be 2k + 1 positive units and 2k negative units. 

From the eren basic (¥§f'(9)} and theeuriliary {[33'(2)) syetems 
of spherical functions, as woll as from the coofficients {Germ (Xs)) 
(xs € S) we form vector functions Y, (Q), Tl, (Q), @, (xs) as follows: 
Ys (8)— (¥HR(8), YEM*(O), ..., YARN’, ote., 
mie T im Seerenuen 

ector functions ¥, (Q) and 11, (Q) are linearly oxpressed in terms 

of each other: II, (9) = B,Y, (Q), where B, ria atasinguler Q-ip- 

ih aaron Finally, denote by £, a diagonal matrix: £, = 
awghs Shehday ~~ +s Ongh)- 

Proceeding now from the first equation [¢* (x, Q)), = 0 i 
eeliice (3.6) of tho theorem, It is easy eatin 7 pein ps 
plane S the following complex of boundary conditions {3.4}: 


QPrer (Ks) = 0, k= ON, (3.10) 


where Q, = (E — £,)/2 is a diagonal matrix w 

and 2k unitles on the diagonal. (Hero Els Salt ruta of onder 
. it meteix of order 

4k + 1.) System (8.10) thus contains only 2k nontrivial conditloss. 


Thi 
ae een complex of conditions in (3.6) is converted to the form 


(1+ tom) { oe (a, O) Nf) (Q)dQ—0, kml, R, m= —ih 
@il) 


where the aumber of nontrivial (eam = 1) relations for every * 


equels 2k + 1. 


-m-s 
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Remark 1. If the integration conditions (3.6) are formally (without 
any additional transformations) transformed in the symmetry plane 
to boundary conditions, then there will occur some extra (linearly 
dependent) ones apis J them. Algorithm (3.10), (9.11) allows con- 
structing a system of boundary conditions by singling out a mipi- 
tum equivalent subsystem in the original system of conditions. 

In conclusion it is in order to montion a particular variant of writ- 
ing “mirror reflection" conditions when P,x4, approximation is 
formed using spherical functions of the form (3.9) and the reference 
axes of the angles y and 6 = cos-' p for r € S are In S. In this case 
the symmetry conditions reduco to the equations 


Ga.m(ig) m0, ket, ONF1, met, & 
from which the following consequence can be derived: 
Fu. m(Xg) 20, m>0, 

den Joniten0. med, | BER. 


3.2.3. Verlational form of the odd Ps 9418) ulmation. 1. With 
respect to real functions of the form (3.3) let us agree to write 


DEH (D) iV gam EW (D). Accordingly, for real functions of the 
form (3.4) wo shall uso the notation 


gE PE (D) It Vom € 5 (D), 

EL, (D) WM Venn € £, (0). 
Finally, lot us agreo to write 

© € SE* (D) i Voansim € We (D). 


2. We now take an arbitrary function ® € S¢(D) and using it 
obtain the right-hand sides in the following expressions (reflecting 


an expanded notation of problem (3.2) (with k = 0, 2N + 1) and 
@.8) (se below)): ; 


| YR ove! 20+ cuts. fo. m= —, 8, (8.12) 


J YR 009920 + ost aes me fans, =, mo ——1, FFI, 


(3.13) 
oh MO MVR — ete), maT 8.44) 
where ke OOK, 2, , 
econ tanclcnn ig (Bye 26 9 8 GDH > OW > 0 


n- 
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By tho definition of g@ (D) tho left-hand sides of system (3.12) 1 
43.14) aro meaningful. It is also clear that in (9.12) to (3.14) toy 
all & and m ‘ 

frr.mv FarsimEL3(D), ea! € Ly (8D). 

We write system (3.12) to (3.14) in operator form: 

49 =», (3.15) 
where pw is a vector function of the right-hand sides of (3,12) te 
43.14). If @ (the ioverse image) runs over tho entire space & (D), 
then the collection of all eloments p: (images) which is defined by 
equation (3.15) forms some set of, 1.0. AS’m of. @ me wise 
uniquo correspondence, uniqueness in the roverse direction following 
from the subsequent resulls. 

3. We now turn to problem 6.2) (wlth & =m 6, EN + 1) and (3.8). 
Considering the equations (3.6) 


f Yared = j 2.109 —! dO =O 
its oxpanded notation assumes the form (3.12) to (3.14) with 


fem (2) = § (x, 9) ¥E (a da 
(3.16) 
AZ x= Jf Maq\r (xs, 0) YF" (9) a0. 
one 
It is essential that at this stago (up to stago 4) it shall be assumed 
that the seals {eaction » calculated using (3.16) is a member am 
sel of. This eosures tho existonce of (at least onl) member 
ebay pore rapes rE 
Since a. we O, using Q. of the me 
IV; (D) ey Renate irs axprenmed ‘and substituted into the oll 


equations of the system. As a result problem (3.12) to (9.14) att 


Rul 
J YR OVG' d9+onen, w= hm ef 


J Gate? (eq, 0) +9" (xe, 2)) Yd — lan (9): 
e 


oe 9 
ketTR, mo OM 
where 
8 aa+t air 
--2 3 ([m AVG dO—fues.m) Vitesse 
bend om = Tho | 


aad 


& Problews in Transport Theory 8S 
Remark 2. Since tho right-hand side of (3.49 
; tho ri £9) is acted on by the 
operator V (see (3.17), it is | ct : 
shall act on the combinations nee riees eat te biabtaad 


( { VERO V9" 40 — fone aVoinss —Gurvs.m €W(D) 


only in the largo rather than soparately on each of the t 
expression in parontheses in (3.19)can be soparated oalyahey ne 
bag oe ¢ — Ae removed (sce below). 

e orm the set of functions D) int g 
Hilbert space with scalar product pe BY etronece seerelene 


(e%. w= f a(x, 2) yx, Q)dea0 
oxo 


x ua 
=> 23 | n(ahFn ud (3.20) 


a0 me- 


Using tho second representation for tho scalar product in (3.20) per- 
form a scalar multiplication of (3.17) by an arbitrary elament v € 
€*{D). We roprent the combination v (QV¢") in tho Grst integrand 
by the right-hand side of the identity 2 (QV5") m V(Qre') — 
¢' (QVv) valid by virtue of tho inclusions ¢! € sé’ (D), v € £é%(D). 
Using noxt the divergence theorem wo gol as a result 


Ry lq, ol + Ry lg*, ol + Ky lg®, vl — (*, ») = 0, @.21) 
where /* is the analogue of g° and 


: om es 
Kyle’. ol = $ > OnPer. mUzr. mr 
a0 edd 


Bie’, v= § ds j Dog! (x, 2)v(x, 2) d2, (3.22) 
oD 


Ele’, je — J 9G, 0)100 (x, Oy) dxa0 


D«G 


@ and K, are functionals of ¢° ne ce assumed thet gq! are 
minated from (3.12) by mans of (3.19). 
Note that in (Oo) gt ie no longer acted upon by ¥ (sce Hartt 
ite w<tion Fewitehed over” onto v fies he socond Sante In (9.22)). 
ow the last U {A rk omes valid. 

ie Integrals in (3.22) sie wiblcoted 1o ideotity Wansiormations 
13.6] based on (3.18) and (3.19) and the properties of evenness 
b~os9 


e ¥. £, Agoskkor ead ¥. V. Smetov 
and ¢'. As a result equation (3.21) becomes KX (¢*, vl = F (0), where 
K [¢*, ul = K, ly, ol + A, le®, ul + X3 [e°, vl, (3.23) 


Kyle’. yja2f ds § Qng¢ (x, 2) 0(x, Q) dQ, 
2D fee 


hia-3 3 Jileua({¥Eavsran) — 2 
hud me-2h-1 
x ({ VIR) Aveda) dx, 


Fe=(t, 29 de § Gag (x, 9) v(x, 0) a0 
Dn exe 
x wel 
+> 5S j Uares, m/Qqns) dx | vitevudo. (2%) 

be@ me-Ja-] 
K lu, o) with u, v € 5° (D) arbitrary is a symmetric billnear form 
which for u = v leads to K lv, v) > 0. It Is shown in (3.6) that the 
lest inequality can be strengthened: K lv, vl > y (v, v), where y > 0 
fs independent of the approximation pumber N. y virtue of the lew 
estimate, it follows from the general theory [3.14] that g* (x, Q)is 
& unique solution of the variational problem 


J (oe) em K lv, v) — 2P (vr) & min, ve HD). =8.% 
ip enneties 9" (x. Q) is thon uniquely cheracterized using equatica 
(3.19). 


So if the right-hand side » of problem (3.15) Ls such that p € f. 
then that problem (or oquivalently Problem (3.12) to; (3.14) i 
uniquely solvable, with ¢ € H#* (D), g € a (D). 

4. Suppase now that the functions fom (x) and @iz! (xg) calculated 
using (3.10) are such that p € of. In this (unfavourable) situatios 
there is no solution of problem (3.17) to (3.19) in the stralghtforsarl 
(classical) sense. In such cases it is customary to go over to the cam 
cept of gencralized solution by which we shall mean the solutioo 
the variational problem (3.26). For such a solution to exist and &] 
unique, bealdes (he positive definitencss of K (v, oD it is required th 
additional prerequisites should be mot (3.14). In our problem (4 
are satiafed: 

) ek (D) is a complete spare in the onergy non [ctl « 

v, el: 

(ii) 4° (D) in everywhere dense in ¥, (D) in the norm defined 

terms of the scalar product (3.20): 


(ill) the additive functional (3-38 hi y nore 
FF (vp) & const -K Ir, of. (3.25) is bounded to the energy 
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. Remark 3. Given the generalized solution of the problom, the 
Sanction q' (x, Q) defined by formula (3.19) shall no longer be in 
the space +7! (D). 

3. Similarly justified is the variational formulation of the problem 
Ww the case of symmetry or periodicity conditions [3.6]. In particular, 


wader symmetry conditions the problem is reduced lo minimizing 
the functional 


J (ve) = K [v, v] — 2F v), v € deo (D), (3.27) 


Where K [v, v] is formally derived from (3.23) (with A, = 0) and 
F (wv) is derived from formula (3.25) (with the surface integral zero). 
The space 4° (D) in (3.27) is defined as follows: 


HE (D) = {v(x, Q): vVEH(D), QnBywn(Xs)=0, k=O, N}, 


where Q, and B, are matrices in (3.10) and vy (xg) is a vector with 
components Vay,m (Xs), m= —2k, 2k. Minimization of functional 
(8.27) is carried out in the range of 92 (D) and hence requires that 
v'(a, @) should obey the boundary conditions Q,8,v, (xs) = 0, 


& = 0, N. These are by definition [3.14] principal conditions while 
conditions (3.11) are natural. 

In the case of the periodic variant the variational functional com- 

detely coincides in construction with (3.27), except that the trial 
finctions v are chosen from another space, #% (D). That space is 
formed from functions v (x, 2) € 3° (D) satisfying the following 
(principal) condition: v (xs, 2) = v (xg, 2), where xg and xg are 
mutually congruent points of the boundary @D of a periodicity ele- 
inent. 

Remark 4. \f on different sections of 0D the solution of a problem 
satishes different boundary conditions of those listed above (for 
exemple, Viadimirov conditions on one section and symmetry con- 
dijiona on another), then the entire variational “technique” and 
ils justification can be carried over without difficulty to this com- 
bined case os well: in formulas (3.24) and (3.25) one must understand 

" by OD anly that part of the boundary where a Viadimirov condition 
' js given (tho tria)] function is not required to obey boundary con- 
- @itions there); al the other points of the boundary the tria! functions 
% must be subjected to the corresponding principal boundary condi- 
, tions. 
In conclusion we note that (unlike Viadimirov conditions) the 
syummetry or periodicity conditions cannot by themsolves guarantee 
‘ aven the existence of a solution of the stationary problem and hence 
‘the positive definiteness of the quadratic form K {v, v). In this situa- 
tion the inequality K lv, vi>y(v, v), (y > 90), and therefore a 
‘igue solvability of the problem are possible only under some adéi- 
al sifficient conditions. Specifically, it suffices that any of 


3. Gi i soluti f the problem, the 
k 3. Given the generalized solution o 
Plated y' (x, Q) defined by formula (3.19) shall no longer be in 
re space /! (D). . 

gg ae wesihied is the variational formulation of the problem 
‘ta the case of symmetry or periodicity conditions [3.6]. In particular, 
wnder symmetry conditions the problem is reduced to minimizing 
the functional 


Jv) = K lv, vo] — 2F (v), v € 58D), (3.27) 


Where K [v, v] is formally derived from (3.23) (with ,= 0) and 
F (v) is derived from formula (3.25) (with the surface integral zero). 
The space #2 (D) in (3.27) is defined as follows: 


Se (D) = {v (x, Q): VE Kh (D), Qn BV» (Xs) = 0, k=0, N}, 


where Q, and B,, are matrices in (3.10) and v, (xs) is a vector with 
Components Vsz,m (Xs), m = —2k, 2k. Minimization of functional 
(8.27) is carried out in the range of ge (D) and hence requires that 
v'(c, Q) should obey the boundary conditions QrBrvy (Xs) = 0, 
k = 0, N. These are by definition [3.14] principal conditions while 
conditions (3.41) are natural. 
In the case of the periodic variant the variational functional com- 
letely coincides in construction with (3.27), except that the trial] 
functions v are chosen from another space, 32 (D). That space is 
formed from functions v(x, Q) EH (D) Satisfying the following 
(principal) condition: pv (xs, 2) = v (xg, 2), where Xs and x% are 
rae aes congruent points of the boundary aD of a Periodicity ele- 
inent. 
Remark 4. If on different seclions of 8D the solutior 


ye iad 1 of a pro 
Satishes different boundary conditions of those li ber 


Sted above (for 
CLic Symmetry con- 
ariational “technique” and 


ty to this com- 
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the Cullaning two conditions are met: m 
dia - Wy (X) 3 a>, 26D, By & ’ . 
Nop eaitalie Ge Sc OD whore the Viadismirov condl- 
A a given. 
air The oe rosulla for tho odd Pyw+; approximation can be 
abtainad far the even P,y approximation as well. This is based op 
the prinoiplo af duality which, for oxample, for the Poy approzi- 
mation toa loaves tho thoorom and the boundary conditions ee) 
af Soc. 3.2.2 valid if in (3.6) to (3,8) the indices 2% are replaced by 
24 -i- 1 and in (4.6) in addition the superscripts 0 and 1 arc inter- 
changod. or the oven Py, approximation all studies and: justifica- 
Ys {81, (3.481. 


tions were carried out in 


F. 


43. ‘THE VARIATIONAL FORM OF PROBLEMS: FOR 
THE TIME-DEPENDENT KINETIC EQUATION 


lt is shown horo how to uso the adjoint equation Lo sym-; 
wmotrizo tho problom for the time-dopondent transport equation and} 
to reduce the problem (with or without its conjugate) to a problemé 
with a solf-adjoiut operator, which in turn reduces to the problem of 
finding a minimum of the quadratic functional. The exposition ist 
mado using an oxample of tho time-dopondont one-velocity trans 
port equation with isotropic scattering indicatrix. The procedurg: 
to be described can also be applied, however, to time-dependent (ang 
time-independent) kinetic equations with onergy dependence ang: 
anisotropic indicatrixes and to a number of other equations of. 
mathomatical physics. 
3.3.1. Definitions and subsidiary statements. Suppose in what fok 
lows that. D is a convex bounded domain with a piecewise smoot 
boundary. By ¢ is understood a time variable taking values in the: 
range 10, 7], T < co. By n = (rn, ng, ng) we denote the unit v6 
tor of the outward normal to aD. If @ is some fixed direction, tha 


8 i 
§D- donotes those points of 2D at which (Qn) a 3} Qin. < 0 ai 


6D + those points at which (Qn) > 0. To within the null set we hast 
6D = éD- U OD ,. 

In what follows the variable ¢ will often be also denoted by 
Ty wm ¢. Suppose now that r is a vector r == (Zo, 2, Za, Tg) ASS 
values in a four-dimensional half-space (x, =m t>> 0) X Ry, io "O: y i 
the axia Ox, is assumed to he orthogonal to the axes Oz), i = 1. ‘ws 6 dt 
The positive direction of Ox, is taken to coincide with the ah fh 
of increasing ¢. The unit vector in the positive direction ° wd 
will ba denoted by Q,, | @, | = Q, = 1. h bounde 

Let Qr = (0, T).x D bea four-dimensional cylinder wit ~ 


Fai 


o 
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4. Prob 


~ T) x aD Y Ul ted by N = 
ed Wr ne ice outward normal bo ales OTahing {nto ac- 
- unit ay n,) = (Mos 0); wer ae x 5 3, wo obtain a re- 
en a ality of Ox, bo Ur,, b= by oe Os : 
a nl which is true almost everywhere on 0Q7 
P , 


(0, my, Mas Ma) t€ (0, T],2 € aD, (3.28) 
-| (ng, 0, 0,0), t=, 7), 2€D. 
Lot us also define a four-dimensional vector of the form 
S$ = (Q,/c, Q,, Q,, Qs) = (Q,/e, Q) [== 53] (So, Sy; Sy, $5); 
[S| =Viie? + 1, | 

irecti is fixed, then 
. i itive constant. [f now the direction of S is ; 
ay vdeastes Abs sot of points’on 0D, for which (S $y os Wires 
00n. 4 tho set of points on @Q7 for which (S-N) > 0. To ab a 
the null sot (in a three-dimensional space) dQ; can be represente 


007 = 07- U8Qz,4, Where 0Q7,- and @Qz,4 can also be defined 
hy the rolations 


0Qr- = I(t = 0) x DJ UL, T) x aD-I, 


(3.29) 


(3.30) 


OQr,+ {(¢= T) x D) UL, 7) x AD,) 


or 
OQy- = {r € dQz, (S‘N)< 0}, 


—_me= -— — 


(3.31) 
07,4 = {r € 0Q7, (SN) > 0}. 
Suppose on all of tho sets introduced above Lebesgue measures and 
the corresponding integration processes are defined, 
We now introduce some real functional spaces oblained as com- 


Pletions of functions that are infinitely differentiable in Or = 
7 + 9Q, in the corresponding metrics. 


42 = L,(Qy x Q) is a Hilbert space of square integrable func- 
tions v = v(t, x, 2) defined on Qr x Q: 


(v, w) = \ vw di dx dQ, luil=(v, v)'/? — oo 
QpXO 


L,(, T; X)isa space of 


@8sume values (classes of) functions v on (0, T) which 


in a Hibert space X: 


Tt 


Tr 
Wena J. weal, Holts, = J Wott at)? <0, 
0 


| onl 
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ce Hf is defined as follows: 

= (v, w) + (SV) % SV) u), 
lv Ina = @, v) Hy < 00) 

oh. ee Oye 

Ve(z> 02? 5x,’ i) =( . Ot’ Ox” bz,’ Oz,/° 

The Hilbert spaces Le (Q x 0Qr,-), L2(Q2X 007.4), and 

L,(Q X 8Qr) have, respectively, the norms and scalar products 

defined as follows: | 


The spa 
H® = {v: (, wW) 4) 


(Vv, W)LyaxdQp, -) = |(S-N) |uw dixd2 


Qxd0Qr, = 


= \ (A/c) v (0, x, Q)w (0, x, Q) dx dQ 


QxD 
k 


+ (ae | do \ (Q-n)| v(t, x, 2) w(t, x, 2)d 
0 


Q 6D. 


(, w)iyaxoog, y= | —-(S-N)|vwdt dx dO 
QxX5Qr,, 


= \ (4/c)v(T, x, Q) w(T, x, 2) ax da 
axD 


7 | 

+) ae faa | (a-mivg, x, awe x 1% 
o 8 OD 

(V, W)14(0x00,)= (Us W)L¢ax2ee, + (Y» Y)EAaxeer, ,)* 

|v Int 00n, )= (v, v)Efaxoen, jm, 


i 
WP Ue uaxoo,, y= (Ys Y)EMaxaas, I< > 
4/2 
y} < oo. 


rio! 
te os 
of the S 


nging io ip 


= 2 3 
WY iNrcax0en == {114 lLeaxee,s, yt fl ¥ liz eaxdey, , 


We formulate a number of statements which justify 
of integration (integration of the derivative (S-¥) v.19 
parts, etc.) to be used in what follows. For the proof 


ments see (3.7). 
Lemma 3.1. If @,p € H® and have on OQ 170008 belo 
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re L, (Q X AQrz), then 
(S-¥) p(t, 2) dr dQ = \ (S-N) par dQ 
Qa 


AxdQr, + 


ae \ (S-N) pdrdQ, (3.32) 


QxdQ7, _ 
¥(S-V)edrdQ= | (S.N)ypdrdn 
‘a 0070 
= j ~(S-¥)pdrdQ, (3.33) 
Qpxa 
Te 
| (S-N) wdrag = | (S-N) warag 
Ryx2 QxaQy , 


+ | (S-Nywaare, 


2x00, _ 
\ (S-N) wdrdQ= j (1/c)w(T, x, 2) dx dQ 


Or, Dxa 


fe { ae { ao j (Q-n)wdx, (3.34) 


Qa 6D, 
| (S-N)wdrag= — j 


Qr Dx@Q 


(1/c) w (0, x, Q) dx dQ 


; 
+ \ dt J 2 (Q-n) w dx. 


emma 3.2. [f/f € H™ assumes on 0Q7,- (or on 9Qr,4)a boundary 
¥ 8E LQ x 605-) (or BEL, (Q x 4Q07,4)), then p has on 
«+ (02 OQ;-) @ trace 


"loa, €L2Q x r4) (v loa, € Ls (Q x 4Qz,)), 
‘emark, In what follows, for the function vp 
N called the traco of v on OQr.4,W 

It? loon | Heaeae 


‘3.2. Formulation of original problems and 
- Consider a time-dependent Problem f 


logy, » Which has 
© shall write 


7. X08 0 Medora, ). 


their transforma- | 
Or a One- velgaity. i 
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equation of the form 
3 


ee ) 
, ®r for r€dD, (Q-n)<0, (3.35) 


where f(t, xX, 2) E Ly, Or (t, x, Q) E Ly (22 x oD-), IY (x, Q ; 
L, (D x Q). It is assumed that for the coefficients =o (t, if 
oO, (t, x) the following relations hold: | 

0<a,c c(t, x) < %< 0, Oa, (t, x) << 9,1 << 00, 
0< oO. <6, (t, x)=o (t, x) — a, (t, x)< 0., < c0* 

(Jo, 9, Fs) Seo, Soy = Const). | 
The constant c is assumed to be positive and it appears in the ex preg 


3 
1 dap Fi) ‘ 
eo ae LUZ + op= Fe | pan’ +e(t, x, 9), 
i=x1 Q 
Y= hy (t,x, 2), x€aD, (Qn)>0, (3.36) 
¥ (7, x, 2) = Pay (x, Q), P 
Where it is assumed that (ime L, (2 X OD+), Ww 
L, (D x ). EEL, Pr € Le ( + | 
We define the following functions: 
for x E aD, (S -N) = (2 “n) <= 0, 
Y-) = 
Po) fort =O ((S-N) |texo = —1/e < 0), 
forx €0Q, (S-N) = (Q-n) >0, 
+) = 
Yay fort’=Tf ((S-N) |ier = A/c > 0), 
y-) for r € OQr, (S-N) <0, 
v(é,x, Q)= 
y+) for F €9Qp, (S-N) > 0. tee 
Taking now into account the notation introduced and ere 
S, the operator S$, = (1/(4x)] ( dQ’, problems (3.35) an 
a 


a. 

= ae gubatitution F 

*If it is found that o,, = 0, then via the jvalent 
i 


a “J u d 
ef4p, A = const > O it is possible to go over from (3.35) to eat ot +e 
problem of the form (3.35) for the function @ (t, x, 2) in ng ao Geo 7” 0 t 

—“# 


"s. 


ingtead. of o and with a proper choice of 2 thé condition 5 + 
will he satisfied. 


Ul 
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1 be written as 


FV) etogHeaSg ti, Pw ye) for 
r€dQz, (S*N) <0, (3.37) 


a 
(SV) y+ oy =G,Sh +e, P= Yr for 
r€dQr, (SN) >0. (3.38) 
10 operators of these probloms can be defined on the functions of 
Y that satisfy almost overywhere tho boundary values on 0Q7,- 
yx problem (3.37)) and on dQz,, (for (3.38)). The existence and 
tiqueness of solutions of problems (3.37) and (3.48) are sufficiently 
sy to prove by transforming to a new coordinate system in which 
1e of the axes would be directed along the vector S. Therefore the 
‘oof of these results is omitted here and their validity is assumed. 
We perform the transformation of problems (3.37) and (3.38). 
o do this we add and subtract the first equations of (3.37) and 
}.38). As a resull wo arrive at a system 
(S:V) v + ou = 4,S qu + F, 
(3.39) 
(S-V)u + ov = 0,Sy + G, 
there u = (~ + p)/2,v = (p — p)/2, F = (f + )/2,6 = (f — @/2, 
he boundary conditions of (3.37) and (3.38) going over into the 
ollowing: 
u+v= yy) for r€ AQr, (S-N) <9, 
(3.40) 
u—v= 4) for r€dQz, (S-N) > 0. 
Jetermining v from the second equation of (3.39), i.e. assuming 
v = —B ((S-V) u — G), 
vhere 
4 G 
Bw = w+ G6, 50” we L., 
and substituting into the first equation of (3.39) and the boundary 
conditions (3.40) we arrive at a problem for determining u (, x, Q): 
—(S-V) B ((S-V) u— G} + on = o Su + F, 


u—B{(S:V) u—G) = y- for r € 8Qz, (S-‘N) <0, (3.41) 
u+ B((S-V)u — G) = way for x of, ! 

Bo if-p and p-aresplinihy See H@rsG), respectively , 
then the function u <+ (Gay RgeeeanwOD fb oxerywhere_equa- 


a—_— 
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tlons (3.41). On the other hand, if some function (4, %, Q) satisties 
(BAD. thon dofining 

pa —B ((8-9) u —G), 

ua {(S Vjyu- G}, (3.42) 


q 2 u --v = 


B (SV) 4 — 
ems (3.35) and (3.36), 


p u-v=r 
@ and wp are solutions of probl 
respoctivol 


y: : ae 
11 may bo concluded from the foregoing that the original problem 
(3.35) and its conjugate are equivalent to a single problem, (3.41). 

3.3.3, Variational formulation of the roblem. To study prob- 
duce the following Hilbert space: 


wo can $00 that 


lem (3.41) we intro 


W = {u: (u, ww. = \ dr \ (£ (9.¥)u-(8-¥) w+ ouw) da 
Q, 8 


+ [do { [(S-N)juw de; [lu lhw,=(% wii < a}. 
Q 2, 


We now givo a gencralized statement of problem (3.41). To do tt 
we perform a scalar multiplication of the hasic equation 
problem in L, by ao arbitrary function w € W,. If then we carry aa! 
an integration by parts according to formula (3.33) taking iftte 
account boundary conditions, then we arrive at an equation 
(u, wj=(P, w) +(BG, (8-¥)w + J (S-N)ivwarad, 3H 
6Q,x@ 


where 


(u, w) = \ \(S-N) uw drdQ + (B (S-Y) u, (S-V) wv) 
9QpxQ 


+ (ou, w) —_ (0, Seis de 


Definition. A generalized solution 
of pro Ai) is @ 
rT} . igs that satisfies equation (3.43) pa pare W3- 
rant sig solution of (3.44), then that function satisi Re 
B {(S v) hand, if (3.43) holds for some function, with @-Y) 
ts u— G) EL, and B {(8-¥V) u — &} lear Eb: (is * 
son carrying out in (3.43) intagration by parts and | 7 
rer bah tk the choice of w is arbitrary we 3¢e Leh o 
j where equati 3. hi nition Siti” 
ralized solution is has oe ecian “classical aah 


Th 
in Tranepart Theary 
\ Probewe 


tance 
f tho oxis 
us to ignaro the hey araee dQ, pormits 
Coing over te Il racsaies i a bilinoar 
ri cola ho bg 
gg the Urece of /, g, ote. P operator Band af és t posilivo 
é uilee choice lios af the op ‘mmetric and p 
ao insider “TL ts vasy to notice that # is symi 

Baal HL is oasy 
form lw. el. ; 
deinile in Ly: 


Zi ‘ ys 
a “0, § v)] (§ w) dr (Bw v 
(ar, YY] (vio, w) + | Any 0 )( 0 0 


ae 


(3.44) 
] (Rr. vl a(via, VYaA(I/o) eI, ev, we€ Ly. 


° , W ls 
4 SL (R171. The form lu. v] considered on W, x \ 
Risin) WW, -bounded and W-definite, i.e. 


Ml =ley ul, | lu, vl IScollu tlw, + te lhy,, 


lla I, <tu, wl, (3,45) 
vre Cy and ¢ are positive constants, 
Using the Properties of fu. ef it 
= ASherey) space a Wilh Scalar pr 
Geemorm |u| os lu, uji %. which is 
Teemetcic (+). From (3.45) we tind thal the Spaces W, and W 
SE Tho following theorems aro truo. 
rem 3.4 (3.47). Let y€ Ls (OQ, x Q), F 
the function y EW, 


Problem (3.41) 
a the functional 


=o 4 KS-N) ly deg, (3.46) 
ou7xO 

. “ Beneralized Solution exists, is unique and there is for it an estimate 

: Nu lhv, SN const. (lly lln (09, 0) HIF I4- Gy). (3.47) 

on Remart; Casy to holicg 

: in the 

i 


that the boundary Condit 
Problem 


Remark, IN is ions of 
ae are Natural under “onsideration. 
° how j roduc functions 


P=u_p (S-¥)u _ Pru+tp (S-V)y —6G) 
(3.48) 
S of Problams (3.35) and (3.36) 


%0lution of Problam 
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1). Then the function {? of (8.48) satisfies ne 1] 
3.41). - 
(SF) 2) + OT v) ©? (9, Sos v) + (/ ) 
—(P & se j \(S -N) pas dr dQ (2.49 
0Q7, x0 


: which vlogr, cae 
‘given an arbitrary i it a i generalized solution of (3.41), the 


res jomeiioh ; of (3.48) satisfies the identily 
(ip (8-0) v) + (os B) = (0u50¥P» v) + (8 ¥) 
+ f )(S-N) ]¥42 €r dQ (3.50) 


Qr, _7»2 


ven an arbitrary © € W, for which vijogz.- = 
Or Remark: Note that assuming § = 0, hr) = 0 an 


0. 

= 0 and va = 0 re 

sults in pas 0 and solulions of problems (3.35) and (3.41) tun 
out to he connected by a simple relation @ = <u. 


APPLICATIONS OF VARIATIONAL PRINCIPLES 


As an illustration of possible applications of the varia 
tional principle formulated in Sec. 3.3 for the kinetic equation we 
obtain in this section some approximate mathematical models for 
describing the unsteady process of particle transport. To this end 
we use the Ritz method of minimizing functional (3.46) (see Sec. 3.3). 

3.4.1. Description of the unsteady particle transport process using 
a system of ordinary differential equations. We shall minimize func. 
tional (3.46) on functions of the form 


3.4. 


3 
Ung (2, #) = Uo (4) + 2D Qi (4). (3.51) 


To find the unknown functions u, (¢) we substitute (3.51) into (3.46). 
and carry out simple (but rather tiresome) transformations of the, 
terms in (3.46) collecting like terms. As a result we get 


F (ug, Uy, Up, us) = ( at{() |e +45) 3 [40 | 
0 = 
+40 i at { ((o.) +SEE) ut4 Fo) 3 ‘ 
r iat 


3 . 
4 Dtge 53 uy (A) (dy (460) 
fond r 

f 

I 


ad 
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> a 
+ 3) uy f dx (1(0-m)/ 9,0) 
r 


i, jal 


ann 
t 


{ (Sedo) Uy | geno +> (Ng tps) * hy lem 
b | 


Dy MS, (4 (o92s)) Hy Leo + (So (Ab 4323)) -Usler)} 


i=l 
T 
—An {atu { {422 ge) 1(0-m)) 
6 Qx dD, 


+ ad Fa %ni(Q-n)}} 
T 


—An dt {(F,) -ty(t) + 3 (F,)-u, (8)} 
(= 


=) 


T 
a J aul) { | $28 aaa, 
RQxoDdD, 


+ f rT om 1(0-n) 9} 


OxoD 


4 fn ne 
(mon = (0) ut +453 (44 (0) + ui (7))} 


Uy (4). HED +E H(t) aK SL) } 
{40 (7). C2 7) 4,0) (#) @)} 


— 8x 3 {u, (1) CH 7) <u, 0) (2) (0)} 


(3.53) 


“ge rwe a n 


y 
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ww 
otation ia introduced: 


whore the following © 


(v) - + 
RP, So (PA) G, =~ So (GQ). i..1, 2, 5. 


inclion (3.51) minimizes functional (3.52) and faq 


Suppose that fi 
i Pecossary conditions of this. Let Ua; (t) == Wi (4) + an; (b. 
jo 0,4. 2, 4: where @, are small numerical parameters and 1, {t). 


are arbilrary. gufficiontly gmooth functions. Since (under the hypo- 


thesis) (3.52) aliains itsminimum on (3.54), jta first variation is zero, 


which in (ura leads to the system 


OF (Ua. wed lia,) 2. | 20 gay 2d = 0, i: Q, 1, 2, 3. (3.53) 


Evaluating the derivatives in (3.53) and taking into account the 
arbitrariness in the choice of qi We employ the usual technique 0 
variational calculus to go over from (3.93) to a system of equations 


‘n vector matrix form: 
4d | d t 5 
12 [eu go _ (G)|+ Bult) = (yy B54 
with boundary conditions of the form 


4g (0) (0) +66) () + (me pyu(o)=6 8 


+ M(f) & (T)— (6) (7) + (mes D) u (T) = Bi: (3.56) 


where 
Boy --- Bos My --- 0s 
anal. \ > te Op NY 
° “So ‘ \: 
Byy --- Bas Mg --- Mss 
Boo = (Ge) + (mes T)/2, By = (4/3) (0) + \ dz So ena)! 
5D 


By: = Bi = | 22 So(M(2-2)1 20» 
6D 
B ome ~ re . e | 2, 3, 
y= daz S, (\(@-0)|2i:23) for ix}, 5 77 
aD 


Moo=(hie.), Mir= (1/8) (A/0), jai, 2, 3: 
M,;=0 for ix], ty j=0, 4, 2, 3, 


yu, sep~ 14a) ‘es KF, SoPs Ge - S66, 
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ee” (Fy) (Gy/9,) 
u (FP (G,/0,) 
an 7 SAME Te GL gigy | 
Iky (F,) (Gs/o,) 
(SoPor) (Sop) 
(Sy (Pear8di)) 8, = (So (Wy) 
BT 6s. 0) [> BF 6S, hen) |? 
(So (Tag) (Sp (1,125) 
(day) {yen (Quy ids do 
QxdD, 
(1(4a)) | p90, 1(@-n) jax a9 
bs Ox 4D, 
W(4)) | py, |(9-n)|dx dQ 
axoD, 
(4a) | YenQyl(Q-n)ias aD 
Q\ 6D, 


+(144x)) | gery|(@-n)| dx dQ 


Ox OD_ 


+UM40)) |} g4r)|(2-n)| dx a0 
QxéD 


+1140) | g9,1(2-n)} dx ao 


ae 
+ 14/(4n)) | guyQ5|(@-n)| dx ao 
QxdadD_ 


en , (3:54), together with the boundary conditions (3.55) and 
el i esired approximate mathematical model for the 
‘aii ° ie unsteady-slate transport Process. It is obvious 
Ping for ay fae (3.54) to (3.56) it is appropriate to calculate 
raged sol admissible error in this case) approximations to some 
Ohttions of prohlems (3.35) ana (3.36) such as 
nes D) (S, 


%) = (4/mes D) | dx [4/(4n)} j (x, Q, t) dQ, 
D Q 


"es D) (Saip) = (4/mes D) { dx [1/(4x)} f p(x, Q, t) dQ. 
D Q 
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; ote them by Pom and $o,m, 
one approxima a awe) 4g) u (t, % Q) by Um (@, 4) 


ef’ aiculale tl 
reapectivolY) il sulticos 10 TP. y/mes D and Sq. As 4 result we get 


orall 
andl perform the oP ix__) due (1) 
“Ge (xy #) dt 


1 ax 1. ( G(x, 2, t)dQ, (3.8 
eats | wer | o" ulti 


1 7, Agoshko 
a0 v./ 


| 
—_— = ee 
po. m (t) = 40 ()—-= ( mes D ; 


apo, ae (1) = Uo ++ (seer \ Oc (x, #) 
dx, \ G(x, @, t)dQ. (8.58) 


4 \ : 
—ThesD J) oc(x 4) 4n 
D 2] . 
em (3-54) to (3.56) it is also nesessary 


To solve numerically prob 
M and B. Space and surface | 


to evaluate the elements of the matrices 
integrals of the form 


Jy= J \(Q-n)|dxdQ, i= \ \(Q-n)|Q,dxdQ, 
i 
{ 


éDxaQa eDx2 
Jy= \ (Q-n)| QQ, dxdQ, i, j= tr 2 3 
éDxQ 


which determine the elements of B and M, can be found using 4h 
propriate quadrature formulas. Rather difficult here is the finding 
of the integrals J), J ij, and J whose regions of integration contain 
a curvilinear surface 0D and the integrand is the ex pression for te 
aha vector n, etc. Notice, however, that in practice the domaib 
is often a sphere, a cube, a cylinder, etc. It turns out that ip thes? 
sca oA LL pe Jo as be easily found in explicit form. Di 
, for example, tl ri i - 
schist pedis R 8 ie following three special cases. If 
J, = 8ntR?, J, =0, i= 1, 2, 3, Sis =O for i = fs 
Ili D = Jy = 8n° RMB, jae ty Be & 
; = {t,y,20<2<a, O<y<b, 0<8<¢): then “| 
= An (be +ac+ab), J, =0, 1=1,2,3, 4 =9 7 
- tor 6h 
Ji, = 2m (be + acl2 + ab/2), Sgq = 20 (bei2 +06 + ab/2), 
7 Jan = 200 Goel? + acl? 
D = {z, y, 8: 2 + yt Rt, 0<s< A}, the eee 
J. = GAR +A), JH 0, 11,23, Jy 0 tor te ae 


4+ ot 


rey 
os 


8t 
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= 0°R ((3/2)H + RB), 
= 7R ((32)H + A), Jag = 27K (3/2) je anaes 28) 
_— . 16 
i 1 gs oblem (3.5 

as » matrix B is diagonal and so pr oe 
ie a igee ‘lta (ong separate ele Rovere 
: ra Sa differential equation of the second order. 
ra A 


cim: the entire 
mplities the construction of an approximate solution of 
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é (ransport equation 
ms. We used the Rit 
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Po (t) + DQ, (t), 


mize the functional 
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in these cases. This stil] f urther simpli- 
b the solution of the problem. 
tis seen from the results of numeri 


Solution of sy 
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Fy = Sof: G, = SoG: G, = So (Q,6), *= 1, 2, 3. 


ow ~ - = i # 
Approximations Po and wp, to the {functions of the integrase 8 
Sp and to the “integral value” Po = Set © be decane 


Po = 
from the formulas 
q = __ 1 & x, t) AUS ae 
Po (x, t) =u (Xx, t)— C-Ge (x, ¢) TY (x; — Ge (xé @* 
7 = 4 du Ge (ef. 
Roles Neue Nt carger oF Ose a 
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r, one y the original problem far ee * 

aut equation with g = 0, hin = 0 and tw = 9: then the fomctte 

(x, 1) approximating Sop is found from the system a equator 
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1 @ , © i= 2 
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ho Saf, fi Sy (80,/), d l, ae 4, 
yay 1/4) ) Mn) pay (ty Xe 22) AD. 
NG a<v 


is the functions uv (x, f),@ (x, 0) ¢ IV, ruallzing the minimum of 


functionals F (uv) and F (Qu) FF (uv) 4 on Wy are the solutions to 
olliptic equation. The boundary conditions in these problems, 
ing been obtained from the condition of tho minima of the fune- 
ials, aro optimal for this equation. 
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METHOD FOR SOLV 
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(VARIANCE, APPRO 


wory Of V 


from the ul 
ons a 


Basic facts 


ORITHMS OF THE MONTE CARLO 
ING SYSTEMS OF 

ONS OF THE SECOND KIND 
XIMATE OPTIMIZATION) 


4.1.4. A number of computational problems can be 
reduced Lo the solution of a system of integral equations of 
ond kind (seo, for example, 14.1]-14.3]). Introducing a suilak 
crale-conyigys integration measure such a system can he wrilte 
ot ji ee integral oquation, which allows the standard algorithms 
? he Monte Carlo method to be used [4.4]. It is gometimes more 
ie chet 7 use the matrix structure of the system fe 
‘ roblem by the Monte  woights 
(4.4}-14.31. —_- 

Consider the system of integral equations 


Carlo method with v 


e (2) = 2 | iy (z, v) y (y) dy hy (a), =A, 2. le (4.9 
jut X a 
oe mest 


where «, y € X and tho i 

: UA o integral is takon over the Lub ‘on 

in a finite- si i 

" Seen Bneclidean space X. We intradnes notaiae ; 
K (xz, #) = (leis (a, YY di jumn 2 cone 107 
@ (x) = (q, (x), We (x), oe es Gm (x))'; 


ps pettines prime dasignates transposition, 
sidering the integral of the matrix as & 


eee 
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ite the syslem as 
= Kk 4H (4.2) 
@(z) = | K(x, vy) Oly) dyt H (a) 
or 
® = K® + H. 
Equation (4.2) will be considered in L,., assuming 
It @ ll = vrai sup |p, (z)|, 
with 
NK <vraisup 3) | |ki,(z, yl dy =9. 
i,z j 
We define the stationary Markov chain x9 = 1, 24, .. ., zy in X 


by substochastic transitional density p (z —> y) = p (zx. y). Here N 


is a random length of a chain that terminates with going over from 
the point z with probability 


P(z)=1— | p(z, y) dy. 
We shall ossume that 


P(z,y)#O if K (z, y) ® (y) #0. 


Suppose also that the Spectral radius of the o i 

at s i s perator K, obtained 
epics replacing kymlhyl,iijgs Dic cé ey, UR is less than 
ae here are lo show by using the Standard Lechniques 
te ¥ of Monte Carlo methods (see, for example, [4.4] p. 170) 


D(z) = Mg, b= s Q,H (zy), 
neal) 


Qo= (51))1, jet, 2 oitone (4.3) 
@, OnK (z 


here nmi Tn)/p (Trt, Zn); 


K LE aaa Z,):p iy: 2,,) = {ik 


@,, MAY je 


ij (2,21, t,)!'p nts tn)) i, jay, o, 


eOiSidece ; o. Ms 
expectation, ousidered as’ matrix Weights, and Af is mathematica] 
® Monte (a> : 
of the form 4rlo method is Used (o estimate linear functionals 
J = ' 
an (Fo) == | F(a) ® (2) dz, 
(z) = (, (z), f, (x), 


ds essa Im (2)), with 
NF il, = 2; | 17; (x) 


j 


ldi< + 00, 


Kargin ef al. 


Be lonsity % (2) 


ss + robability ‘ 
ag distributed % ith D ele 
Lot the er en (c) ® (2) # 0. Then obvion y 
uae NF (to) C,H (Zn) 
F’ (to) —. |= Mf EA Qn 
J=M [Ee bee | a 7 (Zo) : 
a0 , F (a) 
aM >) H! (tn) naa 


nx=0 


The random vector weights Qi = Q.F (xo)/n (tp) are calculated 
by the formula 


Qn’ = (K’ (ta-1 Ip)! P (2y-1) an)) Ont: 


Assuming 
c= (F’ (xo) Ex,/H (zo)]; 
we have 


M2 =M [F’ (%o) E xobxoF (xo)/in” (xo)1. 
Thus variance D ¢ is determined by the matrix-valued function 
W (x) = M (8,851 


which is studied below. 

4.4.2. In what follows the auxiliary matrix-valued function 
W, (c) = M (eyeg’], where Ey? results from replacing kj, > | uy | 
and h; > | h; |, is assumed to be finite. This assumption justifies 
ae ei in ibe and integration and tne 

x), just as in AG 
cording to (4.3) ye lave the scalar case (see [4.4], p- 152). Ac 


¥ (x)= M % One (tn) -H’ (Zn) Qn 


N 


N N 
+M % QnH (tn){ 21 Om (tm))" 


N N 
oe Pa 2 Qnll (tm)1 H (Zn) Qn 
N 
= M, + MX Q,, (z,) (2, (Ex, —H (w,)))’ 


N 
+M 2, (Qn (Sx, —B(2,))) H’ (an) Qn 


N 
an 2, QnH(c,,) |@ (z,) — Hf (c,)} Qn 
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‘ +M = Qn \® (v,) —H (z,)] H (<p) Qn 
1229 


= MS Qu |H (eq) © (tq) +0 (dq) H (tn) —H (tn) (2 n)] Qa. 
= (4.4) 


Here standard conditional averaging is used, with a fixed value of 
the sequence wt). t,. ..-. T, (see (4.4], p. 153). meee 
The expectation of the vth term in the last sum of (4.4) is expresse 

as follows: 


\ K (xo, 21) K (tn-1, Zn) 
“" No plz, ry) °°") p(t, Zn) 


a+i 


G (Zn) K’ (Trt En) 


... K" (Zo, 2) dzgdz, ... dz,, (4.5) 


where G = H®’ + ©H’ — HH’. 11 is easy to see that (4.5) is the 
nth term of the Neumann series for the equation 


¥ (z) = HO’ + On’ — HB! 


+ | K(x, wip (z, yy Yu) K’ (2, y) dy. (4.6) 

Thus we have proved the following 

—Pheorem 4.1. Jf ¥, (x) < +00, then the Neumann series for equa- 
tion (4.6) converges and expresses W (x) = M (§.6:] < +00, 

4.1.3. We now discuss the conditions for the finiteness of the 
matrix-valued function W, (z), which is expressed by the Neumann 
Series for (4.6) after replacing kij—> | ky |, hy > | hj |. The corre- 
sponding integral operator will be denoted by K(). By a direct 
evaluation we get 


WKS" I< vrai sup | [(2 Mers(@, ul)"/ p(x, »)] ay 


7 lkuy (z, y)| R 
<(vrai sup > sen) sup p3 { Vee, (x, y)| dy = gp. 
3 


Consequently, ifg, <1, then M I§,E4] < +00. 
sidering the nth term of the Neumann series for V, it is not 
colt to extend that condition as follows: ¥, (x) is finite if 


(voai eup Il Ky (2, y) Wp (@, y))) p (Ky) <1, 
Where ep (K J 


1) is the spectral radius of the operator K, obtained from 

: after the above Substitution. The relations found show that to 

MAstruct p (c, y) it is expedient to use as uniformly large function 
p(x, y) | as possible. 


ee 
Sc seaans es ae 


\) 
; nd of the possi- 


gi a 
p. A. Kara@ln _ ses ail , 
. of Ue questions © algorithm ix practically 
A pxplicll andy cance fOr ver one! ‘< therefore developed 
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es A pect | po | scalar upper {imit of a vector 
ens \ 
pelos hart cai e the notale aay 
Lan the norm © the maths © 
zw)” 
(x)= | k(x, V) dy 
. ant. (O=NF eh 
n(ay=[ DM |" =n) 
- Oy =f (to)! (#0) 


Zn)!/P (Zn-1 In)s 


— . k Zn-it 


K isan integral opera 


N 
Co > 2X Qnlt (Zn) 

Theorem 4.2. Let p (x, y) #9 for k (4. y) #9 and x (x) #29 : 
for { (x) #9 and the spectral radius p (K) < 4. Then 

(i) there is a unique solution of system (4.1); 

(Gi) Wo = F, ®); 

(iii) WO< MG. 

Proof. The first and the second statem 
from the fact thal 


0 (K)<p (K,)<p (K) and 
LF’ (z) ® (z) [SUF @) WN ® () I 


The inequality for the spectral radii follows from the fact that Mi ‘ 
norm of the integral of the operator does not exceed the integr 
the norm. Further, it is obvious that ! 


N 
Iel< 2 Oak (Zn) = a 


Le Theorem 4.2 is proved. 
roe ey kernel k (r, y), for example, is substochastic, : 
that Mr Ing algorithm for the direct simulation [- ] (s)- 
thon aa finite. In the general case, if p («. y) = tr, 4 
with ker < +00 provided p (Kq) <1, where Ky js an OPT ac’ 
try to ae q(z)k(z, y). Theorem 4.2 also shows that thet 
MO <MEy by reducing MCS. In particular, “Daz” 
The ah id 
oe Che ahove approach can also be used for approxima? ba 
on of weighted estimates that are constructed in solving 


ent of the theorem follow . 
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separated integral equations using a single probability model. 
Note that such estimates are somelimes considered within the- 
framework of the dependent sampling technique [4.4]. It is 
obvious that this method is especially efficient if calculations are- 
carried out on computer systems with synchronous parallel processors. 
For the dependent sampling techniquo the matrix K (r, y) is dia- 
gonal and 


k (x, y) = max | kj; (x. y) | (4.7) 


- If the kernel is independent of the continuous parameter it is natu- 
ral to consider 


k (x, y) = max | k (2, y, 9) |. (4.8): 


» Numerical experiments for the method of similar trajectories. 
/ [4.4] have shown that using kernel (4.7) as transitional density of 
+ the Markov chain being simulated can, for example, significantly 
; increase the range of o in which dispersions of weighted estimates 
2 are finite. 

« — Note that (4.7) can also be used in the case where K (z, y) is a 
. triangular matrix, which is the case, in particular, for the system 
~ Of group equations of neutron physics. It is therefore appropriate to 
“use the method in question for Constructing the vector algorithm. 
j Jor reactor design which is formulated in [4.2]. 


1M, THE METHOD OF DOUBLE RANDOMIZATION. 
APPROXIMATE MODELS OF RANDOM FIELDS 


“ 4.2.1. Let a linoar functional oquation Ly = ] he solved 
Bet ed owe Carlo method on the basis of simulating a random 
random ‘ saga ida Will be denoted by w. This means that 
where / falar es , (@) are constructed such that ME, (w) = Jp, 
A Iso bs ro the functionals of Pi, = 1, 2,...,m, to be computed. 
a pi ee the operator L and the function / are dependent. 

betes i mye do (a random medium in transport theory, random 
‘“ n olasticily theory, etc.) and that £, = & (@, 0), J, = 


ps (o) and 
< MIE, (@, o || = J, (a), 
ete aud 9 beiug in genera) dependent, 7 
# ’ problem of computing the quantities 
Tu= Wy (0), Ay = Vy, (0) Jy (a)), ky jade... my 
® ( ) stands for the mathomutical expectation according to 


distribution of oc. Such expectations can be ovaluated by the 
owing obvious combiner method, for example. One numerically 


os 


al. 
n. A. coral" al apie 4,43) and for san gasnpl- 
“i . axa o ‘ 5 : y 8g 
npling afd Oi “aol vol sufficionl's ae ais Mecivad 
const! errr Latta Pr atatiatical gsi Males a nati 
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. t ° ry f ‘s ¢ rf 
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ig | some thod (sev, for examp e, [4.4 
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he relations 
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0 W2, 9 
(Ji (a) Jj (a)? = M, wy. OF ol Ex (as, by ( 7 : 
itionally independent trajectories Ccon- 


here are conditior 
wyeted for one soupli nd the subscript of the sign of math- 
ematical expectation indicales to what distribution it corresponds. 

‘mate J, it is sufficient Lo construct 


just one (rajoctory for a fixed 6 and to estimate Ry, it is sufficient to 
construct two conditionally independent trajectories. 
A natural way of optimizing the above randomizati 
by the splitting metho: (see, for example, (4.4]). T 
it is implemouted as follows. For afixed o one constructs condition- 
ally indepondent Lrajectories, i.e. a vector @ = (@)) ---» Onl 
and uses the random variablo 


(0, 0) = (Ain) 3} Ba (On 9). 


instead of C4) (w. 0). The optimum : 
: “oy val 
the formula (see, for saute. (4.4]) ue of n Is calculated from 


n=V Talay Wale (4.10) 


whore a, = (AZ 
time corres Mase) — Jk, dy = (D Ey), t, is the mean compute 
Satreepondlin nding to the sampling of o, and ¢, is the mean ime 
Hee tee Ae to the choice of one sampling of @ 
possible, oe ee of a, ae, t,, and te is difficult. It is 
Lime for two alae obtain statistical estimates of variance 
,, and nz, of the splitting parameter and t6 
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A my (n,DG — n, DE"), 
a,= is : m1) (n 
(DEY — pe"), (4.14) 


Ng—n, 


_ rgd 
i= ngtl OD — nye ' gm) (na) 


il,— _ 
. Na— Ny ; 
x 


mo 


a 


Td 


. “cuy) “( 
§ ftis usoful to correlate the sampling of CGV and 6G 


| 
4 Monte Carlo Methods 


"s) Now considor 


. ptimization of a randomized ostimate of Ry, hy splitting. It ts 
° 


matural to use in this case the random variable 


n n 
YS (ar, a) Ey (, 0) 
wl f= da(n) -- 


It turns out that it is possible to use instead of »,;' another variable, 
that is numerically equivalent but computationally more conveni- 
ent. [It happens that the following oasily verifiable relation for 
correlation moments is true: 


KIS? (@. o), OP (@. o)] 
| = K IJ, (9), J; (0) + (1.n) (K (E,, 6 /)). 


-Monsidering the last relation also for n = | and solving the result- 


“ng system of equations we gel 


Ky =K (Sy (0), J, (0) = (nk (0, OO) — K (tm, O35 (mn — 1). 
. (4.12) 
mat is easy (o see that Substituling on the right-hand side of (4.12) 


gBlalistical estimates for the covariances gives an eslimate K;) of 
A ths Which coincides humerically with the eslimate constructed 
te Pai Note that when using (4.12) the mean time of calcula- 


Stions. as in the standard varia itti i 
5 i Nt of splitting, is ex essed ] 
Bormula of the form 7™ — T, + nT, J : eee 


“4, An exact expression of variance Dp) 
“fBlear, however, that for sufficiently lar 
Male equation ; 


is very cumbersome. It is 
ge n there is an approxi- 


DKS = A, + Ad/n, 


0 in aw . ae 
j rin In ev aluating Kj, it is also appropriate lo optimize splitling 
a -11). Note that the question has 


SS For ., Shes 
lene, jae algorithms of the Monto Carlo method lo be 
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. wating random fields. [ y economical ways of 
Xe models of rat 


R' 1 y conliny < * 
a Ous finite- : Soins . are 
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Bia ae Consider the well-known method of constructing a 
Densiou a| listens & (¢. &) with an arbitrary function of one- 


tribution Fs (x) and a convex normalized correta- 
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in et al 


fd. Kar 


we 
: aly (hat 
tion Ie (O uch pe WIS 400, & (00) 9. (4.13) 


ke (se 9 (Oe 0, 
jtions (4.18) the 
—h" (t)/ke' O), fh (t) «= 


| determine Pal 


functions 
hk W, be W) 


m’s stationary point 


Under cond 


f (4) 


are distribution donsitios nie 
flux 

h 
Sq bate 0; 


th = 


ial 

are indopondent nonnegative random variables, with 
density f, (4) an ni iz 2, with density f (¢). 

pability of the zero of points in an interval of 


, ©) is constructed: as fol- 


whore {ni} 
‘hh distributed with 


For such a flux the pro 
length & is PO, Y= t). 
The process & (t, &) in the interval (0 
lows: 
(i) a sequonce (t,) i 
(ii) for overy interval (Ti-1 Ti)s 
that & (() ee Sr where {Bi} are independent © 


distribution function Fe (x). 
“1 is also possible Lo construct a simple 


On the basis of alin’s flux 1 
model of an isotropic random field as follows [4.5]: 
— &) Palm's flux (t,} iS constructed with P (0, t) = 
isotropic direction © in the range of D; 
ly of the slabs pounded by the planes perpendiculé 
f & is chosev ac 


(ii) for eac 
Lo w at the points of {t),) an independent value 0 


cording to #; (2). 
It is natural lo cal) this mode} an 


For it 


s simulated until the first exit from (0, Tr), 
i it is 


L = 4 » | 7 2 *F 
ancdom variables with 


ke (t) along te 


“isotropic layered” model. 


mf2 
k(r)=en \ k(r cos) sint-1 80, r= Ir: 
0 


For examplo, if k is absolutely monotonic and r = 3, then 


i 
k(r)= J | exp(—ar) na) v= (exp (— ary cary iee(a 
oA 

A 
Peageieny peti of the isotropic layered field is npatural for a PY 

eats bul in some cases it can be improved using *° 
a ification, which is described below. 

uppose that the distribution of § is divisible witha 
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lation 
natural m we have the represen 
fer every taj HM +...+4+ gm), ee 
‘eins istributed. 
hore E(™ are independent and equally distri 
where Qi ° ¢ ; 


a> 


: (4.14) 
bm (t)= Qu E(t, ey 


(™) (t, k) 
. cess ’ 
* whore EQ (i, k) are independent samplings of ceva eis ae 
; NL same one-dimensional distribution as §( ; 

with t 


i , Gm (t). It has been 
‘“¢ Now consider the convergence of processes €,, ( eee 
* established in (4.5] that the corresponding hnite-dimensional eae 
: butions are weakly convergent to the distributions whose tota y 


+ Satislies the consistency conditions (this is also true for the fields), 
~ the limiting distributions being absolutely 


Ng eorem 4.1. If | k” (1) |<c¢< 400 in (0, T] and E> 0, then 
¥ Processest,, j 


iting finite-dimensional distributions, with the 
£ correlation function k (t) of a one-dimensional 
a distribution. 
can be extended to fields 
of the Chentsov-K olmo- 


proved by summation of 
x - Using the layered isotropic model one can thus con- 
4, Struct fields with r samplings. Note that in using 
the type (4.14) in radiation lransport 

m such that the characteristic 
range of €,, (r) is less than the free length 
on. 


% they all roperty of the above random field models: 
a OW fiolds Wilh differen one-dimensional distril 
¢ pendently (on i 
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* F In t z 
P S thet ° A given function he (t) 


. Ol regions of practically 
Hoters Substantially ) 
d th; y scale 


ndomized spenteral- modul of ue 


of as approximate simulation o 
function k (x) for which 


ble 

ian fiel he Pr d with Z 
0 ne seo fietgecomporition is given 
1e a 

k(2)= \ cos (Az) p (A) dh, (4.45) 
where p (4) 8 the spectral density, 4 € A = Ry. Note that repre 
sentation (4.15) exists, in particular, if j | k (z) | dx < +00. Fee 
simplicity it will be assumed that 

(z) = 1- 


M, (2) = 9% D: 
Am and assame that the 


, the space «\ jnto Aq; - °°? 
Am buted in the parts according 


W artitiol Mas 
eg are distri 


random points Ian eet 
4o the densities 


p(ay= pay] | PO dy AE An 
An 


Then by virtue of (4.15) we have 


k(a)=M 5) prcos (nz), Pam J P(@)dz- 
A 


Lt | h 


From this we obtain the following procedure for constructing ® 
random feld with a given correlation function: 
(i) choose the values A,, -.-: Rens 
(ii) construct a sampling of the field from the formulas 
™ 
bm (7) = 2, pi? (&, sin (AyZ) “7 Ny COS (Ay=)]. (4.16) 
where (Ex, x} are jointly independent standard GaussiaD var 


ables. 

ae conditional one-dimensional distribution of geld (4.15) 

xed values 4, . - +» Am 16 standerd Gaussian. Hence (he Si de 
io) 


one-dimensional distribution 0 3) i : 
Pr epeeae show that on of (4-15), is, lee cibotia felt 
( A5) are not normal and that it is not ergodic. but t ese d 
lages may grow weaker as m—> oo and with sufficiently “ 
setts of the partition of the space A. ian 
ane consider the convergence of a field En, (z) to ® Gane 
sedletballos a given spectral density p (2). As pointed out gbove- ist? 
A pate is related to the character of the partition | aa 
Ae eepehd (i id volume of a A, and by d, the dian 
‘Ny. elow iti j inv 
such that d,< al aria Am wnitorith Ls and 6 
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using, for 
T lition ean obvioualy he pla ape ie 
ane ts oa ms rectangular oy causal rath 
em eck Hing thoorom is 5). 2 
i endh Aaxin. da dynein flelds given by preele ee Fg | = 
\ erty A] mba) and lel dy <cly-m-"", 
_ m_- 1, Phen 


(i) of dine" -» O and 1, +» 0 asm —» oo we have 


WY Bae) —B dP de — 0, 
aie 


where § (x) is a Gaussian field with a spectral density p (i); 
(it) if for some e > 0 


{ Al pA dv\< + 00, 


for by = com1M8+0) there tg an estimate 


MY Um (2)-E (2) dex oq2lnaeen, 
‘ZICR 

By Chobyshov's inequality Thoorom 4.2 gives the convorgence 
in probability L,doviation of the field &, (z) from the 
sussian fiold E(r) with a Bivon spoctral density. [t ig easy to 
i ji @ Of the dorivatives of En (x) provided 
re are appropri S of spoctral density, Further, using 
can formulate [4.5] Statements about 
Y to zero of n uniform deviation of 
To Conclude, Thoorom 4.2 and its Consequences may hoe useful in 
Vocreasing the Cost of the double randomization method when, 
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43, SOLVING STOCHASTIC PROBLEMS 
Or ELASTICITY THEORY 


» réaquires con 
tho Corresponding doterminate 


of sich eSlimmules yw 
ms in d 0 method for solving 
With « ir ae formulat; ro it is convonieut to atart 
‘ Ying the soh ) yo 
VAlug Debi, ition methods on mddary 


of the proposed methods for 
-. nacessary 40 


mothods. & : well-posed poundary- 
nt £ m) of elliptic typ 
n tor (4.17) 
(x) 

Lu (r) J ; “4 ,m— 4, te OG, (4.18) 

Bytlee = VI Ke ee 1 (B,) ia the 
pore E is the corresponding differential cLaakiere a 48). The | 
Tamily of operavors whose Varn this problem is as = 
pore e of the Monte Carlo ° eo f ional F so that f 
lows. Construct ® random process bx and the tun 4.19 ie 
u(t) = Mek \Ex1. P he ‘ ‘ 
| lity in (4.19 ‘5 exact, the random estimate 0 
LE oye _ if the equality is approximate, i.e. 1 z 
(4.20) g 


biase 


gnid to be un 
u (x) = MoF (Ex) + &s 

is snid to be e-biased. For conditians under g 

resentation (4.19) is possi gee, [Or ; 

example, (4.7). It is clear that one can construct a set of representa-g: 

For example, if — is the Markov chain: € 


tions (4.19), (4.20). 
Ey = 7 


Bear = Ea + dpOns 
which is unif 


m isotropic vector 
(Ex. dn) 


y center at a point Er 
"| For 


whero @, is a rando 
Ik over spheres 


over a unit sphere will 


have a class of methods of “random Wa 
for the Dirichlet problem 
Au = 0, zreG, (6.208 
ulp=p), eer = a6, (4 3B 
representation (4.20) is in this class of the form ‘ 
(4. 2am 


' uw (2) = M bp (z*)1 + 9 (@ (e)), ie 
af pedi me boundary point closest to the terminating point 
(2€G: |z — pela uang spheres” in the ban a 
tinuity of u ( Hye e,f€ 4G}, and o (s) Is the modulus © 3 
{En} are natn of aG,. Tt, however, the states of the Markov Clam 
over the ho aes the houndary 9G, then there is a random “Sa 
undary” [4.7] with (4.24) assuming the a 


N 
u(z)=M (> Ait ch), +0 (5), be ie 


( Monte Garlo Methods a7 


whare 
5 = osc p (t):¢¥, g = const < 1, 
1€00 


* A, are known constants [4.7], and the random points &, € dG are 
defined as follows: Eo is the point of the intersection of a ray of iso- 
tropic direction from a point z and the boundary dG 


Sh = Enea + ra@n, k=1,..., N, 
where 
Pe=1Ex— Ends & € 9G. 


“A Thore are also other random processes solving problem (4.22), (4.23) 
th © approximately or exactly, such as the process of a random walk 
$m over a grid and the Wiener process, but here it is reasonable to 
restrict ourselves to the two processes described above. 


dom walk over spheres” and on 
formly and absolutely 


. ln Conolugj 
x. Sion we list ¢ i 
that account for it sp see features of the Monte Carlo method 


are Rtensive use in Solving boundary- 


- et al. 

p. A. kargin i formulations. 

" tochastic 8F ermine allows one Lo 
ploms in poth fa to im jement, thy complex ge- 

’ : ‘Wi 

th algorithts idimension® problems 

; “A 
™ ed simultaneously 


solvo dyna 

i -vatives are computed ! 
aap cy. This ss especially important 
uations where it is often required to cal- 


in solving ig -vatives of the. solution 


culate higher i roblem)- 
the bending oa erie high dimensions does not 


omputler memory: 
thms allow one to find a solu 
oint or in a given set of points, 
solving a number of extremal pro 


maximum deflection, maximum stresses, etc.). 

5 One can solve efficiently exterior multidimensional boundary- 
value problems with practically arbitrary boundary conditions 
which present certain difficulty to other numerical methods. 

6. The method of statistical simulation is practically the only 
numerical method suitable for solving boundary-value problems 
with actual stochastic parameters, such as a random boundary and 
random coefficients, where it is required to calculate certain sla- 
ages characteristics of a solution and its derivatives. 
sg apell soepatae to construct the simplest vector random estimate 

J ae solution of the biharmonic equation. 

3.2. Consider the bending problem for a plate G U aG whose 


normal deflection satishes the equation 


tion and its derivatives 
which is important, 
blems (finding 4 


require large © 

4. The algori 
at the desired Pp 
for example, in 


Adu (z) =q(z, y/D, x EGC R’, (4.26) 
and the boundary conditions 
Uloc = 9, Atllag = Qo. (4.27) 


He i j i 

Here qs. y) isthe intensity of normal loading, D = EMU12 (1 = of 

he plate and his he plate thickness ee 
0 e the point where a solution is sought. Then for the 


solution of 
tion problem (4.26), (4.27) there is a probability represent® 


u (2) = M, f D 2 
| 0 {9 (zx) — THe (Ze)+ \ [tq (a,)/ ] at} ’ (4. 
where t is the mom ; oc 
ent of the first i 
output from G of the Wiener pt ihe 


w (t): w (0) = z,, - 
syibol ef mationerny ee oe 2 is 
mavneatioal expectation in ths pan ai a w 


4 Monte Carlo Methods 90 


lt is in principle possible to use the Monte Carlo method for a 
straightforward calculation of the Wiener integral (4.28), but this 
would require a time-consuming procedure of simulating t [4.3]. 
We therefore develop here a different approach to the solution of 
this problem based on constructing a vector random estimate. Con- 
sider first the homogeneous equation (4.26). Let S (zo, r) be a circle 
with centre at a point .r, of an arbitrary radius r such that S(z, nc 
G. (It is usual to consider {4.9) the case of a maximum r denoted 
by R. Thus S (x, R) is a circle of maximum radius with centre at 
a point 2 contained entirely in G U @G.) 

Let {&, &, ..., Ex} be an “e-spherical process”, i.e. a sequence 
of random points such that FB=27, b= E+ O7,,..., Ey = 
Ex-1 + Only, where {m,, ..., Wy} isa sequence of indepen- 
dent vectors wniformly distributed over the circles S (E,, 1), 
§(§&,41),..., 8 (Ex-), 1) respectively, with Ev € 4G, being the 
first terminating point. The boundary point closest to the terminat- 
ing is denoted by tx. The “process of random walk over maximum 
spheres” well represented in the literature [4.9] is a sequence of ran- 
‘dom centres of circles S (So, Ry), S(E,, RB), ..., 8 (Ev-1, Ry), 
where £, € § (Ex1, Re) K= 1... -» V. It is clear that V — co 
a3 €-—> 0, but, with e fixed, the average number of steps till a dis- 
continuily occurs is of the order O (| In e |) [4.9]. If ry < Ry, with 


Th~ &, then the average number of steps is known [4.9] to be O (r-*) 
~~ of the dimension of the space. 
fe call] 


4 —p)? 
Cr) (r,) = (; 


the transition matrix of a vector random estimate for problem (4.26), 
(4.27) and introduce the following notation: u (x) = v,, Au (xz) = 
€ © = (9. g.)7; then the vector random estimate — = 
M1, 62)? for (v,, v,)T is determined as follows: 


(4.29) 


N 
& (x) =| I CO (74) @ (Ly) e (4.305 
The equation 
V (z) = ME (x) + O (w (e)) (4.31) 


| aA from the generalized mean value theorem for a biharmonic 
action (sce [4.9] and Theorem 4.2 of the preceding section. Esti- 
te (4.30) has finite (at e > 0) variance and the algorithm based on 
731) has the cost O (| In © [/e*) (for the case of maximum ry). 
ogy re Proceeding to the main task, that of solving equation 
> ) with a random field of loads g (x, y), we construct a random 
Mimate which takes into Account the right-hand side af equatiqn. 
% ’ . . sas 
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eo di two ways for such allowance. The first is 
as ate we ainat ander zero poundary conditions 


based on the sig 
,  ga—z? (ln (riz) + A} Fr ) dr’, 
) (4.32) 


u (a) = (80) \ 
K(To0 rf. 
in (r/2) f(r’) dr’, 


Au (a4) = (4/2)! | 
K(Z0. r) 
of radius r with centre 


r) is @ circle 


= —r'|, K (Zo. : 
ae Gaal i ‘and ; Z i Consequently, if we estimate (4.32) one 
‘random node in every circle K (t) Tita , then the vector estimate 
t, for the solution of problem (4.26), (4.27) wil] assume the form 
b= B+ tm (4.33) 
where 
N 
1V= y This 
imi 
(4.32) 


ni = (WP, nP)? is a vector random estimate of integrals in 
i the form 


in a circle K (E:-1) 71) The simples 
r¢—s* (In (r)/2) +4] rj 
a at f (to+ Poh 


t estimate for Ni 1S 9 


v _— 
nt 4 In (r;/3) 


1 T 
ni? = —21f(x+p0) 
buted over the interval [0, rij 


where p is a random variable distri 
e unit isotropic vector. 


with density 42 In (r;/z) 77 and @ is th 
Another method is more convenient for solving problem (4.26), 


ere ) with a random right-hand side and zero boundary values. 
may be assumed without loss of generality that 


f(z) dz=1. 
Then : 
u (a) = | ue (or ¥) f (v) dy, = 
G 
where ws is a solution of the problem 
AAus (zo, y) = 8 (zp — Y)s 35) 
(be 


a Uslog = Auleg = 0. 
e solution u, (to, y) will be sought in the orm ) 
Us (Zor ¥) = V (tor y) + wo Yr a 


— 


—— 


ee? 
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where V (z,, y) is a fundamental solution of tho biharmonic equa- 
lion: 

V (ro. y) = (4/(Bx)} | zo — y |" In | zy — y |. (4.37) 
Then we find w from the condition 
Adu (zy) = 9, Wilaer = —Viser: Avlger = —AVi ners (4.38) 
From (4.34) we have 

U (ro) = Muy (Zo, y), (4.39) 


where averaging (mathematical expectation 47) is made in the 

space of trajectories {£,} starting from the point z, and contributing 

U(X», y) to the solution from the 6-source which is located at a point 
 y(yisarandom point distributed in a region G with density /). 
* So im view of the fact that the function Us (Zo, y) is symmetrical 

the second algorithm may be formulated as follows. A random point y 
x is chosen in G with density /. From that Point we let out a trajectory 
+ {8 .... Ew) and calculate on it the contribution of the 5-source 
; located at the point x,. Then a Point y is chosen in G with density f 
* and the contribution of the 6-source located at a point z, is caleu- 
- lated on the second trajectory, etc., and the result is averaged 
j Over a sufficiently rich ensemble of such trajectories. Note that the 
. algorithm gives a solution Simultaneously in any set of points where 
, 5Sources are located. 

We now disouss calculating derivatives for problom (4.26), (4.27) 

_. under homogeneous boundary conditions. The problem is set as 
, follows. On the same trajectory {§,,... 
* ¥ @) is constructed it is necessary 
+ differential operators of the Solution at given points. It is easy 


Indeed, it is seen from (4.39) that 


a for L se (2, y). But it suffices to construct an estimate 
f Yate (2 y) = LV (x, y) + Law (2, 9), (4.40) 
~ $0 it i : 
cis sufficient eoanstruct an ostimate for L.w (z, y). To do this it 


' to consider a random estimate for w (z, V)s Tho 


N 
Me (2, ym —V (2, Wher + {(1/4) r}\ AV (z, y)iver 


YY 
t 
“ 
» 


| (4.44) 
m the 

y). Equation (4.44) 
t to z and y. So the 


“iad apply the difleronti 

i oe \ rential operator L. to it, Thi fol 

: retiness of the region and the form of V (z, pr Eaaey 
eas Symmetry of the function w with respec 


I. 
B.A. Kargin ef & 
“y Lu (x) of the 
erential operator 
abel ollows- Locate & §-source al a 
" ; u neously the einer abe 
(if it is necessar then also locate -gource at eacil of 
rye rie’ -andor poin om the density f{ and 
an BM the estimate 


N 
{cars 3 3) b27 z)\yer- (4-42) 


it. is clear that by virtue of 
Lu (z:) = Mn (zi) t = 4, e @ 29 m, 
(x) simultaneously at all points 2, 
yey Em ON o single trajectory. 
4.3.3. Now We discuss calculating statistical characteristics of a 
solution and differential operators when the right-hand side f iD 
ee is a homogeneous random fie 
et 


it is possible 
Lm © 


K, (r) = yz +ri@) 


be a correlation function assumed to be equal to (see [4.40}) 


K, (r) = oe", (4.43) 
where 02 is the dispersion, T> = ai i 
-spectral density corresponding to oe ee me 
S (o) = (o%/x) la (a? + o*)). (4.44) 


eee - simplicity that @, = P2 © 0. We shall first describe 
of pee iaita or computing the correlation function K, (1 — 7 
See adna problem (4.26), (4.27). We shall Wi the secod 
tions (4.3 4) \ aa account the right-hand side based 09 
density P A nar We choose a random poiat y in G with som 
contributions ir 5. ory (Ei, - «+> Ew) is let out of that poiat and the 
on it: n = If (y)! a) a, ( located at points x, and 7, are calculated 
of {. This process are ste y) wa (za, y) for a Gxed ‘ mplementatio® 
aged: K,, (x, — 22) is emented repeatedly and the result is 848" 
estimates can he conat n- It is essential to note that such rand ; 
statistical sears hicege ous single trajactary to assess at iter 
st from (4.40) andl A Names operators of a solution, whie 
ere W iv - ° z 
internal ie tesa la Lor ealemany statistical momen” 


Lat = Mut = —D (8/0z* + va*lay*) u (x; ¥)- 


(4:49) 
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nen for a fixed implomontation of f according to (4.44) it is only 
cossary to calculate 


MV —M VY (z, y) Wer, —MAV (x, y) ler. 
implo calculations yield 


- (;—s,)* | 2inr-+-4 
times lies ae 


+f ep BENT) (4.48) 


—Zz 4 — yy)? 
aval gt ol St) an 


ere ie ibe (2, vy) is ash in a region with density p and 
‘ay Yo) is the point where (4. is estimated. It remains t ti- 
ite (4.46) and (4.47) into (4.3) asia 
In conclusion we list the results of the numerical experiments for 
» = 1, 2 = 2 in the case of a square plate, with e = 0.01, VN = 
}000, and ¢, = g, = 0. 


a eeeeeseeSFSFsFaese 
r=|z| Ky(r) Kae y(t) 
ees 
9 1.0) 0.99 |: 
0.2 (1.86 0.89 
0:4 0.90 0.78 
0.5 0.62 0.73 
0.7 0.44 0.62 
eee 


4.3.4, Now we consider a vector random estimate for the system 
amé's equations , 


HAu (z) + (A + p) grad div u (x7) =f, rEGc R’, 
4. 
ulr = & re 
hare T — OGNT 5, \ do (y) = 0. Here we shall consider only the 


. To . 
se aee tho estimate is constructed on the trajectories of a process 
ahs om walk over spheres. Problem (4.48) can bo reduced to a 
em of inlogra) equations (see [4.8]) with a matrix intogral oper- 


: and a right-hand sido g, @ veotor which is a continua- 
0 € into aG,. It is clear that the usual method of random walk 
‘Spheres implements a simple iteration process for that system, 


elite 
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n of the, vector series 


404 
i.e. iS equivalent to sunmatio 
u(z) = a"K"g (4.49) 
n=0 
is divergent, however, so 


the general case this series 
inuation with respect to the parameter 


for 4 = 1. In 

we x below an analy contin’ tealatal 

4 and construct @ uniformly and @ solutely convergen . 

ade ne a B = (uh {a61) +e where ayes ' meh 

oe 1B) ’ = A+ » 4 ! ’ ’ 

is obviously Dy eonuad by i ae (A + 4p)]. Then series (4.49) 
ui=pdi arene (A= 1) 

nm0 


Now we use an anal ti i i 


gent series 
wn Sack 


Since the ei 
1 = genvalues of C = 
@ (yn) can be sonseracted 44 yi SB, the: sunstituties 


~ i [—mebe : 
apo —' [RRS in (1 — =) 
—f*T 


t+aapye W(t1+ =n ) ] 
—T 


. 
where 2, is determined from the equat 
ation 
In(1— 
In representation (4.54) ils \" " + *) | 


L= 5 ayn ws 
2 4 nh A= (Fo (my) 


(4.50) 


(4.54) 


yao’ = 7! (1). 


It is clear 
that wit 
ith a change of variables it i 
is possible to construct 


a single mappi 
three scalar ar suitable for an anal 
: ytic continuatio 
n of all the 


So the soluti 
ution ra 
of the original problem i 
7 n em is constructed in the for® 
pi 1, KAg in the f 


and the ¢ i F 
coefficients are cal v 
culeted in advance 
. For example 


i] — Vy, » = 4 it 
’ Was 
necessary for us to compl 
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ww: 20); 1 = 1.0, =u ; 
fleet twonty valuce of ay 5 oan fs, seca ite ue 0.051874. 


00 ae ().9ONIOZ, .. ‘alk over spheres has got into 
ua, after tho process of random wa of Lj Kg 


4G, the voctor contribution corrosponding to the estimate 
is calculatod at tho fth stop. 


SOLUTION OF STOCHASTIC PROBLEMS OF 
RADIATIVE TRANSPORT THEORY 


od is ossentially basod on the uso of double randomization com- 
rises stochastic problems of radiative transport theory. Such prob- 


» in calculating the solar radiation passing 


* field in tho ocean-atmosphere system, 
Consider the integral equation 


J (r, ©) om J, (r, w) + fc, (r—~ fu) exp [- 
J . 


o(r—E’a) ae" ] 
0 
j é 
x = J do’g (r—tw, 1) J (r—tw, 0’), (4.52) 
where 
. be 
‘16 8 (eB, wjexp[— | o(r—§ wa’) 
thieh g : 
Sgheorbing melee io the ay adiative transport in Scatter 
"aes 0 Gr ane) 8 the intensity of oes @PProximation (4.4 4.44 
MS 9 (r) and o, (r) are Arie of radiation at g Point r in the dir fe 
MetPectively, g | ® attenuation 9 ; ection 


rT, p) is tho Scattering faaiee na tering Coefficients 


Bee H) dy = lvp=ee¢ 


Pe of neURdary of 

SOF all direot; the medium in the direc: . 
£ ie th ie form of the function $42 cee - is the 
ans he : Le , ermin 
MPacified Lat some ot the bounder racter_ of ed 


Point r- 


:  bounder tt! tie the interaction 
teristic of the Medium (ar examnpate be 


. 


a. A. Kargin ot 
(r) 0 dary of the medium) be a 
coofticion r the problem of cot imne ee 
n field. WE . Jo the solution of equa- 
field distribu’ value of ae vonneg? ve function. In Sec. 4.2 
Aut a “nulating the Gelds and a 


406 


-e present particular examples of us 
ization 0 uwo typical problems of radiative traps- 
port theory. 

the problem of calcula 


4.4.2. Consider 
here system in plane geo 


the ocean-atmosp 
function S (r, @) in (4.52) is of the form 


ting a radiation field in 
metry. In this case the 


(4.53) 


S(@—@), OER. z=H, 
S(r, 0) = 4 J(r, 0), o€®, z=h+C (ri) 
J(r, ) o€2,, 2=0, 


where 


J (r, ©) logo, 2 = attiryy = Reds 
J (r, w)loea, 20 = Rod, 
and &, is given as 
(z—A)le Z 
. €(k+C (ri), H}, Q 

oe z€(h+C(ra), FH] Sea 
po rene 2€(0, h+€(r.)) | 09. 

z€10, h+C(ra)), © 2. 


ae 
20 


Here the planes z = 
and the uppe sz=0 and z= EH coi ‘ F . 
nr h steeds alta of the ia phe the ocean bottom 
radi realization of a end average level of the ean a ee 
-of AnD vector r onto ihe ine surface, where r, is ka surface, C (r1) 
witl © vector @ with re orizontal plane, c F e projection of & 
1c E€ (0, 4) and ¢ ae to the z-axis. Q ee direction cosine 
Sh seapectvey Ry i the Inert 


gral operato 
tr describi 
the plane z = ark the law of the rofl 
' 18 oO ection of radiation by 


“ween the 

> radiation Perator R 
nitely om Stel ata Base ielledaaetes be- 
ad radiati erface. TI jatiou 
@o. Assumin poundary of oR flux of unit owe rae dent 
‘and station g that the rand e almosphere z = H power incie?™ 

-ator R ary it is not } om interface i @ in the direct! 
tm Which d h ‘ard to obtain an piuleweaed homogeneou 
| expression for the ° 
action between a ray and *° 
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interface at a point r = (ry, + € (r.)): 


f Rind = ( dn (Pm (Mh n Ro’, a) J (tr, h+m o) 
3 mi i 3 


“pig ye. 


x8 [0"+0Fen (0, n)} do’ +?) dr \ Pm(n, 0) 
9% 
SH—R(o', MJ (ri, hn, 0’) 6 [0 — rete (w, n)} do’. (4.54) 
' = Pm (y, n/ -1) my, Atm), Aym-i;...; Ci 
ae ae itoeay y of distribution 
) from the average level and the 


of the previous interactions (rr 
the deviations and n 


we Nm-1 = Cs «+ ay Th = C and 
Dnt = Cn, ..., n, = ¢, respectively, Az, and Ay; are the dis- 
tances between the po 


s 

% i 

| ’ ‘ ; a Alt vectors Cy, ....e EQ 

& and p(n, n) is y iti ok » Om +) 

i distribution is 7 and a. In (aso! Probability density of the 

# and the oni vectors of ih), i. reflection coefficient R (@, n) 

: pret (@. 0) and refr (0, n are eau a Tae stections, 
’ , Ulatec ro . 

2 esnel formulas (see [4.4], [4.44], for example) m the familiar 

* 

& 


v= as (o'n) <0; 
/n, (o’n) >0, 


: a facet model. 
; ° Can r . 
2 tho following schon ed by double randomization 
Stribution danas.’ 

Ma _A realj : Gnsity of devi . se es < 
4 (ii) fo, the ae Ol a random Surface z aes’ ete ree 
& Lories (f ve ay n obtained simulate sevor 

: ‘Ng trajectories Seo [4.1}) on 
a . iS Os 14). : 
$, ie a} estimate the puimated 414]; 


7 ME COsirad ¢ wantity cy 
! e value: l y (J (€)) by 
© Of the | doin pte C) over the Msomble of 


al trajec- 
which the 


Statistical avorag- 
all the roalizutions 


Ties to bo simulated fer o single 
and (4 Of the surface Can be obtained from 
19). An 
y 


formulas (4.1 
Mportant, and the Moat difficult, question od ines 


4 al P 
A. Kargln & ucting realizations of @ ran- 
f : actice the solution 


t 
ss that of CONS). in pr 
ne i 7 are Ala P desired functional. 
o : 
close ] roperties of W 1 waves of me ocean 
stica’ Pr be described with a very high 
. separ ield of deviations from the average 
es e). As is well known, such a field 1s 
for examP tion function. Hence, to construct a 
a n use either of the methods of 
j 4.2 (recal) that the 
fields described - 4 
haar j field only when the correla- 


first method is 
tion function 1S conve 


dimensional sp 
method of simulating according t 


There is a practically importan 
observations of the ocean from heights well in excess of typical am- 


plitudes of the waves. In such problems the surface deviations 
from the average level can be ignored. In that case the interface can 
be described by a random surface made up of a collection of ele- 
mentary areas whose centres are in the plane z = h, with the norm 
” ra elementary area distributed according to the normal law with 
eee function. This formulation of the simulation of 
teadaae se - 4 eee implies that at the mth interaction be- 
; io: the euctaee a ane z = h a random direction of the normal D 
with’ theconditi osen at the point of interaction in accordance 
nditional distribution density of the normals 


Pm (n) = 
m (0) = pm (n/em..» AZm-s. AYma; - +5 €,, Axz,. Ay). (4.55) 


am 4. 


Note that j ; 
Spa! is ica Geel Ga the an in representation for density 
icabilit Pm () = = 
noise” ac) ner representation, whieh Se aie shite 
limited. However 1¢ distribution of the actual sea surface is very 
of a ray of light ep the special case of the problem the probability 
at a distance com ersecting With the surface at close cinta Jying 
small because of ts with the slope correlation sadiue is very 
great free length of hee anisotropy of scatterin ri satively 
model, as numerical © ray in the water. Theref far ht simp? 
Satisfactory picty al estimates show, gives j Liddbeyaiaae oer 
functional re of tho infuen ’ in a number of casé 
In conclus} ce of a random surface on the desired 
io : 
mp the value of Oy plustrate the influence of a stochastic gurface 
on calculations of ae: 4.4 Presents the results of angular distribu- 
10 brightness of the scab sim oper syst 
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tch of 
pper boundary of tho ntmosphoro in the region of a patel 

sinilcnt tox (wo values of tho wind volocity, v i and 6 m/s. The 
rosulta have bean obtainod for tho zonith distance of the Sun of 60°. 


10 20 1, dag 


Fig. 4.1. Tho brightness of the ocean-atmosphere syatem in the 
region of a oaich of sunlight. f: v = 2 m/e, 2: vy = 5 mis, 


The calculations assumed the optical ocean and atmosphere model 
for a sunlight wavelength of 0.5 pm described in [4.11]. The undula- 


'. tory surface model was taken to be a “white noise” model with the 
slope distribution density 


Ps (Zz 2») =(1/(2na,a,)] exp { —(2i/a,)*§— (zy/ay)*} 
for the following parameters: @, = 7.95 x 10-7, a, = 8.27 x 10-3 
+ alu = 2m/s anda, = 1.26 x 10-1, a, = 1.12 x 10" aty = 5 m/s, 


_ The results show that an increase in the wind velocity from 2 to 


almost two-fold decrease in the brightness of 
the patch of sunlight. 


4.3. As another example of the use 


estimating the probabilit 
through a slab O< < i / 


* Wa random field g 


oan Weer 


8(r, ©) a= § (g, 0) = { sare es aoe 


an: 
©. 


~ P™ (D(a) = (7 (9), %)), 
whee 


| 1, s<0, @EQ, 
5 0 otherwise, 
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yown method of optimizing 


the calculation of p on the basis of a multiple splitting technique 
(4.41. [4.13], Such optimization is roduced to finding the number of 
jaries A° and splilting parameters qh G= 1, %) 

‘thm. In the stochastic case the 


splitting bounc 
minimizing tho cost of the algori 
f a simultaneous determination of optimum values 


problem arises 0 
the number of conditional. 


——————— 
of k° (a), 2 (a) (= 1, k° (o)) and n° (0), 
t “combined” (rajectories which are constructed for a 


For a determinule glial there is a well]-ki 


ly independen 

single realization of o. By “combined” trajectory we 
: Pas os mea 

collection of conditionally independent trajeclories obtsined' ‘by 


trajectory. Consider incorporati 
the choice of Nl { multiple splitting. The hae | 


bbe estimate of the functional p in the case where for a sin 1 
realization of a 7 (a) “combined” trajectories are constructed fran ; 


collection of splitting parameters {1,(0), . - -» 4x (o)} is of the form 


kefold splitting of the “original” 
0 (a) into the scheme 0 


Tih, ty, «+ oo ty (o) 


- 1 n(0) (6) i, (0) 
Taney ey Spee, a, Bo) 
=i jimi i,=! “ht ° 


Here the random vari 

: ‘rariables E(!. 9 Cn (1) —— 
are inde = pee om ’ -— 2 ; 
ee siete spe equally conditionally distributed lie 
the splitting The oie the coordinate of the (m — 1)st plane of 
roguired'4e Se a as of this estimate and the at erage time 
the expressions single sampling value of n are defined by 


Dyn, 1 . a D 
pct) = Doe, ayy, (0) + (eet, 
. 0 


Tn, 1,.....t, (0) 


(7(0) {74 (0)$ DS Ma. by Ela += + nT nts (End ODD 


Here 7, i 
o is the av i 
crage time required to simulate a realization of 


i] (2), T (E /o) ist 
m (Sm-1/0) is the average Lime required to calculate 3 sing 


estimating opti 

Putt ptimum val 

utting k (oc) ee k, a (a) er e) spe Y (o), I ae (o). ha 
= byy ee od Oh oj) = 
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for (4.96) ; | 
= ‘|| djl, 
Dei. i 0) = Dot (Un) ID +X (Dos IN by 


m-- 


A m 
Pua. = To n(Ty-- i Tm [4 


determined as in 
: ~ DaMy, oan, (0) and Dm are dele ins 
rata i is knows (CAL. 14.43] that optimum splitting paramete 
are calculated from the formulas 


a’ fy \ D,T.IDQT In & V DinesT ml Dl mois m=I, k. (4.57) 


imati = 1.4 + 1) were discussed 
The methods of esUmaling D,, and Tp, (mn ; 4) 
in WAL [4.43]. Thus the choico of oplimum splitting parameters 
can be made according to the following scheme. a iia 
1. Make a crude estimate of p. Use the relation (see [4.13}) 


7a er = 4.58 
kat t—pvany =f (4.58) 


to find an appropriate value of k*. An analysis of (4.58) shows that 
if the determination of p is in error by one order, then the estima- 
tion of & is in orror by the unity only. 
2. In accordance with the recommendations in (4.4), [4.43] form 
+ Some collection of splitting parameters for a given k° and estimate. 
the values of Dm and 7,, (x =O, k + 1). 
3. Evaluate n°, Be... iy hy substituting the obtained values. 
of D,, and Pm into (4.57 
‘Oo illustrate the 
. @ numerical example. A homogeneous layer 0< 
Upon which radiation Oction reverse to the: 
z-axis, The following characteristics of the medium yw 
ese = 0.7. g (t) = 0.05 + 0.98 (it — 1) and the att 
tent o was ed with density /, (z) = ex 
oe ! = 40. Tho valno of the desi 
Bp = “ IO". According to (4.58) 4° = 5. Given 
eG egins chain of splitting [4.4], [4,13] for which l, a 
&. Ments with vara Bave n° = 4 and [° — 4. Numerical OX peri- 
AS @etual min; Os 3 Values of n and ! have shown that the 
S when i0"4 is about 14 (22 algorithm is allained with n° = 4 and 
When no pe 89OUl 1.3 times less Iu value than th 
r § Paramotors obtainec 


a 


hn 


e algorithm we give 
21 was considered 


= — 
ry — 
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in the efficiency of computations ag compare 
method of randomization. 
Illustrates the effect of a medi- 


Further an example is given which i 
In the layer O< 2 Fi a sta- 


am stochasticity oD the functional p. 
field of the attenuation coefficient o (z) is given 


tionary random 
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d to an unoptimized 


6 <plo)>/p(<°>) : 


fr) 
? ba 20 <o> 


Fig. 4.2. 
g. 4.2. The dependence of the ratio (p (0))/p ((a)) on (0) 


The field is defi 
fo (z) = _ ned by a one-dimensi techn ti . 
u = 2 ae | es : nd a correlation Genie phe ners 
pay consents foieyro ys a Restareone of the ane pals 

e densities f (u 1 uxes (see Sec. 4.2 
J(u) = f, (u) ) and /, (u) (in th Sec. 4.2). In this case 
== tentu ; e notat 

are calculated from ny the independent eat eiee oa ne 
independent random e formulas n, = —(In a,)/t variables {ni} 
(0, 4). For every por vearesd uniformly distribut z where {a,} are 
say ¢=—tlne se ni the value of o is TN ee aa tl 
bad Mp ((o)) on thie value: 4.2 gives the dependence of ha the 
medium: H = 1, a./ ald of (co) for the followin of the ratio 
coe shows that th o = 0.7, g (u) = 0.05 + 0 eT ° 
lat of a determinite la transmission of a stoch 96 (uh — 1). This 
ayer with an average ued m ra hes — 
nickness, this 


difference i 
nce : 
ness. increasing with an increase in tl 

1e average optimal thick- 
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SOFT 
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i or 
tion absorbed and transmitted 


f radiation 
ial and angular distribution a dy what 
a layer, Spaeiat ane ee earriod out to study 
Noctwd by a layer, ST erimonls carri t neg- 
intensity, ofc. aarti fee of these quantities res ; any 
re DE | al it i iblo to solve m 

rors are made In ¢ that it is possi j 
Iecting polarizalion eflucts repel the optics of planetary atmos 
ractical and theoretical probloms lar transport cquation [4.1]. 
e ss in the approximation of the scalar tre ity, for example, 
Evers arising in the calculation of radiation intensi e a a 
ld to no more than 10% in tho most unfavourable cases. - 

‘lear, however that in solving radiative transfer problems eae 
ing sroat accuracy, inverse problems for example, it is necessary 
to take the polarization of radiation into consideration. Moreover, 
the polarization characteristics, such as the degree of polarization 
and the position of neutral points, carry themsel ves much informa- 
lion about optical properties of a scattering medium and can be 
used in formulating and solving inverse problems of atmospheric 


optics on the basis of radiation and polarization measurements. 
Atmosphoric radiative transfer 


rith polarization is described by 
a System of integro-differential transfer equations in the vector func- 
tion of light intensity I(r, o) = (J, Ty, 15, 1)! (v, ®) which 
Was lirst obtained and analyzed by Chandrasekhar [4.14] and Rozen- 
berg (4.15). For the Monte Carlo method it is convenient to consider 
— the Corresponding system of integral equations in the vector func- 


tion of collisi j as A 
lies liye density g = (p,, Par Par ®%)' related to the vector 


Sy (r, @) = 


We denote by f = j (4.59) 
. tion density of a eae Ss fv the vector function of the distribu. 
: With Polarization: and’ Write the int 


egral transfer equation 
9) = Vk 


. 


I (r, @) ¢ (r). 


‘ 
a 
¢ 
x 
¢ 
= 
"g 
5 
g 
° 
é 
od 
i 


» X) Q(x’) dx’ +8 (x) 


2, with pee, RX Qof Coordi- 
x’ 


(x, 1 
; » X) ts of the a and © = 
mea CaF 
9 (Fr) oy re (r) 8 (o” 
SS 


“OSes, emma 
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: elements pry (@ , ©, 8), 
matrix A (p, r) as 
;) where L (i) is the rota- 
between the scatter- 


coordinate system 


: r) is the 
ioe’ Nae ry : rolate fy 
te = — i 
P(o, % F = tl). ead are the angles 
he planes through the axis of the coo 
and , respectively, b = @’-@ 15 the cosine of 
g (r) is the tota] attenuation coefficient, o, is 
i ‘_r) is the optical length of the 

th from v’ tor. i d that the components 
Pt w) coincide with the Stokes parameters I.@, U,Y. 
r) is the scattering indi- 


of the matrix R (p, atte 
ge and satisfies the normalization condi- 


tion 


i 
\ Ry, (ws ¥) dp = 1 
-1 
e matrix R contains 


In the general case of an anisotropic medium th 
components dimin- 


all 1G elements, but the number of independent 
ishes with different properties of scattering medium and particles. 
In particular, in the case of an isotropic medium R contains only 8 
independent elements (Ru, Ais, Ra» Rew Raz, Rag Ras: Re) and 
the remaining elements are zero. Such block matrices are used to 
describe the laws of scattering of the Mie type [4.16]. If the scatter 
ing particles are homogeneous spheres, then Ri, = Rea Ais = Mae 


a3 = Ay and Ry = —R,,. Molecular scattering is describ 
sufficiently well by a matrix of precisely this form, where Ay = 
= R = 

3 46 


Ro. = (3/8) (4 + n?), Ra = Ris = (3/8) (ph? — 1 
’ oo pb — )s R 
(3/4) p, Ry = Ry = 0. After scattering at a point r the Stokes 
vector parameter I’ is transformed by the matrix P into the vector 
parameter I as follows (4.14): 
I(r, o) = P(a’, o, rl’ (r, @). (4.62) 
The existence of a solution of the s i s 
stence 0 ystem of integral transfer eq” 
= (4.60) is stipulated by the convergence of the corresponding 
eumann series. We write system (4.60) as 
(4,63) 


0. (x) = [Kol (x) +f), @=1, 2.5, A, 


We shall consider it in the space L,; @, 1 € £,, K €lLi> L,1, wi 


4 
Nel=> | le Gotdx, 


imi Z 


4 
WKI|=sup 2 \ [Heyy (x’, =) | Gx. 
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11 is known that if the norm of tho operator K or of me of Its ach 
ers nN, is less than unily, then the solution of system (4.63) can be 
reprosented as a Neumann series 


q@= »y K", Kf == f. 
nm 


Simple physical considerations thal radiation intensity rapidly 
decreases with multiplicity shows that in light polarization prob- 
lems for a cloudless spherical almosphere the relation || K% || < 4 
holds for moderate values of ny, i.e. the spectral radius p (K) <1, 
A numerical analysis of the behaviour of || K || is a rather difficult 
task. The following inequality (see 4.64) is true, however, 


NK" I< KEI sup (pu (o’, o 1/6 (w', @, ¥)J" 


=IKicll-Frno, (4.64) 


- Presented in Sec, 4.5.2. 


* 4.5.2. It is hardly i 

s Y possible to prove for the System of 

t the spectral radius of the operator K, obtained fromm 
2, 3, 4, is less than 
Lo use some Properties 


i ; 25, 7 
y of the algorithms of the Monte Carlo Cane = 


ector functions = ({ 
t is known iat ee, re 

ing properties (soe [4.14)): 

ae I =0, r ’ 

EW follows Gee TAH. (4.65) 


Wal+ G+ WI<V3r, 


* 


\ Idx= a+V di loll: (4.66) 


x 
_— D-S, where § is the 


: represented as K 
The operator ont ee: . the attenuation operator. It follows im- 
scattoring Pet ing of these operators that K, D, 


mediately the integrated intensity 
ser Fh Wh! that | 2, [Dq) <a UI 7, fo) th 
‘um of finite imensions or 10 the presence 
where ¢< 1 for @ Tine last relations we obtain the inequality 


WK <A+V 9) Ns KAA + V3) Ul Zs Al q" 


which proves the existence of a solution of the system of integral 
transfer equations in the class of Stokes vector functions. 

The main characteristics of the radiative transfer process are 
expressed by linear functionals of the form 


{9 = (HO, @) = | BO) a) 
x 


of a solution @ of system (4.60), where A = {hh (x), b &= 
1.5 = 4, are vectors, with positive bounded components, 

termined by the character of the functionals to be calculated. Tak- 
ing into account the representation of @ as & Neumann series we have 


JP = (8, 9) = > (B®, K"f) 
or, setting K"f = yo, yo = (VIM. -- yi”): 


oo 4 
I= 2 \ > yy? (x) BS? (x) dx. (4.67) 


nO X jut 


For series (4.67) to converge and for the Monte Carlo method to be 
applied it suffices Lo require that || Kn || << 1 for some Ro or to ae 
sil hi series majorizing (4.67). 

e define, as in Sec. 441, in the phase space X @ homogeseoy’ 
age’ chain by the functions r, (x) aud r e’, x) and the probabil 
Wi. g (x) of a trajectory discontinuing in passing from ® state * 

e also introduce random vector weights 


4 
) fi (Ko) (ase an > Qt? kis (Xn-1» In) (4.68) 


0” ’ ——— 
rp (Xo) ar r(Zn-1» Xn) 1-8 (xn-1) 
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and consider a random vector = (&}, *=1, .-+s 4, 
N 
& = 3 3 Qian (xX,) = » Ch (Xn), (4.69) 
ron) Ji n=0 


N is a random index of the last state of the Markov chain. 
itis required to calculate by the Monte Carlo method only the 
first component of the Stokes vector J}}’, i.e. the radiation intensity, 
then according to (4.65) C, (x,) in the last sum is positive at every 
collision n and it is possible to use the general theory of the Monte 
Carlo method to calculate sums of the form (4.69) (see [4.4], p. 154, 
for example). 

Thus we have 


J{2) = Mf. 
On the other hand, it may be observed using properties (4.65) and 
(4.66) of the Stokes vector function that for any 7 we have 

Ie (x) I<V 3G, (Xn), k=2, 3, 4. 


Relations (4.67) and (4.69) and the additive property of the Stokes 


vector function (see (4.14]) justify the application of the Monte 
eae method to the solution of transfer problems with polarized 
radiation. 


Note that as compared to Sec. 4.1 we consider here | 
, of the functional since the r here a dual form 


ector estimates 
Ss discussed in 


An important question 
- Mum choice of scalar de 


mh 
& 
| 
& 
3 
=d 
[~¥ 
a 
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130° less than the values taking into 
and (or anglos 1) =o results have been obtained over the 
sO Orie } zenith angles of observation with the 

U x . 

i Sun of ov. . 
ae ae of Sec. 4.1.3 show thal to construct r(x’, x) il is 
appropriate to use a uniformly large function from the functions 
1 yy (&'s XL OF the first oigenvaluc of the matrix K (x ,x). The larg- 
tue of the matrix of Rayleigh scattering is 3/4. It is 

g r(x’, x) the function ,, (x’, x) 


ation. Tl 
« for sevora 
= 90 


ast eigonva 

appropriate thorefore to take a 

in which the scattering indicatrix is spherical. The weight Q is 
th elements p,, (@’, @, r)-2. 


his case by a matrix wi 
how that relative mean-square errors in 


calculations of intensity and particularly the second and third 
components of the Stokes veclor when using such a density tend to 
be smaller than when choosing as r (x’, x) the component &,, (x’, x) 
A series of calculations for various optical thicknesses from 0.1 
to 20 was used to study the convergence to the constant of q 7 
ma en with increasing multiplicity of scattering n. The maxi- 
Le or a fixed » is taken over all the trajectories (1000 in number) 

1e vector weight Q is defined by formulas of the form (4.68): 


transformed in t 
Numerical experiments s 


Q= I [P (nts Ons Ty)/G (Un, Tr)] Qo Qo = (nS, 0, 0, 0), 


Py = @y-5° Op» 


Since | Qf Mm: 
of the er | = Oe ,€ = 2, 3, 4, for all n we consider the maximum 
vergence in question of cp nmiatoey experiments shoe sat the oe 
phere with G = 1 7 of In for a purely scattering molecular atmos 
Similar calewlaticn: ae eeer than that with G (uy) = 3 (1 + WV. 
With aerosol sc lons were also carried out for real atmosphere a e 
The calculati attering matrices calculated from the Mi formules 
gn altains race air that in practice with n = 2-4 the welds of 
tion r(x’, x) in tI tr 1 and then virtually stops increasing. The func 
Note also’ that with teem ions Was chosen as in [4 f) 
ith lim g, = const the algorithms of the Monte 


Carlo mot waa 
Where Tepe calculations of polarization have finite dispersi™ 
4.5.3. We Ps ae Scalar estimates have finite dispersion. 

of the Monte Carlo meth, of the most frequently used algorithi® 

rization characteri method for estimating the intensity and polé- 

evaluate J,, I., I ea of Scattered light in the atmosphere. ° 

ing coordinate s st and J, it is necessary to choose the correspond 

tem with the ie pes fixed at a collision point r. A spherical “ 

the z-axis for a lane is convenient for a spherical atmosphere and 

to use the symm ane-paralle] atmosphere. Such a choice allows a 
ymmetry properties of the geometries involve and 1° 


Bow ee: ne 


a. 
7 
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‘or estimat- 
@Wvelop efficent algorithms of the Monte Carlo meee - pees 
Stokes parameters at a given point of the phase § 


419 


Bs e : ‘ 
“Let } I) — 0. On substituting x* for x in (4.60) and using (4.59) 
and (4.61) we get 


4 
baat) = J ay DU es 3°) 9 (2 


4 
‘ s(r‘)exp(—t(r’, r*)) 
= [2 Piy (w*, ©) SS 
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1 = (2 Ya, 2) 


! aking a 
sends the Point r, into the ae 


Fn NT PR © 
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‘ 
Pane S 
¥ PY Pis(p*, ¥) 1, (x) sete) xp | (t1) oxp = (Fr, r:)—1 (re, r*)) Vion 
aig a”\-pi-i(n, @)] a 
. Bis 6, Hers p* 


r 


Ql pe, an = (o', w*), n = (n,, Ng, nz) is the normal to 
eae a= Vial + 2}. It is appropriate to use this algorithm 


a se aia 
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120 ilight region of the 


n or near the tw 


ions i 
in simulating ybservalion 


~ 0. ° e ‘J 
atmosphor or the iJiuminated re 


sate gion the adjoint walk method 
In calculations than the a 


ient bove algorithm [4.1]. In this 
be morse estimated ata poinlx* = r*, w*) it is neces 
“ih initial density 7» (x) = 5 (r —r*)x 


ate trajectories 1e] 
rage over all collisions the value of 


case, for fy 
sary to simu 
5 (o -+ o*) and to ave 


4 
gt (x) = jerto/(202R)) Pig (w*, Wis +++ @noss Tyr <<) rn) 


XK Py (a, —~ Ons Fn): 


n-1i 
where the matrix P= [J IP(— om —Wp-1, Tr)/G (Onur Onna Fadl 


“unit” flux of solar radiation, @) = @*, and, 
is the optical length of the interval from a point r, to the boundary 
of the atmosphere in the direction —o; here G (w’, @, r) is the 
phase function (or scattering indicatrix) appearing in the density 
of transition probabilities r (x’, x). With this method it is thus 
necessary to multiply the matrices at each scattering. 

For calculations of the intensity and polarization at a point 
(z*, o*) in a plane-parallel atmosphere an efficient algorithm of 
the Monte Carlo method has been developed by averaging a local 
sre for plane geometry (see [4.1], p. 49) along a path ZL from a 
collision point to the boundary of the atmosphere with a weight 


oO is the direction of a 


0 (2) exp(—o (t) dt). The Stokes vector for a singly scattered 
s e 0 
radiation I@ (2*, w*) is given explicitly: 


N® (2, ©) = [Pus (oy @*)/(2H(e*| +6,))] 
2, (o™/o,7™ exp (— xh —sh).* (4-79) 


H e 
modus ii heer ber of layers into which the atmosphere inhomog® 
ght is split, @) = (a9, by, co) is the direction of inciden 


radiati fo) 
lation, tT)? = >) (2; — z;_,) O,/| c, |, with 2; the height of the 


imh+1 
boundary of the jth layer, 1 = 0, ofh) and oO, are the scatterine 
. -1 
and attenuation coefficients in the Ath layer, t = >) @ — zy) 
Oj/|c*|, a=Q j=! h) = | 
Eo —exct on ', Eh = OXP (—En — Zur) On/l Cf) er | 
n( exp [—c, (a, — Zn-1) (Co + | c* nie eg (1). 


Se 


_—_—_—t 
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. ations of the 
imilar to (4.70) can be obtained 2 ee direction 
secrete cs of multiple scattering. Let @ <2 <2. For defi- 
prin ip fter collision at a point 2, oa, n” is ‘made from 
of a ack that z* = 0, i.e. the ae 
‘ 
the Earth's saslace: Consider the case c <0. Le 


to-1 
Ss 
th = (2—24,-1)94,/ le] + jores 2 


-- _ewe- -- 


- 3 8) =0 ti =—0, 
T= (2, —25.4) 9,/|cl, k=1, aoe lo 1, tn ® | 
a = e 
d= > (2)—2).4) 04/|c*|, EXf=exp(—tf), k=2,..., 
1 
Ei=1, Ey =exp [—(z,—zy.,) 0,/|c*}], k=41, ..., 2, 
Ey, =exp [—(z—24)-1) o44/ |c*|). 
Assume that if the subscript in the summation symbol is greater 
than the superscript in value, then the sum is zero. Setting 
JO) E, (1 


— exp [— ty (|c*| +c)/|c*}}) 
we obtain for the calculation of J, (z*, w*) the estimate 


4 
 MG)= [2a (\e#] 4.) 2 Ps (*)T, (x) 


do 
x 2 J exp (— th?) Ep. (4.71) 
Now let c>0. We first consider the case of re 


: flection at the 
¢  WNderlying surface, z=0. Then hwo + Tj, K=4,...,n, t," =0, 
i just 
: hat 
5 2X G—254) oy/10%), k=2, ..., n, t7=0, 
; JO) wo 
4 . 1 — exp (—th (Lo*] 4 cVlc*l),k=4,,. oy ee: (4.72) 
h : 
culated wumated from an arbitrary point z the value of J(te) is cal- 
4 Bigs Tom the formula Ji) — exp (— 
in hee HM (J eM] c)/| c*1)) a 


% — 291) o4,/| c*|) x 
ud the remaining values JOA) 
ulated from formula (4.72) for th-~1 = 0, 1, = 


aA 
Ws Ba, ket, . 
junig 


SN are Calc 


(z ~ 
& —~ 3) O1,/c, TA = (25 — Zy~1) 0,/e, 


n. A. Kargin ef al, 
= { for reflection at the underlying surface 
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wee A Assuming 4 
we get for the case c> 


4 
ot (s) = [2x (le FO 2 Pu (H") 1, (x) 
x D J exp(—th2 1) £f. (4.73) 


Aewio 
of the Stokes vector J, (x) by this algo- 


To estimate Lhe components 
to evaluate (4.71) or (4.73) after each 


rithm it is thus necessary 
ion @ and then carry out averaging over 


simulation of a new directi 
all collisions. 14 was assumed in the above formulas that the scat- 


tering matrix A is independent of z. It is easy to write them for the 
case where R is dependent on z. Note that in calculations £;, tj, 
and £% are evaluated at the beginning of a program; £,, is only 
calculated at each collision point. The values of tj” appearing in the 
estimates considered are used later on in simulating every next 
path length and ti” appearing in (4.70) are used in simulating the 
initial path length of other trajectories. 

eee To conclude, the question of the finiteness of variance of 
onte Carlo estimates in transfer theory with polarization requires 
ner study. By reasoning similar to that of Sec. 4.5.2 one can 
: aye a ae (4.6) without requiring that the condition 1p, (x) < 
z ae ~ d hold. As a rule the sufficient condition of Sec. 4.1. 

r the finiteness of variance of estimates will simplify to 


[vrai sup (|| K (z, y) II/p(z, y))}p(K) <1. 


This last formula may s p : oe 
of tue finiteness sf a she as a basis for numerical investigation 
n the other hand, numerical studi 

ar ’ es show the boundedness of 
Pras Qn (see Sec. 4.5.2) as n —- oo, which ensures the boundedness 
alse one ce. . may be noted that the relation g, = 0 (n*), k>9, 
fore is he. me finiteness of variance. Of practical importance there 
the upper b analytical investigation of the behaviour of qn- i-® 
tiplied by aaa ene of the weight matrix which is mul- 
F . ng matrix (and divi transi- 
tional density) after each collisi i ivided by the scalar 
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ee Marchuk, VP. Dymnikov, 
, B. Zalesny, Vv. N. Lykosov, a 
V. Ya. Galin 


Numerical simulation is one of the most effective i 
for solving urgent problems of meteorology and oceanology; re 
theory of climate and its changes. Over the past threo decades 
vast possibilities have beon demonstrated in numerous studies 0 
this country and abrond. While the early work was concerned wit 
a qualitatively correct description of the hydrothermodynamics 
of the atmosphere and ocean, subsequent work included their quanl- 
titative description. A sufficiently accurate quantitative descrip 
lion of the characteristics of tho global circulation of the atunosphere 
and ocean by means of numerical modols of the general circulation 
has naturally involved using these models lo solve problems © 
simulating actual climate and its variation. On the whole the solu- 
ee of the above probloms could be broken down into the following 

ages: 
_(1) constructing 4 mathematical-physica) model of the general 
circulation of tho atmosphere and ocean (this process involves an 
understanding of the relative importance of physical processes 
ere tae the genoral circulation of the atmosphere anid ocea 
(2) Aconaning of adoquate models of those physical processes; 
solution ne pital F mathematical means for the numeric®” 
dynamics ee ee oe equations of hydrotherm 
(3) devoloping a Eeeolaxial ais dares uter calculations 
(computer implementation of the. cae comp 
‘3 carrying out numerical sdb inet 
in vreraie Wiese analyzing computational results. aa 
standing of nes sep aro closely related since a bettor vation 
automatically Bsa ges of the atmospheric and oceanic circu 7 
thoir computer ‘inl abil oe meal i compullné algorithm of 
mathomatical eae fee and, conversely. formula acate al 
processes heavily reli or the description of particular Pp oa 
computer resources os on the available computing algorithm 
In i 
first eae site well on all of the five stages listed above (tbe 
discussed in detail in [SAI fragmentary manda since it 
the goneral atmospheric 1-15.41). Chosen as a basis Is the m 
ospheric and oceanic circulation devolop® 
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Computing Centre of the Siborian Division of the USSR Academy 


of Sciences and in the Dopartmont of Numerical Mathomatics of 
the Academy ((5.]-(5.3]). 


3A. STATEMENT OF THE PROBLEM OF 
A LARGE-SCALE DYNAMICS OF 
THE ATMOSPHERE AND OCEAN 


5.1.1. The Atmosphere. Wo wrile the equations of a 
large-scale hydrothermodynamics of the almosphero in the o-systom 


ol coordinates proposed by Phillips (5.5) and differing from a spheri- 
cal system in the choice of 


reduced pressure o as tho vortical coorii- 
nate: 
au ; 1 Catt) RT an 

dt (+ Sang) os Ee (24 AP yp, oe0) 
Lan rs .1/8® | RT aon 
a. (1+ Ztang)ust Be ta te) = Fo (5.2) 
so _seRt 

a0 Gs (5.3) 
on t d(nu) , a(n d(no 
a + sexe [G+ te . ]+ to =0, ee) 
ks AO A ( an us an a 

ag [s0+0 (3 senp Oh ta ay) |=Prte, (5.5) 
“a ~*e—-(C—B) (5.6) 
rr Ad + — 9 .v@ - 8 

- cee Oh tT >a +9 Poe (5.7) 
re re 1 is the time, 2 the longitude, » the latitude, o = p/n (with p 
wind velodiin % its valuo at the Earth's Surfaco), u, v and o the 
respectively” soars in tho longitude, latitud 


ily due to small-scale diffus; 
a 
souls diabatic ti a and C and E 
Fation, cee ectively. ° 
© solution of the svs -(i 
@ spherical slab att mit hats ie nse 


: ught in a region G: fon 
unil hoight. The boundary conditions ae ta 


G. 1. Merchok ot ab 


1% 

g-cooridinolo are as follows: (5.8) 
o = for o= i, . 
o=0 for o=0 oe 

and, in ardition, the geopotential distribution over the Earth's 

surface fa given: feos 


whoro z, Is the oxcoss of tho Earth's mirface level over the sea level 


which Is always assumed undisturbed. 

Tho singularity of systom (5.1)-(5.6) is that the number of equa- 
(lone fl contains fs a unil Jeas than the number of unknown fune- 
lions. Tho rolo of tho missing equation is played by the additional 
boundary condition (5.10) on the lower boundary of the atmosphere.* 

5.1.2, The Ocean. The following system of equations is used to 
describe largo-scalo motions in the ocean: 


A —H (142 tang) v 
—_(y 9p aH 9 
+ @ C08 fy (4p —3F 2,22.) = HP, (5.11) 
WAN “tn a 
PT 4 ng)u 


—_(py°p on 49 
a a> (4 09 Sq 71 ae, = HPs,, (5.12) 
Os, © 84ip, 
; (5.13) 
= ot ‘ 
«cong (“Se 4 B (Iv con L) + 6: ae 
i] a fe on 1 : 
a Yr] w+, . OH 
Wes | : ou 17009 “Sy ?) |= BP, (5.15) 
oy 4+ cos @ = 
P= p(T, 5), " )] ie ae 
(5. 


D wat a 
w O81 (Rut cong 2H v) 
i] 


a r “ 
bs J 
od WT wey tte. 


ime and the 1 Sings ®, the pressure 7 

Bi — 
sa aan 8) tate hs oral aden oT ateaien Seite 
Pe cally clear the introduction at thay Seasane condition 


|; 


eH 


* gym i 
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is wri i of de- 
mnie pa bpm ogg 
-iati a fluid state stably a 
paged aire density, tomperature, and salinity fields represented 
as follows: = = : 

P=0@)+0, T=T@+T, S=TR +8 

the primes in (5.11) to (5.17) are omitted). 
Ths eatations of tho ocean dynamics, (5.11) to (5.17), are writ- 
ten in spherical coordinates, with geometrical vertical coordinate 
hqe, (2, = 2/H, whore z is the distance from the ocean undisturbed 
surface and H (), ») is the underwater topography). The region of 
solution of the problem, 2, is a spherical slab of unit hoight, with 
@ certain part, which correspontls to seclions of dry land, cut ont. 

aken as vertical boundary 


conditions are the “hard cover” -con- 
dition at the ocean surface 
w= 0 for z, = 0 (5.18) 
and tho hottom contour flow: condition 
w= 0 for 31 = 1 (5.19) 
In this case the number of desired 
dincides with th 


functions of system (5.11)-(5.16) 
i it suffices Lo havo (wo 


INTEGRAL LAWS OF CONSERVATION 


The systems of v 

‘ ie hy ; 
of the atmosphore and oce i the. peoeadtog en 
abs 2 humbor of tnlograt pr i 
When Constructing their , 


the oceanic problem 


(ean ea te 
oO! large-scale 


ani 
9) and (5.11) to 5.17) descrjbt 
} thulence exchange contain ~~ 
w eon thu : weenad 
es 


=— : Fattves 
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terrestrial globe. Relation 


The i 20) is overt the entire 
The al | preserves the entire mass of the atmos- 


(5.20) implios that the mode 


phoro. 
2, We introdu 


M =acosy (u + au cos yp). 


o soe that oquation (5.1) cap be written for .W as 


co the angular momentum 


1t ip oasy t 


i a0 A moos oF, (5.24) 


or_in divergence form as 


andl) , 1 7 O(unM) , 2 : o 
a adag (gts Seegeae) 4 Gee 
oD | AT 
+a( Sp +=t Gp) =ccogak,. (5.22) 


Using (5.3) we reduco (5.22) to the form 


0 (nM) { 7 
at Seong (Gy + Seem enw ) 5 atonae 


a O(a) =on (a) 
W RO ae acs ORK. (5-28) 
6 Now integrate (5 
and uso the boaidacs 
conservation of an 


23) over the entire vol 
conditions 1 > volume of the atmosphere 
piling sauce aon tho following law of the 


1 
a 
a j | *M dG do = on f 
ms) | ©.-5-d6+ | | ecospaP, dG-do. (5.24) 
0 


Note that sinc 7) 

lead 84 and » com 

(5.24) rotaing sain sbeiletal cncuiy Ge 

Earth (under fie component describing ae ~~ last term fn 

the cntum at the u umption that the vertical ’ br iat a of 

thia component Side almosphere boundary {s sare arse ee 
; a lows Wo shall finally ait 0). On deno 


] 
aS | 2M d6 do j (©. + acos x, lomt ) d6- 


Averagin = ae 5.25) 
& (5.2 (5. 
ae thst changes ina sufficiently large time i 
ge in ®, (dynami Pressure = are d me igierval and asgua 
ic changes in 2 are srentfeout sali it 


_ 


= eo 


Se tee 
a 
eee oe ee 
—e 
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is possible to obtain the approximate relation 


| Trlomacos@ dG x0 (5.26) 
; (the bar with the i 
# 6©8S¢ we shall hay 


J Tt fmt acasg! ag — | (8n/02) ©, a6 = j 1 (AD,/01) dC 
G @ 


an t stands for time averaging). Indeed in this 


=| a@, (805/01) ae = f (op (yyv0r, 1dG=0, 
G G 


8) is a periodic function of 4. Here 
% (Wg) = dy (D)/an,, 


since ¥ 


i 
79 dG do = | = n(C— By do] qG, (5.27) 


M the Earth Surface 
®. Assumi 
recipitates ie t ig ign oring the 
re taking t ~ 
Procipitar fay henna ae balance betwe P the aac, : ora hand 
; ls 


Moisture 
©Vaporated from 1 tho Surface 


° 
oS 
se Cte 


Unidity flux fro 
m 


i : & Oxp tons I 
Auity a » anc takin 
kinetic sid ae oo aay tho following 


a 
ln. 5, cue 1: ey (5.28) 
rdleni: 28) 


involving the geopotential 


a ie = = [Sa 0 (wv ous 2.) a “ae 


—o (2 of 2itee cog) if 


wPRy eI. Ri Bee ee eg oY = aa 
- 2S > 
j i 
of 
+ 
{< 
8 
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By virtuo of (5.4) wae 
: (ng. 99 
ri) d(mu) O(nvcos@) \ _ q@ LON, a; (5. ) 
—sa8¢ (4 -+—a9 ) ( a ' a ) 


The oxprossion on the right-hand side of (5.29) can be written as 


én . d(no)\_ 2 on a _ on 6 59 
o(++ a0 )=35 (0-4 +79) 2 (o ot +s) da 
And, finally, on using equation (5.3) we get 
on *\ aD On *\ AT 
— (0G +20) So + (0G +0) 
‘adil result of the transformations Jequation (5.28) assumes the 


aK 1 (dunk) | a 5 
att eosg (tgp + OA) ) , een KD 


1 d(un®) . 2 ; 
* rang (S94 HeGOA ) 4 2 (6-38 4 ad) 0 


+2 [no+0 (+ ut on , v On 

: m+ Teosg ah tS aq) |= HUFL +P). (5.30) 

NOV . 

resulting Onpressioe fo) eMlUiPliod by x and (5.30) and integrato the 
DOr o going from 0 to 4 and with respect to the 


ontiro Earth's su . 
We shall have rfaco, Using the corresponding boundary conditions 


ae " 
Ts \ n[Og+ (K +-¢,7) as] an 


dinates t val : 

imation the (ue tt is thon oasy rently independent of space coor- 

form © law of the ¢ Y to see that in tho adiabatic appros- 
*Msorvation of total cnergy is valid ‘b 


2; 1 
a J x [Oo | (K+ 2 T?) do | dG =0. (5.32) 


ee ee 


“me meee oe ees ee 
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For PD, = 0 the onorgy is « quadratic form of tho quantilios V nu, 
Var, VRP. 

5.2.2, Tho Occan. We now proceed to consider conservation laws 
far the oquations of the hydrothermodynamics of the ocoan. Assum- 
ing that there are no frictional force and extornal sourcesin the ocean 
aud wriling equations (5.11) te (5.17) in terms of real quantities 
#, T. and S we arrive ala system of equations similar to (5.11) to 
(5.16), with yy and ys zero. We shall assume that the lateral cvlin- 
drical surface [* of the ocean basin Q is a no-flow surface, i.e, 


(uyn) 0 on I, (5.33) 
whore u is the horizontal velocity vector with components u and v 


end o is tho «direction of tho outward norma) to Tf. 
The heat- and salt-transfor equations yield tho conservation laws 


é é¢ 

a | AT aa.:0, ar \ H8dQ=0, (5.34) 

rt) ) 

where dQ is tho olomontary volume of a throe-dimonsional rogion Q: 
dQ = a* cos ip dd. dq, dz. 

2 We establish a basic law of tho consorvation of the total onergy 

4 of systom (5.11) to (5.14), (5.33) similar to the one that hold for tho 

Fi atmosplero. Wo first reduco the two equations, (5.15) and (5.46), 

it” (where y; = y, = 0, For = Fgq = 0), Lo tho oquation for the soa 

: f water density taking into account the equation of state [5.6] 

Cee P= Po — 27 + PS — yo7TS — 0,7?, 

ig? Po = 1.000082, 2, = 35 x 1077, B, = 802 x 10-4, 

ae Ye™ 2x 10%, o, = 400 x 1079. 

¥ Qn multiplying the oquations for 7 and S rospectivoly palrwiso by 

oe 


(ae. B.), (—yeS, —yo7) and (—oo7, 0) and adding up tho results 
we got 


na S Sang _ » * 
fe re a. ara ar eh 
we EG Se 87, 


* 
ae 


H doldt = 0, (5.35) 


j Now multiply (5.44) by 2 , 5 
. ¥ Pott, (5.12) by par, and (5.35) by —gs. Addin 
loxother all tho equations and carrying oul intogration over a. 


Be obtain tho law of ul i he t 
R (5.14). (5.14), 35), in Nea on of the total energy of system 


. a | H (P. “ee — stp) dQ=0, (5.36) 
whee the first 


term in the iutogrand represents the kinetic oner, 
ve the second ‘arm represents tho potential enorgy. = 


yy 
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47) written in terms of p’, 7,5 
), with tho additional assumption 
pondent on the tomporature and 


ap -Grl" + aS’, p= po — art (2) + Bud (2), ps = 
following quadratic law of consorvation: 

a . o ut +. ye g( ‘3 =; _ : 
Bm Spe toe) one gaan 
y = —Grvr + Bors > 9 Yr 


aystom (5.14)-(5. 
5,16) aro nonzero 
id Is Jinoarly de 


For tho original 
(yrs ya in (5.15), ( 
that tho donsity ha 


anlinity, » 
const, we have the 


where p = [) —?p, =" dT dz, Va fd 
dS/ds. 
Somo words aro in ordor concorni 


tlon which appear Lo affoct significant 
of the solution of the system of oqu 
ocean and atmosphere. If one considers o barotropic incompressible 
fluid, this has an infinito numbor of invariants oboying local laws 
of the conservation of onstrophy. ‘Iwo quadratic invariants (oocrgy 


and onstrophy) prohibit tho cascade of onorgy over the spectruin in 
tho slope of 


tho direction of high wave numbers, thus dotormining 
tho gain-froquency charactoristic for tho kinolic enorgy af the system 
al the inertia scale of waves (tho so-called law of powor —3). From 
tho point of viow of difloronco schomes this prohibition of the onorgy 
onscado plays an important part where thoro aro powerful sources 
of gonorating waves of various scalo, such as orographic inhomo- 
gonoitios of tho Eacth’s surfaco. In the case of differonce schemes 
with a single quadratic invariant (energy), if there ia a gonoraling 
soucco ono has to uso additional artificial “viscosity” to compensalt 
for tho oxcossive onorgy cascade ovor tho spectenm ip the diroctio" 
of short waves. It is not complotoly understood what form the arll- 
ficin! viscosity must havo to describo correctly the transformation 
of onergy ovor tho spoctrum. It seems highly problematical at Toss 
to uso operators of the Laplacian typo. 
Another aspect of tho problom is tho possibility for a systom having 
ono quadratic invariant of the typo of onorgy integral to eb 
stochastic. Although we havo not a single quadratic invariant in we 
comploto systoms of equations for both the atmosphero and the pare 
it ia natural to assume that if a sot of quadratic laws af consorvatl© 
holds for somo truncated subsystems this will stabilize the origi 
systoms, ospocially in the prosence of constantly acting as we. 
The use of schemes with a single oxact quadratic invariant oltre 
howovor, solving a number of special pro 
problem of forming « space and o time spectrum of th 
the relation botween those spectra. The formation of 8 «ad 
schomo that has the necassary properties ts naturally connec! 


+ eee 


ng asymptotic laws of conserva- 
ly the statistical characteriatlcs 
ations for tho dyuamics of the 


ee 


a 
ee 


with 


| 
| 
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. e Ly @ 

i s of tho original systems of differential equations. 
Tries cecilia to the construction of numerical schemes oe 
the solution of tho given probloms in the dynamics of the ocean = 
atmosphero, we will carry out some transformations that reduco t ) 
original systems (5.1)-(5.6) and (5.11)-(5.17) to the most convenient 
torm. 


5.3. THE SYMMETRIZED FORM OF THE EQUATIONS 
OF THE ATMOSPHERE DYNAMICS AND 
THE EVOLUTIONARY FORMULATION OF 
THE PROBLEM IN THE OCEAN DYNAMICS 


mex. 5.3.1. The Atmosphere. Construction of absolutely stable 
* diflerence schemes for a model of the 


_ adiabatic approximation) seems 


_ MMe so-called symmotrized form of the oquations. Such a symmetri- 
, Mation of the equations of the atm 


the o¢ ospliere dynamics was reported for 
@ first time in (5.7). Note that the symmetrized form of the oqua- 
. an infinito number of absolutely stable schemes to be 
*;, Constructed. Indeed, consider, for example, the two equations, 


oT 
tutto, on aine) 9 zEQ, te(0d, T); 
(5.88) 


at" az 

© ® simplified variant of tho heat transf : 
- ) oe equation. Both can bo roiluced to the! fea pat 
, War) 4 i a 
~ at ula 4 o(Vinw) _ 9 
2YR Lio = 5.39 
aR +3 tyne) ty 2Vi (5.39) 
_ Sanging tho variat 
© ORB + (112) u ays 


: Which aro a sim 
8 


los Y= Var, = Vn We got 
iy Ox + (1/2) @ (pu)/az = 0, 

id ‘Gp + (142) y Opldz + (1/2) d (pu)lar = 0. 
2 bhiegs *quations 


Poasibi 9r6 absolutely Squivalont in point of form, so it is 
we have Consider just one of them. It is say Lo sco that for (5.40) 


(5.40) 


% | ¥dn~o 
a 


For ezemple, when conmimaciiag Gimeeer Se 


le, when constructing difference schemes haying | 
waler approximation r d trophy vation la =f, Ng 
tae apres of ayn tae gaaNrODy cotwvation Lema; fue 


1H G. f. Merchak ef al 
ry of Q, or is periodic. This 


nishes on tho bounda 
rovided uw vant ye eral 


fellows from the akew-symmoeltry © 
Ko mu dgldz + 2 (ug)/dz. 


o verify that the fnite-differenco approxim 


Jt is oasy t 
ii also preservo the skew-symmetry condition 


operator K wi 
symmetric ma 
in (5.40) we use the same uniform symmetric pattern. 


have 
ayriot + Ky = 0 provided (Kip, p") = © 


where the scalar product (". yp") = > ppt is chosen in the cor- 
i 


oe grid space. 

e make an important remark. Tho skew-symmetric form of the 

erate os wll be preserved regardless of what we choose 49 F 

oie Ae rag ean ent of the form of the projector that carrios & 

ee ie seb dependioney of the skew-symmetry property of tne 

GAO) Giana i ction operator P,, enables a family of schemes for 
isfy (Ky fp", yp") = 0 to be at once constructed. If we 


now use the C Ni , 
have rank-Nicholson schemo with rospect to time, We shall 


{(poyet— (xp)? |/+ +K;, ((pny art + (p")4y/2 =0. (5.41) 


Performing t¢ inl 
(e)i1/2 ce by scalar multiplication of (5.41) by ly + 


(wy, Opry) = (Opry, (4")*), (5.42) 


whi 
ae peer problem (5.41) is stable. 
difference erat (uestion arises: which scheme of the family of 
const in (5.39), tl s to bo proferrod? First note that if wo set T # 
the equations ar 16 equation for wp goes over into the ono for p. Sia 
gonorally saqulro: Sear eap under the translation group. ve ™ 
hat the abovo condition hold for tho differen” 


schemo aw 
merce sine Further, oquations (5.39), besides presarving 
{ar aa, have the linear laws {x7 da ex const 


which are als 9. 

laws). Thesis cate meaninglul (sce the section on conservation 

could he reduced must require that the Grst equation of (5.40) 

dhe fora Ural cers in ot tiie second ‘eauation’2? 5.40) 1° 
If we change the sane conservation law. 


Vax pe Vi 
m= p*, Vau-U, VrveV, Vn 7 aO, Vnq~Q. (5.48) 
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| symmetrized form of the e 
become 


-+KU— (1+ = tang) v 


quations of hydrothermodynamics 


Yee aa Se + THO oe) = fu 
a cos (p an * opt 02. p*? 


1/_. a@ 2R@ ape) Fy 
+ oles + ee) = 


1 ~p* tap “pe 
sia 2RO { dp* U Op* VY ap* 
+ Ke ep at p*acosp ar p*a 9 
@p* - F & 
— SP o= +e, 
b Ld 
iP C—E 
-+KQ st pe? 
4 Y 2, asp) , Voose a , a Veosp 
” Bacos @ Pw ataRt ps ap * Op pF 


4° 6 | 1 6 
+3 ° Ge +E Ge: 


Note that a different form of symmotrization can be agate 
the specific humidity ¢ by setting V ng = Q. (This is possiblo 
66 1 and q are nonnegative.) Then the equation assumes the form 


ag _ hy  CxB 
ar tXQ= —-—a—- 


‘oe thematically 
1 the ocean, (5.141) to etsenine ‘the poculiarity 
| inain difforences hotayedn tham bat ralennitions for thair nu- 
the choice of the forms Faeroe ee dy pointed out, the 
ynamics has a specific 
innitless than that of the 
ion (6:4) is of evolutionary 
Winios:is a boundary-value 


at up by physivelprogeite 
i goomateiogdl 3 < ot ha) yJ*as die basic method far: o> 


tired functions) 
Mm. Second, ‘tl 
lem in ve 


al. Marchoh of al. 


. i of 

th respect to timo the argo of te splitting mothod it is 
attnosp here itn af oquations bo wei 
ne blom bo ropres 
operator of tho pro restor form. Of im- 
live dofinile oporators of a simplor orm. ; 

o form of tho equations of pyrene “eh 

‘namics Is, therefore, the abovo symmetrization of fh 1 
ee ile which the operator of the probloin is rathor simply 
broken down into sums of positive oporators and it is simple to reduce 
the problem to tho evolutionary form”. 

{In the problem of tho dynamics of tho ocean tho transformation 
of the original system of oquations (5.11) to (5.17) to the evolution- 
ary form comos to tho foro and the quostion of how to split the oper- 
ator of the problem is casicr to tackle. 

To roduce problem (5.11)-(5.17) to tho ovolutionary form we pro- 
ceed as follows. Represont tho horizontal components of the velocity 
vector as 
usutu, v=o, (5.45) 

4 


whore ~ signifies averaging over the vertical: a = { a dz. Substitute 


190 


grating 
ocoan and 
necossary | 
form and that tho | 
of positive or post 
portance in choosing th 


pe) eto @.1), (5.12) and intograte them from the surface z, = 0 
} om 2, = 1. Using tho hydrostatics equation : 


P(2) = po+gH p dz 


Ce ee Co 
of acos@ wt eH (1422c)o 
a‘ 
Toe eS 1 F) x 
COSpp, Oh a COs @ p, \ (Hea H j pds— zg Hp) ds 
0 


+) HPegdz+J,, (5-46) 


OU, 


® Is found fromning into aceo 
3 unt th 
onary one, in Waa alee epsetton of hy dronts ee eery, condion 6.40) 
ae 6.8) and 6.9) ty tno, (he system, Equatlo ch \ not an volt: 
40 the equation for n cont tegrated over tho vertical padi “giving 
Finally, from ¢ alolng no dopendence from tho vertical V alocity . 


ed using | ho remainin 
ed using Sntogeation ot Bede whee: 6-2), 5), and (5,0) ¢ is oliminat- 
(+4 


ed equation for x taken !0 
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ee a une yu (5.46) 
At veg ta te tA (I+ Su)u 
1 z 
Hop { r;) OH 
a | (#e tq 7 pds—>— zgHp) ds 
a 
| + J HPs, d2+Jy. 
In addition, from the continuity equation wo havo 
Olu) a .~ 
Ft Fe (Hb cos) =0. (5.47). 


The terms J, and Je describe the effect of the b ini 
: oroclinic components. 
of the horizontal flux on the plane circulation: : 
i 
J =_ . t : | i) ’ 1 0 fo 
ry | [sin gu’v tase oT (H (u')?) — SS (Hu'v') | dz, 


(5.48). 


" 
Jaq i £ 
. [ —sin g (u’)?— a or (Hu'v') — 4 5 (H(v')4) | dz. 


Subtracting 


from the cong wons (5.46) and Ba) from (5.14) and (5.12) and 


Atinuity equation wo ge 


a 1 Ou" | I~ bu’ : 
Peg TE Gt Ov) 4 wy Oe 


— +A ‘ ? 
(aun aed ot (nt rae 
0 
| 


+ HP e,— \ HP5, dz—(N, +J,), 
0 


Hoe H ~ ov’ 
<a ’ v ~ ‘ f 
a 6008 @ Otu) Ft O40) gy (5.49). 


+H let) , t 
[ tutu) Plu =- (1, \ I, dz) 


A BF a 
+P, — ( Hg, ds — (Ny APOE 


A ket al. 
128 GMa er 


aT yy OT 
-v') Gq + “as 


— z 
6s 


~ ty OS Hy pvt) 22 we 
HAS. 4 ut uate +e) ae Ts 
tT aeosg i 2 Vg 2 + HF 6g — Ya» 


“~< ry il (v 
or Hy ua 
H Te So acrosg ( | 6 


=F ox oz 
1 p2tuw') 4 2 cy cos) | dz, (5.49) 
we | a [ on + ay f : ®) | 


=H x (gif ( edz) - Ee zgHp, 


F) aH | 
dealt = (et { pdz)~ 2" zeHo, 
r) 
Ho du, HH ow yp ane ~ 
Nye eas oy“ Ber oq ” H qt 
Hw i, wha, lang .~ 
Ne oe OE A Gee FAR 
! Finally, the last slep iu the transformations is to eliminate Lhe func- 


‘tion py from (5.46). ‘Io do this we use (5.47) and introduce the inte- 
gral stroam function 


1 Op _~ 4 i 50 
ul te —"¥, Heosq on ~ —Y- (5.50) 


Noxt wo multiply the first equation of (5.46) by cos g/H and the 
Secon by (/H and perform the vorticity operation for thom. We get 


Wa (P)+ es (4 ~H) +25 (4 -F) 


T 
2. 4 o cost ; 
vee \ oe Tare | WFouds— a5 4 | Fas de+Q), 
Sf 
4 (5.51) 


; 1 
Or ar lag | (ae | pao op) ae 


‘ 
—-s (2 a 
ile foatalaject gtiven 


x 


x 
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Gquation (5.51) is written for the integral stream function in oper- 
ator form. where 


a 4 @ 
ay a cose 4+ Tere Se : (5.52) 


“H” Wawsq\ 09 oq 

As a result of the transformations the original equations (5.11) 
to (5.17) have been reduced to the evolutionary system (5.49), (5.51) 
for the functions u’, v’, T, S and 1p. 


5.4. THE CHOICE OF GRIDS. APPROXIMATION 
OF EQUATIONS IN SPACE VARIABLES 


In constructing finite-diflerence approximations of the 

Systems of equations of the dynamics of the ocean and almosphere, 
of great importance is the choice of domains of the desired erid func- 
tions. This is related to the fact that actual numerical calculations 
are carried out with finite (moreover, sufficiently large) spacings of 
4 diflerence grid und the above Properties of a solution of the original 
diderentia} Problem must hold to a good accuracy. This mainly 
concerns the optimal reproduction of the major physical character- 
istics of the model. 11 should include in the first place the following: 
fi description of the phase and Group velocities of inortial gravity 
Waves (especially long waves), 

* reproduction of the stability 
rates of Browth of unstable modes, 

: description iS Precise as possible of orographic offects, 
oli reproduction of the “locally skew-symmetric” charactor of Cori- 

Is forces, 
the pole egconveniont representation of the dynamic operator at 


& Conveniont im lomentati 
In (5.4 } 11 a anes 


criteria of haroclinic wavos and the 


e boundary conditions. 
aspects of the choice of grid spaces 
lod from the point of viow of satisfying the soparato 
ore it can |; ‘lated above. On the basis of the results obtained 
of the oie " be concluded that tho most acceptable for both the modo) 
the hori mosphere and that of the ocoan is a displaced grid in which 
te otal compononts of the volocity vector are in (he middles 
other dens At integer lovels in the vertienl coordinate and tho 
Vertical wee funet tons aro at the grid Points. Tho analogues of tho 
Spect | Yolocity are displaced by half o spacing in height with re- 
Keates the other functions. Tho horizontal boundaries of the grid 
sgion (for (he ocean modol) and tho vertical boundaries (for both 
Models) are displaced by half n spacing away from the basic grid; 
eMatic conditions are thus oxnetly satisfied at tho boundaries af 
rid region, 


CG. I. Marchak ef al. 
9 methods of approximating the 


140 
’ , d to describe th ) 

es ‘of cruations of the dynamics of the ocean and Rrra 
ee aco variables. Particular attention wi)] be given to the funda- 
seni points in tho construction of numerical schemes. The reader 

interested in tho details is referred to (5.1)-(5.4], (5.121, (5.13). 
5.4.1. The Atmosphere. As the method of solving the problems of 
the dynamics of tho ocean and atmosphere with respect to time we 
sical processes and geometrical vari- 


use the splitting mothod by phy 
ables (5.8), (5.9). We first split the discrete analogues of the transformed 


systems (5.44) and (5.49), (5.51) into two main stages describing 
the processes of the transport of substances and of the adaptation of 
hydrodynamic fields. The operators of the problem are then split 
within oach stage according to individual coordinates. It is conve- 
nient therefore to dovelop the basic devices of spatial approximation 
Pa aed 8 Leh aera of cquations describing the transport of 
ances along tho trajectori ibi i 
oh ie aelaa. g Tajectories and that describing the adaptation 
For tho transport equation the construction of a di 

; \ ifference scheme 
se Beara requirements formulated at tho beginning of this 
problem. We oor out using an example of a one-dimensional 


a | 
arty Sh+ 52) <0, (5.53) 
where g=VnT, and for Vn we have 
oYaA ,1. 9 
a +35 u2¥e 44 2(Vaw) 9 


Cong; < 
Pig. 51). ipellisblacod grids on which u and Vint are defined 
© a schome of the second order of accuracy witb 


Pir ayy #4 ] Thal Vanes Th ) 


h 
Pig. 5.1. Difference grid 


r 
*SPcct to space for equation (5.53) 
oe 1 ~ = 
sf + yu, ee + > Pies ior =P parti) 0 
2h a 


Where u, aro de 
: lormi 
equation in the tan at the same points ay @; are. We write this 


ee aa bead ~ 
Se eter 4/2) Oras — 10-4) 19721 yas =0 


Pewee tm 


hat is, 
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Since we have displaced grids, it may be assumed, with the order 
of accuracy preserved, that _ 

(rey + u,)/2 =u, (w, + ujy4)/2 = uy. 
Then we gel 

ODO F- (Ui@eey — UiaQia)/Qh = 0. (5.54) 


It is obvious that the spatial difference operator is skew-symmetric 
and we have 


Q 
a v=0 
(provided the boundary 
oundaries). 


For scheme (5.54) to be invariant und 
(with respect 


conditions are periodic or u =O at the 


er the translation group 
to 7) it is necessary that the condition 
iY Vic s Uy Vitier C— Ujny Vii =0, e=const 
a | nena Oe to : 
bold, i.e. we automatically obtain a difference scheme for V my: 
ayn, lz ‘ny. 
HED 4 ui V Riss a Vay =0. (5.55) 
this case a linear conservation law will also hold. 
n multiplying (5.54) by n, and (5.55) by @, and adding up wo get 


Vx, 2% avn, — = 
Vx, Sn 4 iPier ania 


We show that in 
9 


+9; uj Yi mier ties V %j-1 =0 


or 
Ovne 4 .,— _ 
o ~ (Vix, bP i+ — Vx, U4_19;-,) 
+ oe (up, V are, — 01-19, V ies) 0. 
Ie is easy 


{ to notico that a shift in the Subscript lurns the first term 

Ti the parentheses into the fourth and the second into the third. 

ae whon summed the oxprossions in the porenthoses vanish 
“ hence 


8 — 
Ot Dy Vn; @, =.0, 
( 


a py m7 ,=0 
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- conditions). 
‘ad the above boundary co ; oe 
aie to the approximation in the time variable. We 


: may. 
k-Nicholson scheme for equation (5.53): 


scsi cE 0, (5.56) 


(boaring int 
Wo now pr 
write the Cran 
j J 
ge 
whore qi? = (q/*! -F @/)/2. Performing a scalar multiplication of 
(5.56) by q//? wo obtain the rolation 
; 2 
S (gi =E (ol 
Tho invariance under the translation group is preserved if for the 
continuity equation (Vz) wo also use the Crank-Nicholson scheme. 


It is not hurd to show that in this case the Jinear conservation 


law will also hold. 
Choosing os an oxample tho transport equation for the temperature 


@ = Var wo write its complete approximation in space variables: 


601, 5. + | — a 
ao 2a cos ge; rv [Uj4y 70. fs nO p41, ih U4 )2. Jiuh 1-3. ip al 


is - 
r 2a cos @, AK [(v cos @),, site WO, sean 
—(VCOS P) 5, p479. nO sH1, a] 


i : 
F Fao, (1. 1. ne07281, nte— Or, 4, nis, prul=0, (5.57) 


Uist. 3a Stet Jonl woh tenes foes 
’ 
(vcosq),, itil, = (COB @)isala, sor/a, nt (v CoS Plins/a. jos/e. bh 
2 ° 


We now 
of the sultan to construct a finite-diflerenco approximation 
fields. Tho evolulionuce toe of tho adaptation of meteorological 
nory form of the adaptation stago is as follows: 


ou 
“or — (14-55 tang) v4 tase [ p> Se +. 2ne a 0 =0 


av u ee eae 
mM + (14-55 tang) ut [pe Ze 4 Re 2° 1 Wo, (5.58) 
28 one gee 
Ot Spap (aap ne sy 2 im pe 2 ne 
89 oh ae) + appr -pee | Ddo=0. 
{ 


ope 
6 


Te we ee 
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£ 


whare 
Op* , voos@ dOp* | a(vcosg) 
DS eae: aeae (Ss “OR TO 7 + pe oop sa = 
Now wo write the spatial finite-difference analogues of the equa- 
tions: 


Stisils. Jaida, bh (1 Uier/a, Jortlar hk 
eet + an jay ) os » I+t/2h 
rT) J+ aPf i jute Pj+sf2 /2. $+Ul2 


5 SCO [ Ptssre, 5+1/2V DV ya sje, h 


2R9 1/2, / . 
+ 7 ls, forlonh ViPi+1z |= 9, 
41/2, 34+1/2 


an Prete) Uitsfo, Jtile.h 


Pes Soalaoh M+ ( Lisese + appl 


2RGisi/2, J+t/2. kh e 
{4+1/2, 541/2VsDissyo, p + Vv ]=9. 
+a [ pt 41/2, S+1/2V Vitejo, py Phe se. 18/2 IPi+1]2 ’ 


788. j,k R 
= ere yoy me Dy (Opespetys J. nisspoty, fe nVity (In'p*), 


ot CpBCOs Psp? . 
” a a v -1,0 


+ COS Pytsjoey Op, sorpoty, wUz, J+ifety, nV sy (In p*),) 
(5.59). 


A+¥ 
~ €ppe i a [o. J. hd tfaevi2— Dy, Jo htv/2) > D,. tp do, | = 0, 


nwt 


opt 
—=+ —t 4. > Dy, ;,5 40, =0, 


hesi 
: RG, j, 
Ao Va-tl2 (D,, 40) = a AP 


®,, iim 


ie 4 
2 Pt ne ee 
’ gv PT 
Uterlary. a aVievPZ (vy cos’ @)i, serlaev. kV sev 

= {= py [ + Ae 


Ym 1,0 
= Vs-th (v cos en }}- 


+ Pi, 5 (sx Vi-w2lyat ZS 


me 


© In (5.58) we have used tho following notation: eee 
. Verte ( y=). 1+ (-+)-1/2, . oe pies 4 


2) Where r ig any of the subsoripte, !, /, ar ¥- 
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a4 
e are the points of defining 


Recall that tho nort! S ¢ 
scalars. The value of p* at a pole results from the meridional mass 
flow from all the points of the circle of the latitude where the velocity 
components are defined. To simplify computations the pole may be 
cepresentod as a group of points with subscript i. For each i the 
continuily equation is used. Once dp*/dt for each i has been cal- 
culated, the value of dp*/dt for the poles is calculated as arithmetical 
mean over all i. A similar procedure is applied to the heat influx 
equation. Let Ds =0( and 6 = 6* = const. Then, multiplying 
the first equation of (5.59) by Up4i/a.s+1/2.a» the second by 
Yreradeian and the third by 0;.,, and summing over all i, j, & 


‘we get 
@ 1 x 2 2 pO} 
4 F POl sn 
eae rs ( (+1/2, 41/2, a+ Vig 1/2, 41/2, a+ BE) =0. (5.60) 
Equation (5.60) implies that if we represent (5.59) in vector form 


1 and the south pol 


ms _ Ui+i1/2, $4+1/2, A 
at K,p=0, where o= Gee J+1/2, , ’ 
Vc,/O*0,, Joh 


‘and int . 
cae shai i scalar product in a natural way, then the operator 
0. Thus the abovelditices will be skow-symmotric, i.e. (Ka, 9) = 
the advectivo part f pidge peeing aoenece) approximations ier 
of hydrodynamics ol the symmetrized form of the system of equation 
tho fields of miaiceeolh for the part that describes the adaptation of 
systen of iflerontial-diflerenee ws ey capone opie 
uations for a complete system © 
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apidt + Ke =0, where (Kq@, og) = 0. (5.64) 


5.4.2. The Oc nnd 

the atmosphere ney Similarly to tho problem of the dynamics of 
scribing tho gonaral construction of numerical approximati de 
th : circulation of tho ocean will be Cercigsl cul for 
Assuming that the o Splitting the problem by physical processes. 
© ofean aro of tho lore! or Lastaee® torizontal eddy diffusion in 
value problem of tho difusioe wee i arid let ae or 
| nate takes on hot of hydrological substance 

fla cos gS + sy 4 oan OO np 
“Ok ~deosq ox (HASH), 


dylan = 0 when A4=0, ZL v=y wh 9 
a = when f{-= (, 


ee eee, 


S. Simulation of Atmospheric and Oooanio Clroulation 145 


This equation is specific in that it is ono with a small paramotor 
of the highor derivative. Since (5.62) ts n boundary-valuo problom, 
this imposes addilional requiromonts on tho choice of o numorical 
scheme. It is desirablo that tho schomo should solve tho problom 
with a sufficiontly small coofficiont ft. With this in mind it scoms 


appropriate to employ tho projection mothor. Wo stale the problom 
in variational form. On ropresonting an approximato solution of 
(©.62) in the form 


N 
dy = Z *pim, (A) 
we have 


| Ca (Hose 3 go) + (3 9) o 


¢ { 5 is 
tobe un 2 (> vir) ae}dr=0, (5.63) 


' pier Go functions %1 (A), w, (2) € WEY, 
Xy. 


, but in gonoral in contrast 
erkin mothod ®, do not coincid H : 


e with tho basis functions 


$ 
= We take x, 1 iso li i 
: “1 10 bo piecewiso linear functions equal to unity at 
and to zero at the other points and choose w, as follows (5.441: ' 


Or 900) — Pray (A), 


. a a (A) + Pysirs (A), hensy4 1) h, 
Vanishes at the pene ra ae eal *'@) chosen so that . 


_ Prasys (A) = ag {(A 
is — bhyth? — 0. — jhyn|, mh <A : 
then wo have : SO + 1h; 


I= Hy bal — 1) // ee | hysh}, 
a "yay = Ry4y 
_ «Where 

“= 1—Whe iP 
* ~My Mh 5, ih SAI + tha. 
Now substituting (6.64) | 

* be ; t 
( : A (5.08) aro stap ese 
Kv Hay 


#. 


5.04 
— 1 pAyMhY — (4 phys, om 


(5.63) and assumi that th 
in overy interval he Uf re Oh) wen 


re 


« 
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) acos pH j-1/aPy-s 


£(e- ein 
a (dy—s 2H s-sp2— p42 sta) Ny 


i 
+a cos @ [se s-uet H 54132) 4 Fz 
ue (+ ae ar 4j4ssa) @cos gH j+s2se1} 


fa wyersall sorfsha cos @ 7 Ayeila 
= mae {[oses2M +02 + —— (—- )] Pt 


— (tye se jesse + Bi- 12H 5-1/2) 
d just 
SES (use ies Sheila + use 2H j— 1/2 Sauls) | by 


Sela pculateee (et + 1)] wa} 65) 


+[ny-124j- 2+ 


The family (5.65) of schemes dependent on the parameter d hes 
some interesting properties. When d = 0, we havo tho usual finite- 
eloment scheme approximating the original equation (5.62) with 
the second order of accuracy with respect to the variable 4. Choosing 
the coefficient d 0, sign (d) = sign (u) we arrive at a oumerical 
scheme with additional dissipation. Of interest is scheme (5.69) 
with d chosen as 

= uh a cos @ 2p 
d=3/[coth (SS) -ack: (5.66) 


uh acos @j* 


if d = 3 is chosen. then tho Grst derivative with respect to 4 13 
Approximaled by directed differences. . 

To solve (5.65) with respect to timo we use either the Crank- 
Nicholson schome or an implicit schemo (the natural filter scheme). 
Numerical solution schemes of the second and the third stage of coor 
dinatewise splitting are similarly constructed. At onch stage (Ho 
Problem is reduced to solving linear algebraic equations with @ 
tridiagonal matrix which is inverted by factoring. We bave © 
given a complete description of a numerical algorithm for solving 
the problem of the diffusion-transport of oceanologic charactoristits. 


Tho system of equations [ ion 0} logical fields 
is os [ollows*. eq or tho adaptation of hydrolog 


Sp Hb tu 2] vp (4 Inds) 
os, +e 


jot 
. *Here for case of the presentation of the spatial ap legt 

method instead of th P un tia we 

Gent problem [in terms of the Ls pHa Slt a at Ta vaload iy ae: 
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a Cea ee ed 
a ~J,— Sime uu", 
Ha + yru, = 0, 
H = + Yev,= 0, (5.67) 
rai ulv+ 


i 
ge Se: t 
= — son \ KdztJ,4+4, 


oy toog~)~, HM op 
SptH[i+28 ujutcoes 


i 
on : 
= aps | fede Jo+ 


oor + ag (H cos pv) = 0, 


Wo roprosent tho dysumic space operator of problem (5.67) as 
sum of two operators, corrosponding to the Joft- aud right-hand 
des of oquations (5.67). Corrying out an additional splitting within 
© adaptation stago wo arrivo at two systoms of equations of which 
© more interosting (from the point of view of describing major 
tgo-ecalo oceanic motions) is the first, a linear systom of equations 
the form (5.67) with zero right-hand side. 

Ve first consider tho approximation of tho threo-dimensional 
oblam: tho first four equations for u’, v’, T, and S. Tho equations 
® approximated with raspoct to the space variables A, g, and z 
st og it has beon dono for the utmosphero dynamic modol: 


nine, S102, 8 
¢ 


~~ 
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Ov y44/2, 341/28 
——o 


Fd +ut 
+ [bein J+ule am 14/2, J40/2:® tan ous? | Uj4s2, J 5/2. & 


» 
+4-[@h => [at Asporis+ Asnoi/2 |=. (5.68) 
awl 


OS1, fuk 


OT), }. 
Hy.) ae + ret = 0 Hy.) — pet tt = 


PR=8Vi [( > HAzn-wW2 (e)n-1y2 )s442 | 


— gy ((pr)i+is2)540/2 Vi (H)j-1r20 


Qh=evy [( a Hdzn—1/2 (P)n- 2) sua] 


— gq ((On)144/2)+120) (Ae ut 
By introducing an integral stream function p using the relations 


1 oy of 1 7 
Tt ™ ' Wese =_ 
the problem for the plane motion (the last three equations of (5.67) 
with the right-hand sides zero) is reduced to the following form: 


ye eee Oe 
at 7 9 1 Oh Has th) te He 


where 
1 


a= Te 1 (34 pdr zp) dz, 


t P 
= a5 aft | (4 pds—5— 20) dz. 


The peculiarity of the problem for an integral stroam function 5§ 
that it is required to be solved in @ o altiply connected region Re 
bounded by contours [,, T,, .. +» Tw which outline islands aoe 
individual continents. On one of the contours, on tho outer conte 7 
P,, for example, p may be set equal to zero; in accorilanc® with 
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no-flow condition (u, = 0) on the remaining contours it is required 
to assume constant. We thus have 


vin = 9% Ply, = Cr, Cy = const, (5.70) 
i=1,2,..., N. 

] oblem (5.69), (5.70) numerically one can use the, pro- 

iy a the gaite diteesc. scheme of the second order of ap- 


proximation which reduce the problem to uniquely solvable sys- 


tems of algebraic equtions [5.12]. A generalized solution of problem 
(5.69), (5.70) is the function 


te We 


Which satisfies for any w € we at every instant of time ¢ the inte- 
gral relation 


5 { (csp dH bo 1 8h a 
(Aa a trees oF 22) a, 


[bE 


= me Se 


= =) (135-2152) doy. 6.74) 
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We describe the process of solvi 


litti thod (5.8), [5.9]. 
ie uroblaa xample of the atmosphere dynami 


the problem in time using the @ 


model. ; 
It was established in the preceding section that the dynam 


operator of the problem, K, and its components have the skew syt 
metry property. This allows the Crank-Nicholson scheme to be use 
at each stage, of splitting the system (5.61). Indeed we have 


(it —@ in + K (i + @/)/2 = 0. (5.7: 
Performing a scalar multiplication of (5.72) by (@** + @)/2 we ge 
@t, @4) = @, &)- (5.73 


Relation (5.73) implies the stability of the computing algorithm i. 
the spectral norm || @ Il, = (9. ¢)'/*. 

The operator K can be split into two operators, K = Ky + Ka 
where Kr describes the process-of the transport along the trajecto 
ries and Ka describes the adaptation of meteorological fields. Thi 
splitting of the ‘dynamic operator K into operators describing differ 
ent physical processes (splitting by physical processes) was firs! 
sueresied a I. Marchuk. As we have established above, each ol 
at operat = as the skew symmetry property. The splitting scheme 


(p’*? — git + Kr(gi*'? + @)/2 = 0, 
(pitt — qitlaye + Kalgit! + gitV2V/2 = 0. 
rege (5.74) has the second order of approximation in time pro- 
rere: ir ete Ka are commutative, and in the general caso is of 
gt order of approximation, but by cyclic permutation it is 


possible to construct a scheme of tl 
F 10 second order of a imati 
in the general case too. Since Ky and A, are skew oer we 


have 
(PIAA, git) = @, @), 
(g*!, q’*) = (pi tl/2, gt), (5. 


(5.74) 


Hence 


(y’*', q’*') om (q’, ?), 


that is, in this case too 
’ the schome is absolutely stable and the 
t - pire jalg-safepe laws aro faithfully obeyed. As already shown, 
of tlie eaometeic is a sum of three operators (the transport along each 
metry sfapety. Ik etna each operator having the skow sym" 
: a efore natura] that th id be 
split furthor. Asa result wo have the following acer orga 


(Qi *® — @)\ic + Ky, (Qt? + 
r y/2 = 0, 
(qi tils — gh+8/8y fq 4 Kx, (qitit Sue /2 = 0, (5.76) 
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(Git Qt UN) it + Ko, (git? + qitlsy/2 =0, (5.76) 
i (pitt — git lyr + Ky (qt! + gi4!/2)/2 = 0. 


That the difleronce schome we have formulated is absolutely stable 
and that tho quadratic functionals ore exactly preserved can be 
established for (5.76) in a way similar lo (5.75). Thus formally the 
algorithm has the first ordor of approximation with respect to time, 
the second order with respect to space variables, and is absolutely 
stable. In addition, a quadratic law of conservation (the conservation 
of total energy) exactly holds for it (under the assumptions made). 
The solution of the full diabatic problem is also carried oul using 


*% the splitting method according to the following scheme (here we use 
3 the nolation of the weak approximation method): 

¥ og /t- Ag, =0, gy solving the equation of 

‘4 1 (t5) = ¢ (t,) transport + diffusion 

8 6q,/0t + A.g. = 0, solving the adaptation 

3 "Fa (ty) = py (t yay) equations 

= 6q5/8t + A,q, =0, calculating the phaso 

ci Ga (t,) = 9, (ty44) influxes of heat, dry and 
: : wet convection 

4 lat a 

fs OF + Aq, =0, calculating radiation influx 
% Pa (t)) = G5 (ly44) of heat 

- Pf8t + Ayo, = 0, calculating the boundary 
# Po (t,) me, (ty4,). layer, the dynamics of heat 


and soil moisture 
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di Crical simulati : a 
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(ii) there should be “continuous depend 
hould result in a sma 


changes in ihe model s 
of the corresponding software complex; 
problems as possible 


(iii) for a given number of modules as many 


should be implemented using them; 
esources used should be high. 


(iv) the officiency of the computer r 
The discrete model was constructed using the ideas of the splitting 
ame method a structural analysis 


pao shies the positions of the s 
9 mode! was carried out which allowed each st rtti 
to be formed as a closed module, its input age of the splitting 
matched with th nis put and output parameters 
The pre = Lari ee parameters of the other modules. 
it in dirapie. <ersutile guage was FORTRAN. It was chosen because 
has a devel e, allows the use of the modular principl 
ak eloped routine library. To make the softwar principle, and 
strictly prahile caries as possible, several re . Aas compatible 
meta gti ah ag oe ye a baler ae 
the letters of the L ‘ phabet of the FORTRAN langu tet bark 
arrangement of sacl in alphabet, of all its letters nelad oS 
drums, tapes, disk 1ange with external computer - uded, saa 
requirements ae athe direct access files. The Ginn (magnetic 
a BESM-6 conpules’ the software package oti fulfilment of these 
IBM and CRAY-{ cos be readily adapted toc aginally written: ie 
The entire softw computers. omputers of ES series, 
va magoctic harien® cmpuiex is kept as a lib 
nd the library is exter hanges in the existi rary of text modules 
} xtended using a text ert modes are made 
; itor. The latter’s features 


allow mod 
ols of vari 
constructed. various horizont+! and vertical 
al resolution to be 


Now we di 
on discuss som i 
ESM-G computer at tl numerical experiments we carried 
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of the USSR ho Computi 
puting Centre of the Siberian Division 


the Euro Academy of Sci 
Great Baten Contre for M Clences and on the C 
ain) in 1977 ‘ edium Range W ce CRAY-1 computer st 

o 1981 ge Weather Forecasts (Readi 
: ing, 
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Januory mean circulation. The computations were made till the solu- 
tions reached the conditions of climatic equilibrium (except for the 
experimont dealing with the general oceanic and atmospheric circula- 
tion where no such equilibrium was reached). Choosing as initial 
conditions the state of rest and a givon latitude- and longitude-inde- 
pendent temperature distribution (both in the ocean and the atmos- 
phere), the time required for the atmosphere model to reach a quasi- 
equilibrium regime is about GO model days and for the ocean model 
it is about 100 model years. An analysis of computational costs 
carried out on the CRAY-1 computer has shown that the processor 
lime required by a computation according to the almosphere model 
with a resolution of 5° in latitude and longitude and with three levels 
in the vertical amounts to 61 s for an integration for a period of 
twenty-four hours. For the ocean model with the same horizontal 
resolution and with eight levels in depth the processor amounts to 
441 s time when integrating for a year. 
Computations using global models of the goneral circulation of 
the ocean and atmosphere thus require a tremendous amount of 
Computer time and therefore it becomes oxtromely important to 
map the algorithms used in thom onto the architecture of computer 
Systems with the aim of achieving a maximum speed when imple- 
mented on a computer. Thero aro two different toncencies in the 
approach to this problem (5.16): parallolizing computations using 
many functional devices (processors) and pipelining computations 
which involves increased loading of devices. The CRAY-1 computer 
clongs (o machines with vector arithmotic (of the pipeline type). 
The structural analysis we have carried out has allowed us to identify 
effectively pipelinable algorithms (explicit iterative processes, 
Streams of one-dimensional cyclic and scalar sweeps, data transfers 
into the memory, flows of problems involving the one-dimensional, 
in latitude, fast Fourior transform, otc.). “Pourly” written programs 
(ignoring tho specific vector charactor of CRAY-1) considerably in- 
hierdie Processor time. Thus, for a variant of the software complex 
os hada for BESM-6 and thon adapted to CRAY-!, the timo 
aes to mako a computation (with the above resolution) according 
: = atmosphere model for a day amounted to 331 3 and according 
0 the ocean model for n yoar amounted to $43 s. 
ere eka on tho goals sot the design, implementation, and anal- 
The rea nalnas experimonts wore carriad out olong different lines. 
lagiesl ; them, which may be conveniontly called “resolution” 
inastc We 7 studies of the offect of the model discrete nature on the 
roan pol rium climatic regime. Compared were cases of hori- 
varied utions of 10° and 5° and of threo and six levels in the 
past pots, in the Aunosphoro modol, and cases of resolution of 5° 
or dour and eight levols in the ocean model. As was Lo be expectads: 
in the resolution results in a more realistic picture 


the improvement 
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tmosphore and large-scale motions 


in tho ocvan, With 4 further increaso in tho resolution necessary for 
a more oxact reproduction of regional features of the circulation (such 
ae tho phenomena of blocking in tho atmosphero or mesoscale edilies 
in tho ocean) tho ovor growing difficulties of implementing numerical 
exporimonts force one Lo look at tho problem from another point of 
: uputor architecturo to guit o particular problem 
rathor than to fit software to a particular computer. The specific 
foaturo of tho atmospheric circulation models ie the parametric 
dopondonce of somo physicnl processes (such as radiative transport 
and phazo transitions of water) on horizontal coordinates. If onough 
processors aro available, computations can be parallelized. Thus 
tho dovolopinont of hybrid concurront-pipeline computer systems 
dosignot to simulate climate and its variation and produce Jong- 
lorm woather forocasty seoms promising. 

fo illustrate tho quality of the model, Figs. 5.2 and 5.3 present 
{ho Lomporatuce and goopotontial fiolds at the 500 mb surface that 
wore obtained In tho experiment with a three-level resolution in 
the vertical and a tive-dogreo resolution in latitudo and longitude, 
Figs. 5.4 and 5.5 showing their deviation from the real climatic dis- 
tributions for January {5.17]. On the whole tho error of the repro- 
duction of tho climate temporature doos not oxcoed 4 K in absolute 
heal over the greater part of tho torrostrial globe. At the sare time 
Uhoro in n region located over Enst Eurasia and the Western Pacilic 
iy whose contro (about 40N, 140E) tho orror is as largo as 2 

h tho aamo rogion tho geopotential field orror amounts to 160 dkm 
hea oxcopt the regions adjacent to Antarctica where, because of 
240 nce of rollef in the oxporimont, it may attain values of 
rite dkm. In the romaining part of the globe the differcnce botween 
re snede yeopotontial field and its real climatic distribution for 
Sai is mall (<0 dian). An analysis has shown that tho error 
ri py of the tomporature and goopotential fields, roprosented 1p 

gs. 5.4 and 5.5, is independont of the model's resolution and is 
in fact Its intrinsic property. 

dei at prosants a chart of currents of the world ocean at & 
' p Sm and Pig. 5.7 presonts for comparison a schemo of sut- 
aco ctrronts of many years’ standing for wintor in the Northor® 
homisphoro {5,18]. It is oasy to see thal major large-scale circulation 
systems aro well in ovidonco at a depth of 25 m in the Atlantic, 
Indian, and Pacific Oceans. as woll as ap Antarctic oircwmporee 
current in tho South Ocoan. One can seo a considerable divergence 4 
curronts near the equator in tho Atlantic and Pacific ee 
a rnthor weakened divergence in the Indian Ocean. This fact reflect 

tho globnl upwolling in the equatorial belt, 4 distinctive Feature 

the circulation observed in the world ocean. a. of the 

Another lino In numerical experiments embraces studies ° 
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sensitivity of simulated climate with respect Lo changes in the vari- 
ous paranetrizations used in the models. The results of these studies 
may be regarded from two points of view. On the one hand, it is 
the study of the degree of dotailing required in constructing a para- 
metrization of a particular physical process of subgrid scale. On 
the other hand, a particular physical problem is solved and it is 
necessary to havo a clear idoa of the physical mechanisms responsible 
for tho process under sludy and of the (legree of adequacy of the 
modol to that particular physical process. The following problems 
in this direction were solved. 

For the world ocean dynamics model we have estimated its sen- 
silivily with respect to the macroturbulence exchange coefficients 
and investigated the rolo playod by the nonlinear terms in the equa- 
tions of motion. Using the atmospheric general circulation model 
the relation between the spatial and temporal kinetic energy spec- 
trum was studied (5.4). The solution of these problenis is intimately 
related to the very structure of the Computing algorithm which 
allows the Problem of simulating the general circulation of the ocean 
and atmosphere to be Solved with practically arbitrary coefficients 
rae terms that describe the dissipation of energy. In that sense 

sean ahi a investigating Problems whose solution 
is cate ; pe’ of the amplitude-frequency characteristic 

S'Ven section of the spectrum. 
_ dovestigating the part played hy cloud covor in the formation of 
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. r 
i January mean atmosphe 

rae ene processes of turbulence inter- 


’ so studied. The following 
action with sail palten ra perinients whicb used two 
Be eae parametrization schemes differing rpms at = 
wind velocities (under the conditions characteristic 0 ee ree a 
of tho tropical zone). An increased heat and dy aca nate \ ‘3 ship 
tropical atmosphere with the ocean surface in the abnormal ec: p 

one results in the intensificalion 


imont as compared to the check 
of the processes related to the phase transformations of moisture and 


in the increnso of the total heating of the tropical atmosphere. This 
lends to substantial changes in the fundamental parameters of the 
climatic system (the zone average meridional and zonal temperature 
gradients and the static stabiJity parameter) in the middle Jalitudes 
of the Northern Hemisphere and, as a consequence, to changes in the 
energy and dynamic characteristics of the cireuJation (5.21). 
_ Belonging to « particular line important for the study of the 
interaction of the atmosphere and the ocean is the work dealing 
Mir ics behets of the atmosphere to the anomalies of the ocean 
fae an cn ee main difficulties that arise in tackl- 
general circulation model et experimentation with an atmospheric 
ates ‘lue to the Gite UoreB ee at ae ncaa 

a alalisti Ses Fo gt Aaa . cm . 
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Low has shown (5.22) that of statistical significance is the result 
for the zonal wave number 3 in the middle and high latitudes. 


In conclusion we dwell on the problem of simulating the almospher- 
ic-oceanic circulation. Mathematically, the fundamental question 
is how to construct a method for solving equations that describe the 
dynamics of the “almosphere-ocean” system for long periods of inlo- 
gration with the purpose of reaching quasi-equilibrium conditions 
(if there are any). In our numerical experiment designed to simulate 
the January circulation of that system (5.2) we used the method 
proposed by Manabe and Bryan [5.23] and based on the artilicial 
synchronization of characteristic time scales in the ocean and almos- 
phere. The experiment comprised two stages. First, with the January 
mean ocean surface temperature fixed, the atmospheric and the ocean- 
ic circulation were separately computed for periods corresponding 
to the quasi-cquilibrium conditions in the ocean and almosphere 
and then the general circulation was computed for a period of eleven 
“oceanic” years, which amounts to a term of about two mouths for 
the atmosphere. The quasi-equilibrium stale for the joint system 


Was not altaived and appears to be unattainable in principle given 
the January mean declination of the Sun. 


Al the same time the experiment has led to a number of physical 
conclusions about the ocean-almosphere interaction, in particular 
about the evolution of the ocean surface temperature. The ocean 
ae temperature field obtained at the end of the experiment (see 
fai ae good qualitative agreement with observation (Fig. 5.9). 
a ae F noted however, that there are Jower lemperatures in 
a ch pone of the Pacific and Indian Oceans (by about 3 °C 
ie pon higher lemperatures off the shores of the Antarctica. 
desi kis case this is probably due to a somowhal overestimated 

Pth of the upper mixed layer and in the latter to the absence of 


i a : Sper 
teria trend in the solar radiation. In the process of development 
1 time, at the initial ad 


parts of the system a dist 
Part of the ocean to the i: 
the atmosphere: a consid 
ront, the intensification 

eformation of the surfac 
minimum and then a dec 
Meridional circulation. 


© ocean rearranges the 
ON the w 
Indian O 
ean in 


laptation, of the atmospheric and oceanic 
inct response is observed of the equatorial 
icrease in the convective heat transfer into 
erable intensification of the wesalward cur- 
of the upwelling, and the corresponding 
e temperature, first the formation of a local 
rease in its gradients owing to the intensifiod 
Simultaneously the ojection of heat from 
atmospheric circulation destroying cyclones 
est coast of the Pacilic Ocoan and in the North-Western 
cean and thus removes the anomalies of heat Now from the 
to the atmosphere. 
foe smumarize, on the whole the worked out models repraduce; 
tently well the basic climatic characteristics of the actual o 
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Methods of Mathematical Modelling 
6 of Sea and Oceanic Processes 


.S. Sarkisyan, V. P. Kochergin, 
. i Klimok, A. A. Kordzadze, V. I. Kuzin, 
V. A. Sukhorukov, and A. V. Shcherbakov 


One of the promising methods of investigating processes 
occurring in the ocean is the method of mathematical modelling 
which allows, with efficient computing algorithms and powerful 
high-speed computers available, parameters of physical processes 
of interest to be determined with sufficient accuracy. This paper 
presents in a concise and fragmentary manner some results of in- 
vestigations covering a wicie range of problems of ocean dynamics. 


6.1. CORRECTNESS AND UNIQUENESS OF 
SOLUTION IN MODELS OF OCEAN DYNAMICS 


Before Proceeding to the formulation and 
of numerical algoritl 


to discuss som 


development 
ms for ocean dynamics problems it is necessary 
@ very important questions, such as the study of the 
Statements, uniqueness, existence, and stabilization 
: Qnd obtaining the corresponding a priori estimates 
8 useful in constructing stable numerical schemes. 

i ese questions were first 

ed by Marchuk [6.4], Marchuk and Kagan [6.2], 
6.3}. A further development in this direction was 
corem of the uniqueness of solution by Kordzadze 


; For linear oce 
identified and Soly 
and Ovsyannikoy { 

\¢ proof of the t) 
(6.41 


0 


onary sea current problems is proved in (6.8})- 


ie Tiesi-linenr stati aud nonstationary 
aie “sing in the case of \inear problomn 
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-ntegral equations equivalent lo bound- 
stablishod and pina ds the integral equations obtained 


erived. J 
a of the second kind, the uniqueness of solu- 
oblems implies the solvability of 


| hence that of the boundary-value 


af solution is ¢ 
ary-valuc problems 
are Fredholm oquations 
tions of the boundary-value pr 


equivalent integral equations an 
Pe ne cae of general linear boundary-value problems (with the 
equations of motion allowing for the turbulent friction forces), as 
in the preceding case, the corresponding a priori estimates are obtained 

of the boundary-value problems considered 


d the solvability ; 
a lts obtained earlier and the method of 


is then proved using the resu 
continuation with respect to the parameter. 

In the study of quasi-linear stationary ocean models using the 
methods of tho theory of monotonic operators a generalized solva- 


bility of these problems has been established (Kordzadze [6.10)}). 

Marchuk and Bubnov (6.11), [6.14], [6.15] have analyzed the main 
three-dimensional linearized models of the dynamics of a baroclinic 
ocean that allow for the oscillations of the level surface of the ocean 
with a variable boltom topography. Using the a priori estimates 
obtained the authors have established the correctness of the mathe- 
matical niodels. The a priori estimates obtained are necessary in the 
study of projection-difference schemes of solving quasi-stationary 
problems. 

At present the most common method of obtaining steady-state 
solutions of ocean dynamics probloms is the method of reaching the 
steady state in which a stationary or periodic solution is sought in 
the limit as ¢— oo of the corresponding initial-boundary value 
problem. In [6.16] the method is substantiated for the main line- 
arized models of the dynamics of a baroclinic ocean. 
_ Existence and uniqueness theorems for problems of 
in outlying seas and oceanic basins are also proved by 
Kagan |6.2}. 


finding tides 
Marchuk and 


6.2. CONSTRUCTING NUMERICAL SCHEMES FOR 
THE OCEAN DYNAMICS EQUATIONS 


6.2.1. The splitting method. The method is a powerul 
tool for obtaining in a simple and efficient form an approximate 
solution of many practical problems (6.1), (6.17). Applying the 
splitting method in conjunction with well-known numerical metho 
often gives the latter a now interpretation and development. 

The method proposed by Marchuk and Kuzio [6.18] and Kuzin 
[6.19], [6.20] in connection with calculating the global circulation 
in the world ocean and presented in Sec. 6.4 of the presen! ie ee 
based on « combination of a finite-element scheme and the splitts 


the basic clement 


a | 
‘a 6Y 


in a significantly simplified algorithain bal 
method, which results im id their solution, Jn the process of de- 
abtaining grid equations al is used at three different KLOges, The 
ith Ls ee Geach processes, the model reducing an 
ghee anal quasi-linear three-dimensional equations 
ee saat The differential operators of these Fs 
tions are then, after being transformed in a special way, oe a 
into a sories of Lwo-dimensional operators acting in sections thal are 


‘parallel to (7, y), (x, 2) and (y, 2) planes. And, finally, after applying 
* projection-difference methods the resulting grid operators are split 
" Into a sories of one-dimensional operators. We give an example of 


this approach by considering the three-dimensiona] transport and 
diffusion equation for a substance, which is shown in Sec. 6.4 to he 


in the model of the world ocean based on the 
finite-element method. The substance trans 


te. ported may he the heat, 
salinity, pollutants, etc. 
So consider the equation 
3 


‘ Ps. divjup— pn 


ag 
jet Ot (21, i) =9 71,9= 25,15 Plime = 8,'(6.1) 
(7= 


G, where G is a thr 
“H» Upper hase Q,, 
at the continuity 


ec-dimensional cylin- 
lateral Surface >, and 
condition 

div,u=0 (6 2) 
turbulent diffusion. 
ent of motion [6.1], 


, e- ane on) the last term describes 
ma letting 1) using a harotropic compon 


i ’ = 
5 uty’, V=v-+0', 


. w= Ww’, 
i = H 
. (1/H) udz, v= (1/H) j v dz. (6.3) 
Helation (6 ; 


-2) is split into two: 


div,a = 0 di ; 

; “MV, Vgu = Q, 

Pi és wow possible 1 — 
. _ »® to introduce the Stream function aT 

+ = “= —(UM)dplay, > = (1/A) dyson 
bs Press the vertical velocity Component in terms of u’ and p’: 
. te te , 2 a =f 

ie w= bu/d2+ dplay, u == { u’ dz, va { v’ dz, 


et She eee man. eo. 
4 SRS open eg oa 


170 A. §. Sarktayan at al, 


Thon equation (6.4) can bo written as 


3 
oy ) oy \ _ 
98 Sy (Ansa) HO Ars Ane (6 


{, Jot 
whero Ay,3 = 441.2 +1, Ag, = 414 —, Ay; =4,1, Aya™ 
Qa th Ags = 4a 7 4s Ao. = 422 Ana = 4,2 +%A22= 
a 
Qqo— 0) Aga = FM. 3- If wo now represent the space operator as 
n sun of three two-dimensional operators 


N= Aga + Ana Ana 


i @ 0 i] a 
Aya — (Aus ae) i (462 ae) 


Q 1420 ri) 
2 (Aas 555) —O 3x (422 Se) 


“8 (Ansh) — lob Aeoth 
(aus 8) + (aan) 


then it is possible to show that for the coefficients a;,,, appearing 
in the ocean models (see Sec. 6.4) all the operators -\,, ; are positive 
semidehinite. This makes it possible to use the splitting method in 
solving equation (6.5). At each stage a series of problems is solved 
on sections that are parallel! to the coordinate planes. To discretize 
the two-dimensional problems obtained according to space we use 


the projection-dillerence method based on piecewise linear comple 


tions which Jeads to balance approximations similar in quality 10 


the well-known Arakawa schemes. 

Wo discuss briefly solving two-dimensional problems. The method 
of approximating problems of this kind was developed by Kuzip 
1G.19], Marchuk e¢ al. [6.24], Marchuk and Kuzin (6.18). Consider 


the equation 
aplat-+Ag=f, Plino= 8 


2 
h=— Bae (4n%;) Ay, sFALO 
OP hee 


in a iwo-dimensioual regio Db 
specifiod (these may be Dirichlet conditions or gener 


(6.6) 
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n Q. The boundary CO ited Neuen? 
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linate functions « DE eT ina 
inate directions /t and Ae nis of positive 
in coordinate then triangulated by al 
g Link ign of tho intogr 
pape depending on the sign o 
ar negauy 


( [Ae #214. 


jons are construe 


CY { 


é an i ht on the tri- 
eS sough 
: c solution ts 
canewi hear approximate | : : snuoUs 
psa og be are also piecewise linear cont 
dngalation. Tr " 


functions 
7 (ty, %, t)= py Pm, n (t) Wm, n (T4 Zo) | a 
The coafticionts @n,, (t) are found from the system of Galerkin 
‘equations 


Atm n (4, Wn) +J (P, Wm, n) =(f, Wm, n) 


(6.8) 
(u, v) = [ uvdQ, J(u, v)=(Au, v) 
0 
‘Whioh in operation representation becomes 
M” aD/at + AkD = P. (6.9) 


| ee MP i Operator and A" > 0 is the grid 

- Berater “pproximating the Space operator of the equation A. A de- 

that Sis of the structure of the operator A" shows [6.18] 

tt may a sum of four three-point operators 
= Abi + Ade 4 Atle + Ab, 

ud agit? toe (Ad, x Ag, 2) and two diagonal directions 

" powltie o.* 2n also be shown that one-di ional 

MY positive Semidefinite if the conditions a a 

Ay, > (hik) | (A,, a+ A,, 1)/2 [1 


Ass = (k/h) | (4,,4,+ A,,,)/2 | (6.10) 


Stronger than the conditi 
mene; einal operator. The 


Ons of uniform 
Positive semidefinitenass 


. Oat : ossible to use 
oe nethods for Solving equation (6.9) with r A 

7 beet Tuwar the two-cycle method ensuring a seco 
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operator form the system becomes 


B ap/dt + A = 0 (6.41) 
with the initial conditions at £ = 0 
By = BF, (6.12) 


where B and A are the malrix operators corresponding to the system 


of equations. 
For a numerical solution of the problem we consider the time 


interval O<t <T to be broken down into equal intervals 4, < 
t<t, with a timo step t=l;—%)-, and to solve problem 6.11), 
(6.12) apply in each extended interval ¢;,, <<! < ¢tj., the two-cycle 
splitting method [6.4], [6.17]. Assuming that q-! is the solution 
at fj.,, we then have 


B dy, /at + AiG, = 0, Ba{-! = By} (6.13) 
in the first interval t;.. <¢< t, and 
B ay,/dt + Aap, = 0, Bg§-! = Bef (6.14) 


in the inlerval 4;., <?<! di int 
z j+z, and in the last interval t) < ¢ < ty+ 
we solve the probem Bee ans 


B dq,/at + Ayps = 0, Bad = Bait), (6.15) 


where 4, is the operator containing transport and diffusion terms 
and A, is the operator of dynamic adaptation of hydrophysical 
fields. Note that A, and A, add up to the operator A of (6.11) and 
arial are nonnegative and skew-symmetric operators, respectively 
Let &2 be a region covered with a grid Q* uniform in z and y and 
nonuniform in 2. Then at the first and third stages of splitting con- 
sider for problems (6.13) and (6.15) the difference approximation 
[6.1], [6.22] represented diagrammatically in Fig. 6.1. As a result 
we arrive al a scheme of the second order of accuracy in x aud Y 
and the first ordor of accuracy in z. Then in the intervals tj, < ¢ Sly 
and t; St < ty+,. applying the two-cycle componentwise splitting 
method we arrive at a collection of one-dimensional problems that 
can be efficiently implemented by factoring. The Crank-Nicholson 
scheme is used at each elementary step. Before using the splitting 
method the barotropic component @ and baroclinic component 9 

of the solution of the problem @ are separated out. 
We apply the Crank-Nicholson scheme to the problem for the 
barotropic component @, introduce the difference stream function, 
e equation 


and after appropriate transformations arrive al & differenc 
for the stream function [6.22] which can he solved by various direct 


and iterative methods. 
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Fige Gel. Scheme of a difference approximation 


imaluding only terms with a Coriolis force. Since these operators 
are not commutative, we uso the two-cycle splitting method. To 
splve the problems on the sections we introduce the difference stream 
unction, and as a result of appropriate transformations the problems 
veduce to the solution of difference equations similar in structure 
to the equations for the barotropic component. 


6.2,2. Increasing the order of approximation by the method of 
nested vis _ Differential 
- higher 


many problems of applied mathematics. 
i in dealing with oceanic c 


same type are 
J the ttiree-dimonsional linearized heat and Salinity transport equa- 
is tions {and the density equation). Similar problems are solved in 
s Weesus Suid dynamics whon flows with large Reynolds numbers are 
ie calculated. 
Consider thus in a 


ide) two-dimensional region Q, with boundary r, 
BS olliptic oquation 


ym —e An + A anlar + B anlay =f 
t With boundary conditions 


(6.16) 
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. ym” (W flicientl 
I: At, yp) Ble *s f(x, y)s p* (7, y) are known st y 
ail hk and e is a small parameter such that 


ve max (A (zw) | |B (x, y) I. (6,18) 


Assuming for simplicity the region Q2, to be a unit square we in- 
troduce a uniform grid Gh with nodos (xy, Yas Z == hj, yi = hi, 
hs Aa: Ay. If equation (6.16) is approximated by directed differ- 
ences, then tho schome viscosity is known to exceed significantly the 
physical viscosity for largo grid spacings. But if the central-differ- 
ence scheme is used it will describe correctly the solution of the 


equation only for grid spacings h<hy 
h, = aaimax (Al, | 2 I)- (6,19) 


If theso conditions are violated, the difference solution will give 
strong oscillations. A similar condition is also required for other 
schemes wilh symmetric approximation of the first derivatives of 
equation (6.16). (The solution of problem (6.16) is carried out by 
the method suggested in (6.1].) 

Shaidurov (6.24] has developed a method of increasing the order 
of approximation on a sequence of nested grids. The idea behind 
this method is due to Richardson, but the method was first applied 
and justified by Volkov [6.25] for the Laplace equation. The essence 
of the method is to find several difference solutions on different grids, 
after which a linear combination of those solutions allows the accu- 
racy of calculations to be significantly increased. For details of this 
method see Marchuk and Shaidurov [6.26]. 

Tho method of a grid sequence is very efficient for solving equation 
(6.46) (Kochorgin and Shcherbakov {6.27]). Along with Q% we in- 
troduce a nested grid 3" each node of which (2j, yi), j= 2, 


4, ...,n — 2, is a node of Qh. On both grids we use a scheme of 
directed differences, i.e. we solve two problems: 

(Ah 4 Ch) yh = fh, at = p* on Th, (6.20) 

(A24 + Ch) n* _— srr, 17h = p* on rs. (6.21) 


Here A" is the operator of the central-difference scheme and C” 
is the operator approximating the scheme viscosity. On finding 1 
from (6.20) and ny from (6.21) we find ne on 2} from the formula 

. ne = 2nt — 2 (6.22) 
which has o second order of accuracy [6.26], (6.28). 

ae method of increasing the order of approximation of difference 
aC faire with tho aid of a sequence of nested grids has turned out 
to be efficient in solving the mixed boundary-value problem (Kocher 


gin and Shcherbakov {6.27)) and the Poincaré roblem (Kocherg!”: 
Klimok, and Shcherhakov [6.29]). The efficiency of the Crested arid 


_ ~ 


{ 
i es 


Jution 
r nterpolate the sol 
: hat affected by having to inter ‘ he 
‘arethod is somewhat ae Qs to the basic grid Qh. To avoid t 


wbiained on {hep teal wilh a single difference grid it 18. 


taal j ies and bo ¢ ee ae dl 
‘Andivaled Ae ek tho scheme viscosity should be eliminate 


cor 


= (6. viscos i, a 
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b: panne order of approximation for problem (6.16) to (6.19) 
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The optimum value of the parameter « = 1/6 has been found by 
‘gulving the model equations. 


83. VERTICAL TURBULENT EXCHANGE 


: The model of vertical turbulent exchange proposed at 

the Computing Centre of the Siberian Division of the USSR Academy 

‘of Sciences [6.30] is based on the dynamic equations of turbulence: 
-Ybose of turbulence energy b and turbulent dissipation velocity e. 

The turbulent transport coefficient k is given by the simple algebraic 

qelation 

| k = const -b?/e, (6.24) 


: 

t 

ke ‘4 . ee 

i The semiempirical approach under discussion was sketched in a short 
More by Kolmogorov [6.31] (and still earlier by Zagustin [6.32]) 
: Wher e turbulence was characterized by two principal parameters, 
qhergy er scale. The idea of using the dissipation equation for the 
ae: phe 3} ang nae Keller ciuations was first put forward by 
“¢ pou (6.33) ven it was taken up again in the late 1950’ b 
t Ravydov [6.34]. A further development of the idea w sed 
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Ta the : er as (lisplayed 
perl of American [6.35], British [6.36], and other investi- 


. We write the d i : 

ae .. Cynamie equations of turbulence ; 

*: -Jayer approximat: ce in the boundary- 
reg PProximation for problems of geophysical hydrodynamics 


fp = kd + ot) + (4b), 


= CN any eb — © — (g/p,) kp,, (6.25) 
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hydrothermodynamics are intended for the study of the dynamics of 
turbulent processes in a stratified medium. The empirical constants 
in the equations must generally he functions of dimensionless para- 
meters of the problem. In finding these constants the laws of the degen- 
eration of isotropic Lurbulence, the relations of the logarithmic bound- 
ary layer and the results of laboratory experiments were used in [6.37]. 
The system of turbulence equations (6.24) to (6.26) was approved 
on ocean dynamics problems. The investigation of oceanological 
problems has shown that the large-scale structure of upper quasi- 
homogeneous layer (WGQL) can be described using the Kolmogorov- 
Obukhov formulas [6.38] 

ke = L*(u2 + v3—(6/po) psd” (6.27) 
(here the indices again designate differentiation with respect to the 
corresponding variables). The path of mixing L is proportional to the 
thickness of the turbulent layer, 2 = const -k. Formula (6.27) is 
a consequence of equations (6.24) to (6.26) if one ignores in (6.25) 
tho nonstationary and diffusion terms and uses the Kolmogorov “law 
of 3/2”, e = const -b/7/1 (1 is a correlation scale). 

A sludy of oceanological problems using equations (6.24) to (6.26) 

has shown that in the system of turbulence equations the diffusion 
terms become important al the lower boundary of the turbulent 
rogion in the temperature jump zone [6.39]. In that region the tur- 
bulence scalo J can be approximated with a linear depth function 
by putting | ~ 1 — z/h, an analogy with a boundary layer at a rigid 
surface. Note that the valuo of tho constant ¢ = 0,05 obtained in 
finding the mixing path length L = ch agrees woll with the known 
data on the scale of turbulent formations in tho UQL. 
_ The dynamic turbulence equations (6.24) to (6.26) are more mean- 
ingful than formula (6.27). They make it possible, for example, to 
define on the lomperature jump the boundary layer which forms 
during a storm [6.30]. Formula (6.27) does not describe this phenom- 
enon, nor is it possible to obtain a smooth steady-state profile 
of the coefficient & with improved resolution (Az < 0.4 m) in the 
temperature jump zone. This appears to be due to the approximate 
assumption that the mixing path length Z is proportional to h ro- 
gardiess of the depth. 

An analysis of the numerical results for the UQL has mare it 
Lana . oe pri pdaale: solutions vividly demonstrating ¢ 

plave the di i rari lion 
of the VOL (5 401. iagnostic external variables in the format 


6.4. NUMERICAL SIMULATION OF WORLD OCEAN 
CIRCULATIONS 


, .. We ilustrate how to use the numerical methods of 
Sec. 6.2 in constructing particular ocean dynamics models by way 
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df calculations ot oe Computing Centre of the Siberian sey 
re pater of Sciences, using three different models wh 
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differ in the details of physical processes and the numer foal menor 


“a j hydrothermodynamics 
begin wi e write a system of ocean hydr 
ction aie iat general form and indicate in each particular 
aa what approximations are made. In spherical coordinates the 
system is of the form 


a t) du hs ; 
ort w+ 2am = — st 5; (* )+F Ru, (6.28) 


4 @ 7] Ov ") 
—T w—2om= —— sr (He) +F — Rv, (6.29) 


P= 60, (6.30) 

a a a 

E+2(H+d(Z))=0 6.31 

a= (bee) +48 a7, (6.32) 

Sr ke H+ 4B as, (6.33) 
ae p=f(T, S). (6.34) 
» “The boundary co 


nditions common to al] the models are of the form 
"geal du _ 7] 
POO Moa Ty hog Se = — te, w= 0, Pa Th, $= S* (6.35) 


$e H: we Mt OH ov ay 
a 


. > or (6.36) 
m0: yoyo, v=v, Tal? g_ go (6.37) 


+ Fivim) 9 )+2 (29) 
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ee alae 
on LR a(+ BZ). 2 
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6.4.1. The finite-element mode). This model incorporates equations 


(6.28) to (6.32). The sea water salinity term is assumed constant. 


On the boundaries of the region the following conditions are given: 


rT: aTian = 0, du,/an = 0, un = 0, (6.38) 
—tk, kdv/iaN = —. 
(6.38) 


Here n and NV are the directions of the normals to the shore outline 


and to the bottom surface, respectively, and ti and <3 are the vis- 
cous stresses parametrized in the model by the relations 


at 
=H: kpaTiaN =0, kaulaN = 


H H 
w=Ry \ udz, te=Ry \ v dz. (6.40) 
0 


0 

The original system of equations is subjected to a number of trans- 
formations. First by a change of variables the region of integration 
is sent into a cylinder with a base Q, and a unit height. Then, follow- 
ing Bryan (6.44] and Marchuk {6.1] a barotropic component of motion 
is separated out using formulas (6.3). As a result we arrive at a system 
of equations in averaged quantities, which is reduced to the vorticily 
equation, and at a system of equations with respect to deviations. 
The equations in the deviations are reduced, after being split into 
transport-diffusion and adaptation, to a sequence of problems to be 
solved by cyclic permutation as presented in Sec. 6.2. The problems 
can be written as 


au’ /at + Ayu’ = fur 


dv'/at + Av’ = fo» (6.41) 
aTiat + ArT = fr 
at the transport-diflusion stage and as 
du’ /at + Lu’ = Sur 
av'/at + Lev’ = &or (6.42) 
aTiat =9 
rs Aus Ap» 


al the adaptation stage. The structure of the operato: 
and Az in (6.44) coincides with that of the operators in ( A ). The 
right-hand sides of (6.44) contain some averaged advection and 
diffusion terms that arise in the equations owing to the separatioD 
into a berotropic anda baroclinic component of motion. The operators 
L, and L, in (6.42) contain terms with the Coriolis parameter. 
right-hand sides gy and g, contain pressure gradients. ; 
The method of solving the vorticity equation is based on toe 
bining the finite-clement method and the splitting method. The 
cedure is described in (6.19), (6.20). Equations (6.41) are redu 
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by the methods also « . : 
“To make numorical calculations according to the model a grid was 


constructod with coordinatowise condonsations in latitude io the 

soney whore tho Gulf Stroam and Kuroshia separate from the con- 

tinonts near tho equator and in the area of the Antarctic Circum- 

polar Current. In longitude tho condensation was offected near the 
wastern shores of the Allantic and Pacific Oceans. 

This choico was stipulatod by tho presence in the ocean of zones 

of narrow intensive curronts which are very difficult to describe on 

| : — Sneha tho aid of schomes which have no scheme viscosity 

ren pgp apt pr a 

v one to reduce the values of the tur- 
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imu 
ndices. Tho boundary conditions are 


th half-intogor j 
- with half-integer Indices. 


fuyiiied at io mixed layer 4 Is determined at the fret 
: ene the aurfaco at which the condition 


(Gul62)? (v/b2)! — (alpo) Oplb2 < he 


ated from formula (6.27) with h = 
{ficient of the vertical tur- 


ip wm (€514-8/2)" V 


olds, aftor which /& is calcul 
— i valuo of ity Is tho coe 


fitiae AD A prior 
bulont oxchange holow tho mixed Jayor. 
Tho mothod of aolving the equations of motion assumes splitting 


tho volocitios into A harotrople component u, and a baroclinic 
component tl’, vu’: 

(u, v) = (u,v) + (u's v’), 

H 
; 1 14 @ m @ 

(u', =a (u, v)de=(— oa 36° api 3). 
nent is found from the solution of the equation 
n tp. The value of the stream function in the 
mated by the Jatitudinal line, was found 
from tho rolation resulting from summation of the finite-diflerence 
oquation over all tho nodes of the grid, except that of the Antarctic. 

In matrix form equations (6.28), (6.29) become 


Tho barotropic compo 
in tho stream functlo 
Antarctic, which was appoxi 


6U @ , OU 
ar + U— arta em (6.43) 
whore 
m 2 
u 0 2wn -a +e 
u=( ,G=( ), Oo= ; 
. —2wn 0 1 24 
ap, 30” 


und the boundary conditions become 
20: kp, U/az = —t; z= A: ko gu/az = —’. 


Approximating (6.43) in the vertical coordinate it is not hard to 
obtain the equation for the velocity shift S, = Uss1 — U,. Approx- 
imating tho equation obtained by an implicit scheme with respect 
to time wo arrive at a system of algebraic equations that can be 


solved by matrix factoring. 
Once the shift S and the stream function » have been found the 


volocities 
hot 


K K-1 
Uy r= (MH)IY, Vide — 2, Sr —aeess0)l + &, 


“are calcu 
drplicit schome with respec 


f 
g. Mathematioal Modolling of Ocoanlo Processes 18 
nsfor equation wis approximated by an 
t to time. Tho divorgent part = Lies 

an antisymmotric oporator. The aystom of algobr 
aad is solved by tho block Gavss-Soldel mothod. 
is evaluated from the continuity oquation. he 
oximated as follows: 


lated. The hont-tru 


approxima 
equations 
The vertical velocity 1 
hydrostatic equation 18 appr 


A 
oa As, —(g/2) p,Az 
Pr Pat 8D 61 £, — (g/2) pyAzy evr 


K 
Po= Pat 8 2, p, Ag, 


where p, is tho bottom pressure and p, is the free surface pressure. 
Equations (6.44) in the difleronce formulation correctly describe 
the kinotic-potential energy exchange. 

Numerical results. The numerical experiment has been carried out 
on a Burrough 6700 computer for the water area of the world ocean 
“between 67.5N and 67.5S. Tho ocean depth was assumed constant 


.. and equal to 3250 m. The calculated levels in the vertical practically 


“puincide with the standard horizons. The outdoor observations for 
‘the four seasons were kindly provided by A. H. Oort and used as 
boundary values for the wind stress and ocean surface temperature. 
The data on a ono-degree grid were averaged into nodes of five-degree 
queres. Tho interpolation between the seasons is linear. The com- 
«puting program provides for the study of the role played by the bot- 
‘tom friction +° whose values have been found from the Ekman equa- 
¥ions of motion. 

The numerical experiment was conducted in two stages. 

The calculation of the first stage began with the state of rest of 
the ocean and the climatic distribution of the temperature field. 
‘Phe boundary values at the ocean surface relate to the 15th of Sep- © 
‘tember (the summer season August-September-October according 
to 16.46). This variant was calculated for eleven years of model time. 
At this stage there was an adaptation of hydrothermodynamic fields. 
Im the process of computation the value of the coefficient A,, was 
‘veduced from 5 x 10® to 2.5 x 10? cm?/s and that of ky from 10 
4 1 cm*/s. The coefficient of horizontal pulse exchange Ay = 
“&.X 10° cm/s and the time step equalled 24 hours. The coefficient 

& in the formula for bottom friction was also changed from 10 
to { cm?/s, 
- The second stage consisted in solving the problem of seasonal 
*Wapiability with the initial data taken from tho solution of the frst 
gage. The nonstationary problem was calculated for 25 years of 
Medel time. For the last 20 years it is assumed that v° = 0. 
Figure 6.2 illustrates the temperature field distribution in the 
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Fig. 6,2. Temperature field at a depth of 199.0 m, (0) the initis! 
field and (b) the calculated field, September 


justifies the conclusion that the trends resulting from car 
‘are not an interpolation in time of the initial state field. Howe’ 
tho short term of the time integration gives grounds to jud 
about the trends in the solution obtained. nal 

We discuss the results obtained from the problem of 6 2th 
variability of the genoral circulation of the wor D tower 
(6.43], 6.47]. Figures 6.3 and 6.4 show the surface of the oh the 
boundary of the UQL (it is evaluated from the depth at WP. id 


coefficient k assumes an a priori minimum value) for the entire 
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Fig. 6.3. Depth of the surface turbulent layer, January 15th; 
min = 8.5 m, max = 3000.0 m 
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Fig. 6.5. Heat transport in the equator-pole direction (solid lines) 
and heat flow at the ocean surface (dashed lines). At the top: annual sverage 
distribution. At the bottom: calculated curves from (6.44], 3.451, and (6.49) 


ocean, that was obtained in the seasonal trend problem. An analysis 
shows that in regions with a stable stratification the depth of the 
upper turbulent layer of the ocean is determined mainly by the local 
value of wind stress. To ascertain the role played by the vertical 
density gradient in these rogions, it is necessary to improve the 
vertical resolution. In regions with a stable stratification the surface 
turbulent layer in the stationary problem does not exceed 70 m 
and in the seasonal trend problem it decreases owing to the deter- 
mining influence of the increased vertical density gradient and is 
at most 40 m. In the regions where the turbulence penetrates from 
the surface down to greater depths it is of convective origin. Belong- 
ing to such regions are the high latitudes in the time of autumn- 
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Fig. 6.6. Flow field at a depth of 2.5 m, (a) J anuary, (b) July 


nine Cooling spell. It is interesting to note that the earliest begin- 

sae Convection and its latest termination were obtained in the 

These Ol western boundary currents of the Northern Hemisphere. 

anh are regions of the most intensive heat exchange with the atmo- 

phere, the energy-active zones of the world ocean. 

ae basic interest from the point of view of ocean-atmosphere inter- 
‘on is heat transport by the ocean in the equator-pole direction 


ax 
Ha = eyo | | (of — (Agia) 87/80) (alm) dd dz. 
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Figure 6.5 gives the calculated annual average distribution of this 
value for tho entire world ocoan. Also given for comparison are the 
calculated curves from [6.44], [6.48] and the estimate of heat trans- 
port obtained in (6.49] using the climatic data on the thermal balance 
of the atmosphere-underlying surface-ocean system. The character 
of the heat transport by the ocean agrees quite well with the existiug 
representations. The quantitative deviations from the results of 
16.44], [6.48) are related to the use of the turbulence model, good 
vertical resolution, and partly to the different boundary conditions 
at the surface for the temperature. 

The field of surface flows is given in Fig. 6.6. All the year round 
intensive flows were obtained along the equator, in the ACC, and 
off the western shores. Significant seasonal changes in surface flows 
are observed. Note that at a depth of 200 m the flows along the equa- 
tor change sign and at the depth of 3000 m the picture is opposile 
to the surface pattern. 

6.4.3. The model of the formation of large-scale temperature and 
salinity fields in the world ocean. We now proceed to consider a model 
of the general circulation of the world ocean incorporating the cal- 
culation of temperature and salinity [6.50]. The equations of motion 
neglect the evolutionary and nonlinear terms and the horizontal 
turbulent exchange is parametrized in the form of the terms of mass 
friction with coefficient R. The equations of heat and salinity diffu- 
Sion are used in their full form. 

The boundary conditions at the lateral surface and at the bottom 
are chosen as follows: 


rif 
at T: T=T7*, S=5*, | u,ds=0; (6.45) 
0 


z= H: u=v=wo=0; (6.46) 
z= 4: T=T*, § = §*, (6.47) 


Here : = H, < @ is the lower boundary of the baroclinic layer of 
the ocean below which the fluid is barotropic. The algorithin for 
solving this prablem is as follows. At each time step two linearized 
equations for the temperature and salinity (¢ = 7 or S) 


e—P , u OP nn 99 og 
a time aT! et or 
_ 9 1 8@ , 
=> (# st) + 4nd (6-48) 
and an equation for the integral stream function » 


—e'Ap+ A(A, 0) E+ B(A, 0) SE =F AA, 8) (6.49) 
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ious 
oy, w’, and p® are referred to a pre’ 

ore solved. In O eaulen (6.49) is obtained from equations (6.28) 
sara ot i rihe corresponding boundary conditions. Once T, 5, ‘ps 
ma Gace boas evaluated from (6.48), (6.49) and (6.34), the velocity 
a a compononts u, and w are found from the simple formulas 
{6.341 (6.52) at time ¢ + Al and then the next time step is taken. 
Small paramotors have appeared in equations (6.48) and (6.49) 
yritton in dimensionless variables: e’ characterizes the ratio of the 
Ekman layer thickness to the baroclinic layer depth H, and & 
and Aj represent the ratio of the value of the diffusive transport 
to that of the advective one. 

Equations (6.48), (6.49) are solved according to the scheme of 
a second order of approximation (6.23). 

The region of the world ocean was approximated on a uniform 
five-degree grid displaced relative to the equator by 2.5°. In the 
vertical a nonuniform grid 0, 100, 363, 773, 1320, and 2000 m 
has been chosen which became uniform when a new variable n = z? 
was introduced in the vertical. Solutions of stationary diffusion 
equations were given as the initial fields 7* and §*. The following 
ae of the are pier oa were used: /¢ = 75, R = 1.5 x 

, kp = 1, Ag = 3.6 x 107 (in CGS). The coefficient of the 
horizontal turbulent diffusion fe Iougttade near the equator in the 
Pacific and Atlantic Oceans was increased to 3.6 x 10° cm*/s. Thus 
the insufficient advective transport of heat and salt by the equatorial 
currents, which turn out to be weak due to the crude space resolu- 
rie was replaced by the diffusive transport. The value of the coef- 
Goan : Fe! the equator in the Indian Ocean was increased to 
ye ay ce computation was carried out with the time step 
ie ee i e noes has been calculated for thirteen years. 

eid ae = the raaapty ite value of the density anomaly, 
dee ging as computational grid nodes, was mono- 
ap Parti g. oe ative increment of the value at the end of 

Piguac 6 : a was four orders smaller than at the beginning. 

Pl ea spars vertical Structure of the calculated tem- 
eer ri a s ields in the meridional plane at the initial 
— The di AL e dashed curves) and in thirteen years of model 
ac M3 laa of subtropical temperature maxima with 

alitativare z ‘alos the high latitudes are clearly seen. There is a 
s omarid i Ae + tic thermocline whose thickness significantly 
shoan circalats e equator. This is one of the features of the genera] 
lated are piggy subtropical turnovers. Qualitatively truly sim- 
is wal pee inity fields with a satisfactory halocline. There 
fields of eu of Antarctic waters of decreased salinity in beth 

Figure 6.8 presents the horizontal distribution of the calculated 
fomperature aud satinity at the level of 363 m. There are five local 
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simulated are tho zones of subtropical 
‘culation systems with increased salinity. 
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9.2 (n — 1), where n is the number of the corresponding isoline " 
65. DIAGNOSTIC AND SEMIDIAGNOSTIC 
CALCULATIONS OF HYDROLOGICAL 

CHARACTERISTICS OF THE WORLD OCEAN 

. We have discussed above some numerical methods for 

Simulating the characteristics of the ocean. They will develop ani 

will lead in the future to safer conclusions about the dynamics of 

aes ioagra but at present there are objective difficulties which some- 


imf&% the possibilities of the above models. Complicated, far ___ 4 
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Fig. 6.9. Velocity of surface Dow in the Atlantic Ocean ip the 
sammer season. The arrows are given only for the areas where ow velocity is 
at least 10 cm/s 
of heat and salt in the ocean. These processes are af great importance, 


but at present it is still difficult to take them accurately inte account. 
The presence of vortex motions of meandering jet currents adds to 
the difficulties. Along with the directions indicated above it is appTo 
priate, therefore, to develop also another trend in the studies wal 
ciated with the use of observations. The numerical models aod 
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6.10. Velocity of surface flow in the Indian Ocean in the 


purer season. “The scale of flow velocity is the same as in Fig. 6.0 


culations of currants of the world ocean and individual basins given 
observed temperature and salinity fields were published earlier 
[6.53], [6.54]. By way of illustration Figs. 6.9 and 6.10 give surface 
flow charts for a summer season in the Atlantic and Indian Oceans. 

calculations were carried out for 31 horizons of the world ocean 
(from surface to bottom) using a one-degree spacing in the horizontal. 
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Of course, the curronts obtained (up to 1 mvs) are 3 to 5 times mors 
intonsive than whon completely simulated with a large spacing ig 
the horizontal. In addition there are no constraints on diagnostic 
calculations on tho part of modern computers. The density field 
is in gonoral not adapted to wind fiolds and bottom topography 
and this is the main drawback of diagnostic calculations. 

The next step embraces semidiagnostic calculations done in two 
stages. The first stage is purely diagnostic and the second is that of 
adaptation. At tho latter the equations of the diagnostic model are 
supplomentod with the equations of heat and salt transport (or the 
density equation) with the corresponding boundary conditions. The 
solution of tho diagnostic problem is taken to be the initial estimate 
and a hydrodynamic adaptation of the temperature and salinity (or 
density) field and flow velocity to the wind field and bottom topo- 
graphy is carried out. The most acceptable method for the tempera- 
ture and salinity (or densily), it appears, is to solve mixed boundary- 
value problems: with the given temperaturo and salinity (or density) 
distribution at the ocean surface and open boundaries and with 
zero fluxes of properties, at the shore boundaries and bottom. The 
information about the distribution of those properties at the surface 
is the most oxtensive and rapidly growing, particularly that for 
the temperature. The fluxes of properties at the surface are known 
much more poorly. As the criterion of adaptation one assumes & Cri- 
terion of the type 

= F/at__ min or 8(t)=8, (6.50) 
5) = Tareeproraay mn oF BOE 


(where F is the temperature, salinity, or density) rather than the 
criterion of reaching the steady state in the ordinary mathematics 
sense (the behaviour with time of maximum discrepancies or kinetic 
energy). This criterion is based on the assumption that at the first 
stage of reaching the steady state tho numerator, F/0t, decreases 
much quicker than the denominator (the horizontal gradient : 
a property). At this stage the latter may decrease very insignificant ¥ 
or even grow (depending on the degree of smoothness and the adap! i 
tion of the original fields). After a sufficiently long-time integratio™ 
the second stage comes at which the rate (the rapidity) of the ge 
rator decroase gradually diminishes and becomes jower than t aid be 
the denominator decrease. As a result the time trend of at ee} 
@ (0) (or the envelope of that curve if there are wave disturbance 
gradually changes in such a way that either a seme appears 
-3 roached or some interval of the sharpest change dg cL pr 

in the process of adaptation. Finally, a case is also Oey eehere the 
weakly expressed changes in the trend of the curve 3 a ene te 
process stops simply upon reaching a sufficiently cee cases means 

Physically, the implementation of any of the 


_all 
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that some optimum stale has been reached where the fields are Ls 
the main already adapted but the property gradients are not yet 
very strongly smoothed by the dissipative faclors (physical and com- 
putational). Experience with calculations shows thal with a very 
long inlegration we obtain more and more strongly smoothed weak- 
gradient fields. To a considerable oxtent this is due, of course, to 
the role played by the “viscous terms” whose influence manifests 
itself much more slowly than that of the advectlive factors. Here 
we give only one of the possible forms of the adaptation criterion 
of the suggested type. The most convenient correct form of the cri- 
terion, which most clearly shows the transition from the lirst stage 
of adaptation (with a quick adaptation of the fields and a slow smooth- 
ing of gradients) to the second stage (with a relatively slow adapta- 
tion of the fieldsand a relatively quicker smoothing of the gradients), 
can be found, of course, only on the basis of numerical experiments. 
The possible variations may relate either to the character of averag- 
ing the function dF. d¢ or (o a particular form of the denominator of 
expression (6.50). One may use the horizontal velocity gradient 
instead of the horizontal density gradient or a combination of both 
in the denominator. I1 is possible that the averaging should be more 
conveniently carried out over each horizon separately, rather than 
over the bulk. In that case the transition section in each horizon 
would correspond to a different lime of integration and would there- 
fore be more noticeable. It would be possible to stop the process de- 
pending on what layers we want to adapt first of all. There are also 
prerequisites for more special forms of averaging; for example, 
averaging over an ensemble of significant gradients. i.e. gradients 
that are at least equal to a chosen value. There are also other variants 
whose principle, however. remains invarinble. The appropriateness 
of such an approach is also suggested by the results of the semidiag- 
nostic calculations (diagnosis plus adaptation) we have lately carried 
out. It has turned out that if in solving the adaptation problem one 
takes the results of the diagnostic calculation as the initial estimate, 
then the process of the adaptation of the fields develops for some 
time (lasting from some days to some months depending on the scale 
of the grid and the hydrology of the basin) in such a way that the 
Strong well-defined jet streams become relatively even more intensive 
and the wide slow background stroams become even weaker. In two 
cases oul of the three (the North Atlantic and the Black Sea) the 
intensification of the jets was only relative, at the expense of the 
much more pronounced weakening of tho background circulation 
(absolute velocities in the jet streams have even somewhat decreased) 
and in the third case (the Lake of Sevan) an absolule increase in the 
velocities occurred. It is obvions that with a sufficiently long inte- 
gration the dissipative factors will result in an over increasing smooth- 
ing of the solntion. As an example Fig. 6.11 gives a chart of the 
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eld of the North Atlantic al the lovel 


60 m. Besides useful information the field contains somo eee 
lene nd asynehroniam of measurements, the effect of sma 
= ae addies, otc, The chart of Fig. 6.12 is adapted to the 
Sere auat anngeapi the wind fleld, and the equation and is there- 
tee hotter ordered, although smoothed, a spacing of f is ie rin 
for tho areas of jot stroams, The temperature, salinity, and Mov 
flelds obtained by somidiagnostic calculations will serve as a basis 
for the analysis of cause-offect relations and as initial Rhelds for a four- 
dimonsional analysis and prediction of sea currents. 
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7 Optimization Models for Environmental 
Protection 


V. V. Penenko, A. &. Aloyan, 
N. N. Obraztsov, A. V. Panarin, 
A. V. Protasov, and V. F. Raputa 


The paper presents methods for constructing numerical 
models in the environmental protection. The methods can be used for 
optimal planning of large-scale experiments, for the reconstructing 
fields from observed data, and for optimizing the quality of the 
atmosphere. The computing algorithms are constructed using the 
variational principle in conjunction with the splitting method. The 
structure of the models is determined by the systems of basic and 
adjoint equations of pollutant transport in the atmosphere, by the 
methods of calculating the functions of sensitivity, by the set of the 
functionals to be optimized, and by the collection of criteria for 
the control of the qualily of the atmosphere. 


7.1. SIMULATION OF POLLUTANT TRANSPORT IN 
THE ATMOSPHERE 


Man-environment inte 
possible consequences have recently all at de 
tists’ attontion in different countries. The intensification of Aech- 
nological progress, difficulties in carrying out full-scale studies . 
actual processes that occur under the joint action of natural an 


human factors, their high cost, and the irreversibility of many 
and socio-economic areas are actively stim 


t of the basic theory and methods of mathe 
kling questions associated with the env iron- 


raction and the assessment of its 
racted a great deal of scien- 
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the eflects of diferent factors on (ho atmosphero pollution and tho 
alate of the almosphere from exporimontal data, for dosigning obsor- 
valional experiments, and for monitoring sources of pollution of tho 
atmasphore ato considered, 

By structure tho methods and modols presontod in this papor 
form a constituent part of the complox of models orlontod at solving 
problems af the physics of the almosphore and ocoan and onviron- 
mental protection and implemontod as a general-purpose software 

okage. 

P Mathematical models of this class are basod on tho oquations of 
tho hydrothermodynamios of the atmosphere and wator objects 
taking simulltancously into account natural and human factors, 
on ie eh : the transport ane (transformation of pollutants 
fin the air and in the water, and on the equations and rolations do- 
fining direct and feedback couplings in che se nlonn and conditions of 
the interaction of the atmosphero and pollutants with tho nonuniform 
Barth's surface. Those equations provide in difforontial form tho 
laws of tho conservation of energy, mass, and momontum, which 
together with the laws of thermodynamics and chomistry describo 
the processes occurring in the atmosphore, ocean, and soil and thoir 
interaction, provided thoir source is solar onergy and tho sources 
end sinks of heat and anthropogenic pollutants aro known. 
Essontially a complex of mathomatical models, consistent with 
respect to the spaco-time scales, for tho description of tho processes 
under study is considered. The constructive implomentation of tho 
complex is effected using tho splitting mothod as a basis {7.4]-17.8). 

The fundamontal property of the splitting mothod is that different 

elamonts of mathomatical models may be givon a formally independ- 

qn cansideration at individual stages of splitting, but tho structure 
ef the entire complox must bo such that at all the stages of numerical 

@mulation the models preserve thoir primary physical meaning. 

is can be achioved by a simullancous use of the variational prin- 

Giples and the splitting mothod in constructing numorical models. 

the Re makes apparent tho best qualities of both typos: 

ot hg ett method simplifies the construction and jmplementa 

2 wea bie rae the consistoncy 0 

: merical simulation [7.8]. 
ace ee and brevity we consider a fragmont of the complex 
ra rie cally the modol of pollutant transport in se ane 
mat lemonstrato the formulations of primal i ae ft 
etl structure pipe Ca | alogorithms for solving thom. rf 10 al 
stages. Ne camplex it may be intorpreted ns one of the sp 


ag tlder a three-dimensional region D on a spherical oarth and 


aUce on it a Cartes i Assumin 
the als rtesian systom of x-, y-, s-coordinates. As ng 
ente of hydromoteorological conditions lo bo given we write 
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tho oquations for pollutant transport as follows [7.1], {7.3], (7.9): 


Lom? + ugrad p+A (9) 
rs] 7] - 


with conditions 


lp au v Op'0z2 — Pp = gg for 2 = 2g (2, y) (7.2) 
v Op'dz -= —k, (p — g) for 2 = 2y, (7.3) 
wOgdn = hy (p — #p) for (z, y, 2) E49, (7.4) 


P ltao = (p° (x). 
Herex = (z, y, 2) isa point of the region D = {S x [zg [z < 2y)}, 
S the range of horizontal (x, y) coordinates; n the direction of the 
normal to the Jateral surface o of D; zg the surface topography of the 
Earth; z,, the upper boundary of the air mass, u = (u, v, w) the 
velocity vector of air particles; v and p the coefficients of vertical 
and horizontal turbulence; f (x, ¢) the distribution function of pol- 
lutant sources, gs the distribution of pollutant surface sources. 
@ the value of background pollutant concentration at the boundaries 
of D; B, k,, and k, the functions defining the conditions of the inter- 
action of pollutants with the Earth's surface and with background 
processes; and A the operator describing local processes of the pollu- 
tant transformation. The subscript S is used to distinguish the 
operators acting only in the horizontal directions z and y. In partic- 
ular, the range S may coincide with the entire Earth's surface. In 
that case the condilion of periodicity of all functions on the surface 
of a sphere is specified instead of condition (7.4) on the lateral sur- 
faco of D and spherical coordinates are used instead of Cartesian 


(z, y) coordinates. 

Tho hydrometeorological conditions cell CON 
via the velocity field u and via the turbulence coefficients. We ‘The 
sider them to be the input parameters of model (7.1) to (7.4). aig 
rate of gravitational settling or rise of particles will be taken ! 
account in the vertical component of the vector u. thods of 

Depending on the purpose of investigation varied methoes 
specifying hydrometeorological conditions are used: 

calculation from actually observed data; oe of the almos- 

simulation via models of the hydrothermodynamies o 

hare-ocean-soil system; ae ; ta; 
* “ealealntion’ vik “iodele in the regime of acquiring observ aa 

simulation using distribution functions calculated sore i. played 

The part of the function of state in the modal in ques oe gq. in the 
by the distribution function of pollutant concentrations | ‘nediud 
actual almosphere the pollutants form a multicompen 


in D are taken into account 


at a ine — 
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1 in order to describe the processes of their transport using models 
orike type (7-4) to (7.4) one should employ veclor-matrix notation. 
The dimensions of vectors and matrices are determ ined by the number 
of pollutant different compononts. For example, if there are nr sub- 
stances. then instead of the function @ one introduces a vector 


tunction @ = {Gi (= 1, n)}, where g, is the substance concen- 
tration. Other symbols are similarly introduced. Using the splitting 
method one can always construct the scheme so that the presence 
of many components is essential only when the transformation oper- 
ator is described. But if the transformation of pollutant is neglected, 
it will suffice Lo present the case of a single scalar function. The vector 
of model parameters is detined as follows: 


Y = (9°. ue py V, p, k,, hea, ®, Bsr Is), 


where g* is the pollutant concentration distribution at time ¢ = 0. 
In the numerical model the notion of parameters will be defined 
so that it is possible to specify not only the numerical values of the 
corresponding quantities bul also algorithms or a collection of algo- 
rithms for them to be calculated. For instance, when the processes 
of pollutant transport are simulated, it is convenient toinclude among 
the model parameters algorithms for implementing the pollutant 
transformation operator and algorithms for calculating the elements 
of hydrometeorological conditions, the coefficients of turbulence 
pcs, pollutant sources. the coefficients of the interaction be- 
pal om pollutants and the underlying surface, etc. 
formulaic: to prea discrete approximations we use & generalized 
a ities ane model. Tothisend problem (7.1) to (7.4) is assigned 
Was ays ic entity. | Performing a scalar multiplication of (7.1) 
; "trary sufficiently smooth function @* and integraling by 


parls using conditions (7.2 4) w l i i 
fallowing fore im (7.2) to (7.4) we obtain an identity of the 


Iq, Y, 9*) = \ 
D; 

+ (W grads p-grad, o*) — f- *) dDat 
Te | [Bey -p* + gop*) ome, + Ky (p—9)-9* |zmz,,] 25 dt 


[(Ag, p*) + Ap-p* + v (dq/z) + (Op"/8z) 


*4 [Ke—@) + zur | ¢* do dt 


+5 \e-9 jidD=0, (7.5) 
D 
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= 0, tl, § = § x (0, tl), o,=0 x (0, th, S is 

oo eat and dS and do the elementary areas on § 

expression (.\9, 9*) At sata the anti- 
‘< form corresponding to the differentia expression of the 

iearea oes 7 u grad p. The basic property of this form 


iransport operator dg/0¢ + : ; é 
is thal for any real function defined in D, there is an equation 


(Aq, ¢) = 0. The form of this expression depends on the structure 

of the continuity equation. For example, for div u = O we have 

(Aq, p*) = (1/2) [(ap/dt) o* — (0¢*/0t) p + G*u grad p 
—qgugradg*)] = (7.6) 


where D,; 
a surface in D, z = 
and o respectively. The 


or 
(Ag, o*) = (1/2) [((Op/at) g* — (@p*/0t) 
+ p* div gu — g div ¢*ul. (7.7) 


It is obvious that in this case both (7.6) and (7.7) satisfy the con- 
dition 
(Aq, p) = 0. (7.8) 


We lake identity (7.5) as a basic for constructing discrete approxima- 
tions of the model. To this end we use the finite-difference method 
of discretization and introduce in D, a grid D}. We approximate 
(7.5) on D} by replacing the integrals with cubature formulas and 
the integrands with finite-difference relations so thal in discrete re- 
presentation (oo the symmetry and antisymmetry properties of the 
corresponding terms are preserved [7.8]. A discrete analogue of 
identity (7.5) results which is written as follows: 


I @, Y, o*) = 0. (7.9) 


Here tho superscript k marks discrete quantities. For notational 
brevily we adopt a convention that discrotization operations in the 
functional extend to ils functional arguments as well, i.e. all the 
functions io expression (7.9) are defined on D}. The discrete analogues 
of problem (7.1) to (7.4) are obtained directly from discrete functional 
He (¢. Y, »*) by writing the conditions of stationarity of this func- 
tional given arbitrary and independent variations of the fuaction 
@~* at the nodes of D?. Constructively. these conditions are imple- 
mented using the operation of differontiation 


al” (g¢, Y, *)/dg™ = 0. (7.10) 
The system of adjoint equations is similarly defined 
al" (¢, Y. ¢*) dg" + y (x. t) = 0. (7.11) 


particular 


where n (x, £) is a function whose form is specified given : 
ditions in 


applications of the conjugate problem. The bonndary con 
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47.10) and Ce 
responding coctn ad 

tion of conjugate 
are eatin the class of problems being solved and th 


possibilities 0 
Syslems 0 


ficients of discrete equations. 


For example, tho result of solving the basic system of equations [ 
a prediction of the development in space and timo of the effect 
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1) are taken into account automatically via tho cor- 


problems into numerical models 


ical si ji s of constructing 
{ numerical simulation, Tho procedures 0 
[ primal and adjoint problems are similar, os can be seen 
from (7.10) and (7.11). But these systems are functionally different. 


of the disturbances of some factor while using tho solution of the 
adjoint system one can calculate the functions of mode! sensitivity 
given a definite choice of functionals of quality and estimate from 
Where disturbances will come to a given area, identify the areas 


‘of increased sensitivity of the model to the variations of parameters 


design an observational experiment, estimate the model parameters 
ete. (7.1), (7.31-(7.5], [7.8]. 


In order to approximate identity (7.5) with respect to time discrete 
Peps are introduced so that, given a special representation of the 
tolegrands in terms of the discrete steps, (7.10) leads to several 


Splitting schemes. 


ugh pollutants are assum i- 
; » at the transport ees are 
Pendently in the entire regio 


aes special ebshanae while those 
: Special cases for each cyc) 

reactio : Cycle of gas 
that t nS and collection of reactants. Il is seen from (75) 


Yions of first derivatives, Alcte © ith the’ a8 based on We Approxima- 


with the renti : . 
| _— Central-differonce eae conventional finite-difference 


for exampl i i 
0 plo, we use ! 
unple of thie type of ero AceUraCY of rational type (7 BP a 
‘the proximation with a t -poi 2 
Scheme of g fourth order of accuracy 78), ie oe 


Mot + 4a! ’ 
ee i + Gy = (3/Azx) (Qin, — Ti-,) + O (Art), (7.12) 
With asi lems, and Az is the prid spacing in tho variable z. 
r oxlmations ren ta the number of arithmotical operations those 
: fe grid ap yer a high order of accuracy with comparatively 
ical P erns. This is Particularly important where. due to 
imitations of computers, the resolution of a discrete modal . 


=a - 
= J 


ent stages, joining them at the levol of 


< 
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ifthe grid apacing. Essential 


cannot beenhanced by a aim ple ducrvaay ¢ 
iomes for solving problems 


mingularition In the tag of numerical scl 
of the hydrothermodynamien of the atmosphere and Urose of pollutant 
(ranaport arise bucause of the presence of regious where solutions 
have heavy space geadionta, in the presence of localized heal, mois- 
ture, and pollutant sources, for oxample. Tho application of non- 
monotonic achomos leads in such regions to undesirable compulation- 
al offecta (negative values of functions which by their physical 
moaning must be nonnegative) and to the appearance of new fictiti- 
ous maxima having no physical meaning. In this connection the 
nead arixex to construct schemes baving monotonicity properties 
and satisfying the base conservation Jaws. 

At present several schomes (17.4), (7.5), 17.14), (7.12]. etc.) are 
used to solve transport equations, The moat familiar and frequently 
used in practice is the directed difference scheme of the first order 
of accuracy, but its field of application isJimited by a high “computa- 
onal viscosity”, particularly on crude grids. Considering Ue exist- 
Ing constraints on tho possibilities of enhancing the resolution of 
differonce schemes it is natural Lo attempt monotonic schemes con- 
atructotd on the basis of approximations of increased order of accuracy. | 

Quito satisfactory results are obtained when using implicit approx- 
imations of the type (7.12) with a local monotonic operator of 
divargonce form which is introduced into the difference scheme in 
the range of the remainder term. For dotails see [7.13]. 

Tho questions concerning implementation of splitting schemes 
aro at prosent extonsively studied (7.1), (7.3]-(7.8]. A new element 
as compared to the modols of thehydrothermodynamics of the almos- 
phoro and ocean is the transformation of pollutants. At this stege 
within tho framowork of tho general splitting scheme, at each point 
of a nid rogion ono generally obtains systems of nonlinear algebraic 
payations thal approximate the equations for gas phase reactions 

olved using special iterative processes taking into account 


Madiflarences in Uhecharacteristic “life times” of different substances. 

fomouting algorithms for primal and adjoint problems are simi- 

am Mislizht modifications havo been made for solving conjugate prob- 

‘iar. which take into account the transposition of matrices, reverse 

8 Beg! integration, rovorse order of the splilting stages. anid cal- 

¢? SUMMED of aourco functions via the gradionts of the functionals 
puup ovaluatod. 

wajuaig-the quality of the models and the generalized charac- 

tho processes under study, we introduce a collection of 

Melon the zot of solutions of problem (7.1) to (7.4). 
<a fits functionals of two types. 
PURO a Of thie quality of a model 


 naiee Gli Ve 
+> ful) Il liahe — mr llvP 


’ 


(7.13) 
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» ohsorved and caleulatod finetions of «tate, 
were fm ane mis the aot of points of 2, al which observations 
respectively ae hol | t,, denotes the operation of assigning the 
mae a : ‘of T lo the sel of points of DP and the norm on DF 
sushi ee af the methods with a woight matrix taking Into 
eee 0 aca reliability, and cost of observations. 

Pay Fapcliousls of a goneralizod estimate of the state of al- 
mospheric pollution 


(9) = | ms )-Q (W(x, f) dDdt, k-=1, K, (7.44) 
D, 


i » (x negative 
where Q (q) is a function of ¢ (x, t) and tn (x, e) are non 
bah ae satisfying tho conditions of normalization 


nn (x, )dDdt = 1. 
D, 


Ja particular, the functions ,, (x, £) may havo finite supports in D,. 
Ruactionals of the form (7.13) are used when the quality of models 
is evaluated or when parameters of models are identified or when 
medals are used to implement the space-time structure of the helds 
from experimental data. Functionals of the form (7.14) provide an 
estimate of total pollution with the weights n, of the regions in D, 

d by the supports of weight functions. 


_. New consider some applications of the methods 
aod experimental design on th 


mental protection problems. 


aa0e wie, 


of optimization 
@ basis of the given model to environ- 


~ ream * 


7.2, EVALUATION OF MODEL SENSITIVITY TO 


THE VARIATIONS OF INPUT PARAMETERS 


; The study of the sensitivity of a model to the variations 
ofinpul parameters and external offects is a necessary stage in solving 
POD, of numerical simulation and in the study by means of 
ae models of the behaviour of real Physical systems (7.8}, 
(7.44), By definition sensitivily functions are derivatives of the 
characteristics under study with respect to the parameters of modals. 
It is convenient 10 take as a measure of sensitivity one of the func- 
faonals of the type (7.13) or (7.14) given on the sol of state functions. ms 
this cage, using formally the methods of variational calculus to 
ealcylate the variations of th 


A e functional 6, (@) and the sensitivity 
bas grady D, (q) yields the constructive formula {7.8} 


¥ 
| 
p Pala) mm lgandy D,, BY) = HUI" (y, ¥ = EY, GD) [pees 


Cee ET Ee 


(7.15) 


; =" 
ke 4 


tad 
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: t is areal parameter, 6Y is the vector made up of tho variations 
a veuisles: tho solution of the fundamental system of equations 
(7.10) for a given veclor of parameters Y. and ¢* the solution of the 
conjugate problem (7.1 1) with @* 14 = 0 and the soorce function 

1 (x, ft) ee ODE ((p)/09". (7.16) 
The algorithm for constructing the adjoint system of equations 
(7.11) reduces to performing the following operations: 


7] ’ ° ‘ bea 
son (ZUMG +E Y. O+ Or (O+EON Ieaof =O. (7.47) 
For model (7.1) to (7.4) the basic relation of sensitivity (7.15) is 
a discrete analogue of the expression 


60, (9, ¥) = | [6A—p- of) + bu (pf grad p— @ grad gf) 
Dy 
+ 5v (Oq/0z) (OqR/0z) + 5p grad, p-grads pa — Sfp) dD at 


+ \ ((5Be OR + 5gspx) — + (dk, (p—9) -Crh— k,5—- qh) Jom, dS dt 
Sy 


+ { {16k (p—9) — 2,89] 98 +5 Sun9-o8} do de ' 
bd | 


1 . 
+5 | 60-98 lmodD. (7.18) 


D 


Formulas (7.15) and (7.18) show clearly the physical meaning 
of the functions of model sensitivity. They are equal to the coef- 
ficients of the corresponding variations of parameters andl for them | 
to be calculated requires solving simultaneously the prima) and 
adjoint problems. It should be noted that the prima) problem is 
solved only ouce whereas adjoint problems are solved as mauy times 
as there are functionals for the study of model behaviour and that 
’ these problems are solved for unperturbed values of parameters. 
ie ane ens are obtained from the expression for the 
Soins ome oy differentiation with respect to the parameter | 


a 
grady D, (9) am sey {3 UU" (p, ¥-+86Y, 9*)] Irmo}. (7.19) 


freon ais e cueularing sensitivity functions for a model of the 
When the 2 é : ) on a sphere by the above algorithm see [7.15]. 
hie Sensilivity of a model is investigated the conjugate func- 

n plays the part of the generalized Lagrangian multiplier to take 


_ 


a 
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7, Models 7.1) 

jons of model (7. 

straints in the form of the aah problem is 

tito account “t) (7.41, [7.51 the solution of the adj ameters of the 

: ae ie function of the aa i a ide ow the con 

interpreted a" tionals of the form (7.14). atin 

saith eatin Ate part we 0 te ome ae oe aie 

tugate funcen® ie = op (x, /) and wi : 

eae 14) with Q (q) ? e} 

ein anes via the input parameters of the mod 


®, =| f(x, t)-of (x, t)dDdt 


+ § (G08 Isesg + E1908 amr) @S dt 
5 


9 \ k,poh do dt + | QE @ lyeo dD, (7.20) 


oO, D 


where pj is obtained from the solution of the adjoint problem ( 7.11) 
with a source term 1 (x, £) = grad, D, (Pp) = np, (x, t) and initial 
conditions gf la? = 0 

Thus using sensitivity functions implements the relation of the 
variations of parameters and estimated functionals and relations of 
the type (7.15), (7.18), and (7.20) provide working formulas for a 
qualitative analysis of numerical models. Physically these formulas 
contain information about the relative contribution of the variations 
f different parameters to the variations of functionals and com pu- 
talionally formulas (7.15) and (7.18) provide an error estimate for 
the desired characteristic if the input data contain errors 6Y. These 
may: be determinate or random. In solving experimental desi 
Propisins the function ¢ determines by (7.15) and (7.18) the location 
of Measuring devices which is optimal in that the error 6@, (@) 
7. if Measured functional ©, () is independent of the errors of 
the’ state function. 


say mp 
By ee a] aap e . 
TET RS INR 2 SRE 


(438. IMPLEMENTA 
: STRUCTURE 


FIELDS FRO 


TION OF THE SPACE-TIME 


OF POLLUTANT CONCENTRATION 
M OBSERVED DATA 

The essence of the problem is to estimate the current 
Slate of the Polhution of the atinosphere or water objects by using 
Fup neously the ohserved data and the results of mathematical 
nedwtling (7.8). Particularly helpful are methods of estimating the 
Mert stave of the object under investigation using models in the 


€ 
} 
: 
) Tatas a MHizing actual data where there is a lack of arenes 
or'the cost of individnal observations is too great and the 
§ 
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observations themselves are haterogeneous in character, asynchron- 
ous in time, and irregularly located in space. Let Wop, be a set of 
observed values and W (@) bea collection of operators which describes 
implomentation of observations on a set D7 € Df. 

Then the quality functional may be introduced as follows: 


J (9) = || Yous — ¥ (9) Ilop- (7.21) 


The form of the operators ¥ (@) is determined by the functional con- 
lent of observations complexes, these may be direct and indirect 
observations, and the norm in (7.21) is introduced so that it is pos- 
sible to consider prior information about the accuracy, value. and 
cost of the observations by using the corresponding weights. Extra 
terms containing prior information about the input parameters of 
the model are introduced with some weights into the quality function- 
al. These terms are used to regularize the process of finding an opli- 
mum solution. 

The quality functional is chosen so that it is continuous and 
differentiable with respect to the components of the state function, 
i.e. the function 


grad, Jo (p) = Ag (~)/09 (7.22) 


should exist and be defined on the range of the state function at the 
nodes of the grid region D*. For example, if the model is discretized 
on a regular grid D? € D, and only direct observations of the values 
of functions g onan irregular collection of points of D™ are considered. 
then Wors = Povs, Where Pops are observed values of the state 
function, and one may take as ¥ (@) an operator of the interpolation 
of simulated functions of state from a regular grid D? to an irreguiar 
grid D7 in which @ops are given. 
It is thus required to solve the problem of minimizing the quality 
functional (7.21) on the set of allowed values of parameters pro- 
vided the parameters and the state function are related by the dlis- 
crete analogue (7.10) of model (7.1) to (7.4). 
To solve this problem we use iteration methods of gradient eh ee | 
The application of the splitting method to the solution of or 
of basic and adjoint equations allows a simple and efficient schem | 
of implementing the problem in spite of the large size of the hina | 
{ 
| 


; 


Adaptation of data will be effected in the time interval [0. ¢] ae i 
in some reference frame as information comes in. The length © ers 
énterval is a parameter of the model. Among the desired parain 

gs the value of the state function at time ¢ = 0. 


The scheme of the computing algorithm is as follows: y’ 
ameters 


n the interval 


4. Specify the value of the vector of input par 
9. Solve the system of basic equations (7.10) i 


_—_ 


- bY bs 
'- py ~ 
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ulue of parameters Y”), n= 0, 1, +++ 


, - sar Vv 
10, #] for the given wee) vemuls. 


: () = @ (X,. _ 
i eae ike adjoint problems (7.41) in the interval (¢, 0} subject 


to the conditions 
q° | seni =0, q (x, t) = as} (p)/dq". 


4. Calculate the sonsitivity functions of the functional (7.21) 
via the solutions of the basic and adjoint equations from the formula 


grady Je (0) = apy | oe (os YO + BOY, oe) | 1s (7.24) 


where g" and @* are solutions of problems (7.10) and (7.11), 
(7.23) for Y = Y, In particular, the functions of the sensitivity 
of the functional J, (p) to the variations of the initial value of the 
stale function @® are given as follows: 


(7.23) 


grade Jy (G) = O* | tan- (7.29) 
2. Find a new value of the vector of parameters from the formula 
YOO) = YO) — x AT grady Jg (P) lynyin-1)s (7.26) 


where ~, is the iteration parameter which is determined from the 
condition of the minimum of the functional J® (p) in the direction 
sy vector of parameters Y(") and I’ is a nonnegative matrix (pos- 
rad ya diagonal one) giving the number of varied parameters and 
re ried of the new approximation of Y). For instance. in 
- a srs of reconstructing the fields the only parameter varied 
: Mira entry r is determined by the investigator when solving 
le ete em. Thie algorithm for an approximate estimation 
af Y) the oe parameter ~, is described in (7.8}. With the new value 
of canvas ee cycle is repeated unti] a given criterion 
banana ere considers the magnitude of changes in the 
I\ is obvious r and the quality functional ((7.10)}, is satisfied. 
tions only apt it is sufficient to attain the convergence of itera- 
tions. aad in the accuracy stipulated by the accuracy of observa- 
@rors of the model itself, 


Th A . 
| © iterative process generally converges to some local minimum 


to the nei : 
rae lat oo of a given initial value of the vector ¥* and 
funetionel.r Amate of the desired characteristics considered in the 
bigaca egulater, so it is desirable to use as much prior informa- 
, if Ser to facilitate the search process. 

ee dictint mnentation of the above procedure comprises twe stages. 
téeal appl fear adaptation. This makes it very convenient for prac- 
oat ae in a system of monitoring the quality of the atmas- 
tioay a: ‘lcularly where there are not enough observational sta- 
cover an entire territory but there are ne hard censtraints 


p10 y. V. Penenko et al. 
For particular cxnmplon of 


ber of obsorvalions in time. 
on ying optimization methods to reconatruct folds see 17.8), [7.16], 


(7.17). 


EXPERIMENTAL DESIGN IN EN VIRONMENTAL 
PROTECTION PROBLEMS 

theory of experimental design ure widely 
used in practical problems associated with the optimization of con- 
ditions and costs of making experiments with a view to evaluating 
the parameters of mathematica! models and the real physical objects 
described by these models with a maximum attainable accuracy. 
Genera! principles of experimental design theory have heen developed 
by now. but their implementation and the meaning of the notion 
of “optimum experiment”, as well as the optimality criteria, depend 
on a particular statement of a problem (7.5), [7.18]. (7.19). We now 
consider a method of solving inverse problems in the estimation of 
parameters of tho pollutant source distribution in the atmosphere 
on the basis of the pollutant transport model (7.1) to (7.4) (7.201. 
Suppose the pollutant transformation operator is linear in concen- 
trations and the source functions f (x. t) and gg (x, ¢) in (7.1) and 
(7.2) contain the desired parameters 4 and q, i.e. 


fexf(x,t, >), games, ¢, q)- (7.27) 


To find the function @ (x, t, 4, q) and vectors 4 and q we give the 
following information about the actual pollutant distribution: 


iL@=ek.t %4aqtwn(), OSt<ct ED, 
(7.28) 


Ely) = 0, E (ysl = 6A" @,). tf = 1, 1. 


7.4. 


Methods of the 


Here n is the number of points x, at whi t 
h ° de, 
E yarn operator, and 8, y the “eee secesk pag ees 
z Api baie C: (t), 1 (t), and R (x) are given, the value of ¢ (t) 
: e oe t of the observation of the pollutant concentration ai 
: Lage xt at time t, the function R (x) characterizes the effective 
A observations at the points of a region ©, and 4 (t) allows for 
= specific character of the observations in time 
e denote by NW the total number of observations and by ri the 


number of observations at a point Xi ny r, = N) and introduce the 
rma 


following definition. 


EEE 
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Definition [7.21]. The collection of quantities 
ey = n Pilpr=rNt, i= 4, n) (7.29) 


} i iment. 
is called a design of an experimen . 
By a solution of the inverse problem we shall mean the estimates 


i. and q of the least squares method (LSM estimates) for unknown 


parameters 4 and q and the function On = @ (x, t, A, q)- Solution 
in this sense is introduced in [7.22]. LSM estimates minimize the 
functional 


n 


t 
Jy (hy a) = Dy PLR (xi) | (Ee (1)—9 (xr % A DPT (7.30) 
0 


subject to the condition that the function @ (x, t, 4, q) is in the 
set of solutions of the discrete analogue (7.10) of problem (7.1) 


to (7.4). The subscript NV indicates that the estimates correspond to 
observations (7.29). 


Let the functions f (x, ¢, 2) and gs (x, ¢, q) be represented as 
K P 
f (x, t, a) ao Anta (Xt), 8 (x, t, g= 2 Qm8m (Xx, #), 
(7.31) 


and {gm)me1 are linearly independent systems of 
Then the solution of the primal problem can be written as 


<< where Un }imt 
2 functions. 


4 


‘ u 
; O(x, tA) = D(x, t+ DOU (x t) (7.32) 
@ where M—K44P, 
Q Am? mai, K, 
3 n= eerie 
Im-x,r M=K+1, M, 


| ube Um (x, t) and ® (x, ¢) are solutions of a sot of 


- Lv, = tr (x, t), LU,, = 0, LO= 0, Ww, = 0, 


a Wy=8m-x (x,t), ID=0 for s=z¢, 
‘ Var +kU,=0, Vv Um +-k,U,,= _ 


bs (7.33) 


— = —k,(®—q) for z—s,g, 


. > “ . 
ee ee 


, 
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Um {- k, m =? 0, 


Uy 4. kU = 9 Gn - 
én aD _ _k,(D—g) on (7.38) 


o(z) for t= 0, kat, K, 
m=K+4, Af. 


ithms for solving these 


te approximations and tho algor 
sonia ars ncaa as those for the primal problem (7.1) to (7.4) 


dofined by scheme (7.10). 
aT Talows yee 7.30), (7.32) tbat LSM estimates @ are found from 


the formula (7.24) 
6=M;'(e)V, (7.34) 
(e) is a square M X 


my 


U,=% Um 29 O=9 


where M, M matrix with components 


n a 

My, (0) = Dy PR (Hd) | Tn Hu 2)-To (ar 1.2% (7.35) 
iomd 0 

V is a vector of dimension M, 


n 


t 
Va= >) PR (m1) j Uy (X18) (bs (7) —O (xp 8) at, k, s=1, M, 
0 


——_—— 


fol 
(7.36) 
d e a s e “ e 
a rt aac variance matrix D (e) of estimates @ is equal to 


It is common practice to use convex functionals / dependent on 
oe) as an ieee measure of a solution of inverse probloms. The 
or eugaaas design problem consists in seeking a design s® for 

F(D (e*)) = inf F 
(e*) : [D (ey). (7.37) 


A direct solution of problem (7.37) is di 
i = ifficult f M, SO 

one anal apply special mothods for seeking eatiiutl cpa pete For 
Seairde Ginigiing tec of constructing D-optimum dosigas. i.@. 
mati be ing the valuo of tho determinant of the varianco 

onsider tho following ileration 

: , rocedure {7.2:3}. 
(1) Specify a nonsingular design Mi (the ate heer 


& = {x;, Pi, i= f, 7}, n > M. (7.38) 


(2) Calculate tho elements of tho i 
: © iof i ix Af, (6). 
from formula (7.35), and its invorse, tho. eieace: males D has 
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43) Find the point Xo € 42, at which 
max R(x): (X, 8)» 
r€Q 


and the corresponding value of R (xq) d (Xo, eo) where 


d(x, ¢) = \ U’ (x, t) D(e) U (x, 4) dt. 
v 
{&) Compile a design 
By = (1 — ao) ey + Sot (Xo), 
where e¢ (x,) is a design consisting of a single point Xp. 


(7.39) 


The value of a, is chosen in such o way that the increase in the 


_ information matrix should be maximal, i.e. 
Ay = §,/LAL (6, + M = 1)), 
where 6, — R (Xo) @ (Xo, 85) — M. 


(7.40) 


Operations (7.2) to (7.4) are hen repeated, with e, replaced by ge, 
ste. The iterative process (7.1) to (7.4) converges ((7.21], [7.23]), 


with 
lim | M, (es) | =| M, (e*) |. 


where M, (c*) is an information matrix corresponding to a D-opti- 
wuss design and M, (eg) is a matrix corresponding to a design ég. 
-sFer examples of solving design problems see [7.20]. For nonlinear 
taodels an iteration scheme of implementing the experimental design 


prosedure with nonlinearity ilerations is constructed. 


‘Am -prectice there is usually prior information about the capacities 
af polbutant sources and the hydrometeorological conditions in the 
areas involved. Therefore, when solving experimental design preb- 
h it is necessary to use this information to a maximum extent, 
1:0: @ 4xed network of observational stations should be constructed 
for the most general meteorological situation and a running system 
swt. up acearding to the specific conditions by using the technique 

ential planning together with the results of numerical simula- 


tin. of pellutent concentrations in the atmosphere. 


~ Thos, mathods of experimental design make it possible to estimate 


@ results af simplatian. But fram the practical poin 
ig batter ta ghperve directly the intensities of pathutg 


ad 


the capacities of the sources polluting the atmosphere. From the 
pomt ef view of environmental protection this means that the use 
of mathematical models in the system of monitoring the quality of 
the atmosphere allows industrial installations breaking the permis- 
Gblp standards of pollution to be detected to a considerable degree 
- @f reliability frem obeorved data on pollutant gana per and 
t view it 
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and Lo enter this information into the 


ysis of the processes of transport 

under varied hydrometonclagical baat inna vaneast perl 
economically such a strategy i 1 eae and 
distribution and supacitien of oe i pociile tate aa 
from the results of predicting the quality of the atmosphere pec 
gram of optimal control of the intensity of ejections proceeding from 
the standards of permissible Joads on the environment and the cost 
of the damage caused by pollutions to the natural environment together 
with the expenses of implementing measures for the reduction of 

ejections. Problems of this type are considered in the next section. 


models tobe used for the anal. 


7.5. OPTIMIZATION MODELS OF THE OPERATING 
CONDITIONS OF SOURCES POLLUTING 
THE ATMOSPHERE 


Models for the control of the quality of the natural envi- 
ronment are a necessary working tool in handling questions of hydro- 
meteorological and ecological justification of economic projects and 
in planning nature conservation measures that require the control 
over the ejections of operating industrial installations with allow- 
ance for the special features of hydrometeorological conditions ye 
constraints of sanitary and socioeconomic character. A number : 
mathematical models for solving this kind of problems are formule ey 
in (7.4), (7.24117.28]. It is obvious that all constraints must be cons! 


. * s f 

ing the projects an optimum solution must consider the price © 
possible Gonsequences of the implementation to the planes ; 

Some optimization abe pai of Seu are etn 0 

i of point, linear, plano. oF volume 

praia below. The | a the ca engi 
sions to a permissible level should be minim 
Pocmulation of cost functions takes into account the eres ‘ok 
by pollution and the cost of measures of aga es cam vailsble | 
reducing the ejection. Also considered is the case W o bo to be | 
economic resources are insufficient for 4 _permiss e shinee rit | 
attained and the condition naL the pouusee the subreg 
volved should be minimal is taken as @ criterion. seh: 

M discussing fundamental questions in the statements pede Pi ae cl 
lems and approaches to their solution wo restrict our ¢ ae 
to a linear version of the model for a total pollutant con ning of 
For convenience of further presentation we specify the m 
the parameters 4 and q in (7.27). Suppose that in & region * with 
are K pollutant point sources located at points x; (i =1, 
the intensities of ejections 4; (tf = 1. A), respectively. 


—_ ~} 


on 0 suri 
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7. Models 
- = 2g, there are P sources 4, (i = 1, P) 


S, with 5 t 
ei ection of point, linear, and plane so 


the right-hand sides of (7.4), (7.2) can 


i urces with inten- 
that forma collect! 
sities q, = 1, P), Then 
be represented 8s 


P 
f'lts-Q = y M5 (x—x), 8s (x t= py qi€i (X, t), (7-41) 


where 8 (x — %); i= 1, K, is the delta function concentrated at 
a point x, and g;,{x, ¢) is the distribution function of sources on the 
Barth's surface. By the assumptions made the pollutant concen- 
tration @ (x, t) may be determined from (7.32). The meaning of the 
solution becomes clear if one compares expressions (7.31) and (7.41). 
This formula remains valid in the general case when the source func- 
tions f and gg are represented as linear combinations of arbitrary 
systems of functions dependent on space coordinates and time, with 
only the form of the right-hand sides in the problems of finding 
the fundamental system of solutions changed, the algorithm remain- 
ing invariable. 

. We introduce the following notation: o,, is the reduction in the 
intensity of the pollutant ejection of the source located at a point 


Xm, m= 1, K, and of the source a i = 
; m-k With m= K +1, M; 
on (@m/8,) the function characterizing the cost of the ee in 
ae blowin intensity by w», of the corresponding source, and Qin 
: @ximum reduction in the ejection intensity of the mth source 
< On < On 
@ cost functions are chosen so that it i ji i 
. 8 possible to consid 
uae the cost of the damage caused by the snvizonniental 
ee pede ee expenses of reducing the volume of production 
fe ie, mie 8 lechnology and sewage purification works required 
(7 80) 7 = intensity to be reduced to a certain level [7.1] 
= sande, aor hair io of impurity ejection control 
ha ; ‘ 18 
ie af individuel cen elined as the sum of costs of the regu- 
lnlensivy of the impurily ejection from each source is reduced 


bY Oy, m = 1, i 
So Vn: +2 44, respectively, the pollutant 
the littesrity of the preblam, is ‘ishnee i concentration, by 


ate M 
q(x, t, 1) =@¢@, t) + 2 Om (1—1,,) Um (x, t), (7.42) 


pose th, sete Eads bm = Om/Om. 
P that in D there are several subregions o,, k = 1,6 
in which the function @ (x. t, l) is subject to the following con- 


o4 VV. V. Penanko ef al. 


atynints (7.4, (7.24): 


( 
Jy (q) = in (xX, t) p(x, t, Ddadl<cP, k--4, 5 
bc, 
| (7.43) 
whore fy ave given numbers and 1, (x, ¢) are nonnegative weight 


‘ 
functions satiafving the normalization conditions ( { Nn (x. t)dxdt= 


0D 
1. Considering (7.42) conditions (7.43) assume the form 


f 
y Yami mons (7.44) 


meni 
where 


t 
ram = Om | "a (%s 1) Ur (Xs #) x 
0 Oy 


1 
= | {m9 4D fimo dr dt — Fa 
0 


Problem 1. Find on a set £ control 1, minimizing the function 


M 7.49) 
V (1) = 2 Gm (bm) eee 
p= 
subject to 
M vans - 46 
2, Tamim Vn» k— i, 5, Rae 


where . 
Eos (hi Os lm S< Emit, m= 1, MM), En = QQ mi Om- 


ae f 
If Gm (im) are dofined and convex in (0, Em], then any es 
a local minimum of the function FV (I) is simultaneously a sate tin- 
the global minimum. Suppose in addition that Gp, (4m) are ae 
uously differentiable in tho corresponding intervals aud the ser 
points of the minimum £, is nonempty. Then for every point Ie € 7 
there are Lagrangian wultiplicrs A =- (Ape wees ahs Aa 
i-= 1, s, such that tho pair (lg, 4%) forms a saddle point ot 
Lagrangian 17,44). 


the 


- \tdels of Optimisation for Bnvizonmental Protection 7 
It ie aonveniont lo represent a solution in the form’ (7.42) io thre 
perien y required (o control the sources vo that the pollution 
at any point of D does not excead aaa abet ee ieclien aes 


ii) where a general structure 
ae iste in space is fined and where the source parameters 


to be contralied:are indopondont of time; 
(iii) where the number of desired parameters doos not oxceod the 


aumber of canstraints, ic. AZ <s. 
Any Knear functional of the solution of a problem of the form (7.1) 


te (7.4) can be calculated directly via the nonhomogoneity of the 
yt-hand side and the boundary conditions using tho solution of the 

rajeint problem. Let w = 0 for z = 2, and z = 2. Thon for the 

fenotional J, (p) and using the notation of (7.20) we got 


K 
Tuio)= | GE (x, t)+ Sh Op (1— Iq) 8 (2—2q) dD at 


t Trei 


+I Of (x, £)-@° (x) [pmo OD 


M 
+) (Ot) lee, DS On (1) + Bmax (x)) ds at 


% mon K +- 1 


+ hpof ds dt leg + | hj@-ofdedt, (7.47) 
. . Lr] o, 
Whites 88.6, 1), 4 = fs, a 
subject to the following conditions: ne ndioint Problems (7.11) 
hf) = 0, n(x, t) mn, (x, 2). (7.48) 


8 . 
enna for the-calculation of the functionals J, (qq), hk} = 
24 aye Mg — the above constraints on the forin of the 
ides. The wctions pf (x, ¢) play tho part of Lagrangian 


: is that they are | 
g 7.42) the cogthe eee? fuuctions and initial held o° (ey 
Cients ram and ®, in constraints ane 
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(7.46) assume the form 
i m= 1, K, 
Om | Qh (Xm t) dt, (7.49) 
Tym = 0 . _k : Mi. 
A On \ gt (x, t) &m-K (x) lems, ds dl, m + 
i ft 
1 K Mo : 
Oy fT) OmGk Am att DB ) Omak Oss A 
0 mal mok+t “¢ 
+ &m-x (X) lemz, ds dt + j kxp- Pk Jexsz,, ds dt 
*¢ 
® — (7.50 
+ | kepgk do dt + J OE (x, #)-9° (x) mo dx— Fa k=, 8. (7.50) 


or D 

With such a formulation of constraints it is possible to minimize 
the cost function (7.45) not only by the choice of parameters of source 
control but also by a suitable location of the sources. Since no in- 
formation about the distribution and structure of the sources isre- 
quired for the adjoint problems (7.11), (7.48) to be solved, constraints 
of the form (7.44), (7.49), (7.50) make it possible to identify feasible 
areas fs ae aie _ sources given any set of values of control 
parameters. The algorithm for solving such i sed in 
(7.41, (7.241. g g a problem is propo 

Suppose now that a resource V (1) is bounded above by V, and 
constraint. (7.46) holds for no vector | on the set Ey = {I€ 2, 
‘A Ay < V,}. Then it is appropriate to consider the following prob- 

Problem 2. Minimize on a set EZ the functional 


5 +t 
1) =D on[Pa— | fm oC, # Dadxae]” (7.51) 
subject to se ca 


M 
2 Gm (lm) <Vor (7.52) 


where p, are given nonnegativ i 
gative weights. 
aie Be case s = 1 the problem of minimizing functional (7.94) 
sists In minimizing on £ subject to (7.52) the functional 
+i 
1)= | (n@.nom.t). 0€D 
t 


(7.53) 


aaa 
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j ' set of points of the 
ose the functions Gm (Lm) are Convex, the se 
Pst of the functional J (I) is nonempty, and there is a point 
le E such that 


ay Cm | < Vo. (7.54) 


Then for every point |, € Z, there is a number A*, A* > 0, such 
that the pair (1,, 4*) forms a saddle point of the Lagrangian (7.34). 

Consider now the case where it is appropriate to vary the ejection 
intensity of given pollutant sources in time as a function of the 
meteorological conditions, for example. Then the coefficients q,, 
n= 1, P, and ’,, k =1, K, appearing in equation (7.1) and the 
boundary condition (7.2) will depend on ¢ € [0, f). 

Problem 3. Suppose in the region D, the function @ (x, ¢) repre- 
sents a solution of problem (7.1) to (7.4) for 


K P 
f= Di dn(t)6(x—xn), B= D an(t)en(x), (7.55) 


wee AG=(),-.5 An) dH=a@, ..-, POE 


2) ) 


\ @ (x, t, &, q) dx dt<C =const, (7.56) 


Gg 
O< MIKA) <M, O<Q<q(t)<q, GED. (7.57) 


Find the controls 1 
nimize the total cost 


CO Ge 06) 


(t) and q (¢) subject to (7.10), (7.55) that mi- 


es P 
; an [ 2 Ga nO) + (an (0) at, (7.58) 


k=l 


where G,, (1,) and ®, (q,) are the functions characterizing the cost 
ni Gr, n= 1, K,k =1, P, per unit time. 


% ~~ af aati pacucing to A 
e tol . Suppose now that the ec i 
E the ejections are bounded by a aerate used to reduce 
z ii« P 
on [> Gn (an (t)) + 25 Ox (9 (¢)) | dt<Vo (7.59) 
mT | hwi 
t Md thet Condition (7.56) does not hold for any 2 (¢), q (¢) satisfyin 
<, — Sfsteatnts (7.55), (7.56). : 
"> 
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Under the above assum 


‘ al 
J (d, a) = | | [oe t, », — 9 % 4) 
ba izi missible pollu- 
where @ (x, #) is a given function characteri1z1ng per 


. ° ° cS . . 
M Neglecting condition (7.54) the minimum of ee aspen Bi ® 
exists and problem (7.10), (7.59), (7.56) : (7.60) eee d a the case 
infini f solutions [7.32]. Consider in some detal 
infinite set © ( (a) vex functions. Then 
q (t) = 0. Let G, (u), MY Sus dn be con 7.59) i 
the set of functions 4 (t) that satisfies conditions (7.57), (7.59) is 
bounded and convex in Le (0, ‘t) and consequently in problem a 
(7.55), (7.57), (7.59), (7.60) there are optimum controls [7.32], 
[7.33] which are characterized by the inequality 

K 1 

5) { o* xn» t R) [Pn (t)—An (2)] 240 (7.61) 

nasi 
for every p, (t) € L, (0, t), 2 = 1, K, satisfying conditions of the 
form (7.57), (7.59). The function g* (x, t, R) is a solution of the 
corresponding adjoint problem (7.11) [7.8], {7.32], [7.38] for 


n(x, t)= (x, t, R)— 9, 2). (7.62) 


To solve problem (7.10), (7.55), (7.57), (7.59), (7.60) we use the 
methods of minimizing quadratic functionals in Hilbert space. 

All the problems considered in this paper are interrelated and the 
computing algorithms for their solution are constructed on a single 
constructive basis that is defined by the variational principle in 
conjunction with the splitting method. The study of the sensitivity 
of the models produces values of the gradients of functionals, gen- 
eralized characteristics of models and simulated phenomena, that 
a required practically in all methods of optimization and optimum 

ene. The software implementation of the models has a modular 
s Arner and is in the form of several application programs incor- 
ase aes yon gich part of the software of the system of the 
and environmental protection: aa a 


ptions minimize the functional 


}? ax at, (7.60) 
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ici lo 
The modern development of ee ae By 
i i by the ponetration of mathematica eee 
: Sateviiie: {nto these areas of knowledge. eet 
eave aici in immunology is accounted for by th 


, the current state of the 
art, and prospects of devolopment of the indicated trend which these 
Authors and their co 


leagues havo been developing since 1975. Meth- 
odologically this Sludy i arts. The first part 
infectious diseases, 


mathematical modelling of 
and the second develo f processing labora- 


PS mathematical methods o 
tory and Clinical data. 


8.4, 


MODERN CONCEPT OF THE DEVELOPMENT OF 
ANTIVIRAL IMMUNE RESPONSE 


al literature an “infectious disease” 


: elations established 
mechan Herne — of which, Owing to the Patho- 

One isms, is capa 
ih » owing to ate pable o existing in the other and the 


weer, 


, : 


& the Pathogenic effect” [8.4], ] 


] that the principal 

organism's dofenso against an infecti is its i 
en: Tho assance of an immuno reaction to t 
cally 1 (an antigen) i 


_— } § 
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to produce specific material substrates (antibodies, killer céiie) 
capable of neutralizing antigons. : 
Thus we shall think of an infectious virus disease @s 6 conflict 
between a population of contagia (viruses) and an organism s immune 
system. In this connection we give a more detailed immunogenetic 


description of the antiviral immune response. 
sm-invading contagia of viral 


viral hepatitis, etc.) 


An immuno reaction against organi 
infections (influenza, measles, poliomyelitis, » otc 
includes both types of immune response, 2 humoral reaction in 
which antibodies are produced by the B-lymphocytes system, and 
a cellular reaction in which cytotoxic T-lymphocyte-eflectors accu- 
mulate. The cellular response is the main type of reaction which 
ensures the organism's defense since antibodies do not penetrate 
into the cells. The cytotoxic effector lymphocytes accumulated as 
a result of the immune response find and distroy virus-affected cells. 
acting as killers of their own organism's cells. Thus the antiviral 
immune response of the cellular type has as it were an autoimmune 
nature. But this is not a true autoimmune reaction. The latter means 
pathologic reactions of the immune system against its own normal 
intact cells or normal cellular antigenic substances. Killer lympho- 
cytes, if there is an antiviral immunity, destroy virus-affected cells 
of their own organism. This appears to be the only way to clear the 
organism from viruses if, of course, the intracellular defense mechan- 
isms (interferon, enzymes, controlling the replication cf neucleic 
acids, etc.) of the virus-affected cells fail to deal with virus prolifer- 
ation themselves. 

The leading role played by the T-cellular immune response iD 

y has been proved over the past decade. It appears | 


antiviral immunit 
that immunocompetent cells recognize the antigens of freely circulat- 


ing viral particles, and the accumulated T-effectors armed with 
a receptor system against viral antigens find virus-affected cells. 
and, acting against the viral particle, kill the infected cells. 

In 1974-1975 Zinkernagel [8.3] followed by other investigators 
proved thal the processes of recognition, proliferating the effector 
T-lymphocytes and the cytotoxic effect of accumulated T-killers 
are triggered by a virus-transplantation antigen complex rather thao, 
by a viral antigen itself. So-called double recognition was discover? “ 
The molecules of the transplantation antigens of the major complex 
of histocompatibility (H-2K and H-2D in mice and HLA-A. HLA-B. 
and HLA-C in man) act as primary molecules that form complexe 


with viruses. The term “double recognition” emphasizes a ad ! 
recognizing receptor structures of lymphocytes are complemen” 
to a virus-transplantation antigen complex rather than to a veal’ 
particle. To date it ig not clear if a T-lymphooyte carries tw 0 aatt 
situated receptors WY, Lop 


one of which signifies 4 transplantat oe has 
gen and the other signifies a viral one, or & single receptor ¢ 


7” 
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® Hand rocoguiaing strncture, GY or 7 The latter variant (4) 


Fo] ihle. 
wy the most plausih 
The work of Zinkornagel was soon f ollowed by studies (Benaceraff, 


Unanne {S. (1) thal showed that tho principle of double recognition 
's true not only for viral antigens but. also for antigons of any other 
nature, including antigons that stimiutate not a cellular but a humoral 
{mmune response, autihody gonosis, Only in these CASS do other 
antigens of the major complox of histocompatibility (Ia in mice and 

parently HLA-D in man) act as primary molecules forming com- 
pase with an antigen, Tho principal colls that bring antigens to 

apa T-lymphocytes to he recognized, antigen-presenting cells, 
are macrophages. 

Thue tho concepls of tho ovonts occurring whon both viral and other 
antigens are recognized have boon made more precise. It has turned 
ont that T-lymphocytes recognize antigens only when in a complex 
with macrophagal antigons of the major complex of histocompati- 
SHity; the macrophago has turned out to be the first cell to interact 
with heterologous antigons. 


Tt had beon finally proved by the same timo that the untigens of 
the wajor complex of histocompatibility (Ia, H-2K, and H-2D) 
play an outstanding role in collular intoractions. It is by them that 
macrophages and Jymphocytos recognize ono another. If these anti- 
gens are not identical on interacting colls, say have genetically de- 
termined differences, then no macrophage-T-lymphocyte, macro- 
phego-B-lymphocyte, T-B, and T-T cooperations take place. 

The discovery of double recognition and the importance of the 
identity of antigens in tho major complex of histocompatibility for 
cooperation by the cells interacting in an immune responso has 
Pamtliod in a refined schomo of collular events in tho development 
of the response. It should bo stressed that a refinement has Laken 
place rather than a change. As in the oarlicr schomes (Potrov [8.2}) 

it is the macrophage, helper lymphocyte, and effector lymphocyte 
that intoract. Helper lymphocytes are callod Th (helper) whon anti- 
ody genosis |e triggered, and Ta (amplifier) whon a cellular response 

is triggored. Effector lymphocytos arc respoclively Jabolled B and Te 
ector). In previous schomes an antigen-T-holper receptor complex, 

which 18 presented lo a macrophage, was taken to be the triggering 

ne eh Now an antigen-macrophago transplantation antigen complex 
ich is prayented to a T-holpor or T-amplifier, which results in their 

. Weolfforation and in the apponrance of tho clones of the cells Ta 
and Th, that should be taken as tho triggering signal. The samo signal 
¢ PO & macrophago and a signal from the corrosponding helpor (Ta 
" @ Ph) result in @ stimulation of the effectors Te and B which gives 
sees to the along of killers (effectors) and plasma colls. respectively. 
fe ToO killera ettagtora) destroy virus-infected cells of their own organ- 
4 14-668 


= 


a ”_~ i~- 
a 


G. |. Marchuk, L. N. Belykh, and §. M. Zaev 


Jes of antibodies capable 
ig is the immu- 
us (lisease 
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ism and the plasma cells produce molecu 
irculating viral particles. Th 


of neutralizing frecly ci 
nogenolic foundation on which mathematical models of vir 


aro constructed. 
THE SIMPLEST MATHEMATICAL MODEL OF 
A VIRUS DISEASE 
Simplifying as much as possible the above picture we can 
ich we call the simpl- 


arrive al. the following system of equations whi 
ast modol of a disease, and which was constructed by one of the 


authors in 1975 (8.5): 
y= —(p—yF)V 
dt Y % 
dF 
F 5 =0C— FV — HF, 
an (8.1) 
; =t(m) aF (t—1) V (t—t)— Pe (C—O), 


C= = 


8.2. 


d 
. dm 
n=a = OV —Umm. 
ess of a disease is described as follows. At 
time #° = 0 the organism is invaded by an initial dose of viruses V°. 
This population begins to multiply and affect the cells of the target 
organ (m is the number of affected cells). In the blood, part of the 
viruses encounter F antibodies (receptors of immunocompetent cells), 
which leads to the stimulation of the immune system. After time Tt, 
required for the immunocompetent celis to divide and differentiate, 
a numerous population (clone) of plasma cells forms (C is the number 
of plasma cells) whose main function is antibody production. Anti 
bodies fix the viruses and the outcome of the disease depends on the 
struggle between them. If the viruses seriously affect the oré 
there is a general aggravation of symptoms (= (m) < 1) and te 
operation of the immune system is impaired. The antibody production 
pC is reduced and the chances of a recovery become worse. The quan 
tilies appearing in system (8.1) which are not explained above aré 
positive constants. 

For a detailed analytical and numerical study of the model s¢ 
[8.6], [8.7]. Here we will restrict our discussion to the most interesting 
beer interpretations of the properties of the solutions ° 
model. 

It has turned out that the model reproduces tho four known fort, 
of a disease: subclinical, acute with a recovery, chronic, and & en 

outcome. The development of one form or another in 4 heat 
organism infected with a smal! dose of viruses does not depos 


In this model the proc 


Po ere ars 
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e ° f 

ji ined by the immunologic slatus 0 

tiie ype of viruses (by the sot of 


Bho infection ; ith respect to a given ly 


She organism W 
~ narameters). ; * : 
ear ues found thal chronic forms of a disease A se has 
a tation of the immune system and that a possible metho ; 
se ation of the disease. This discovery was usec 


ir cure is by aggrav ; 
Sai for constructing a model for such a type of cure [8.8] that 


helped to formulate a theory of aggravation or biostimulation. — | 
~The essence of the theory of biostimulation or aggravation is as 
follows. A new nonproliferating nonpathogenic biostimulator anti- 
is administered to an organism suffering from a stable chronic 
Form of a disease increasing the dose in a certain time interval. The 
immune system begins to form a response against the new antigen. 
By administering large doses of biostimulators it is possible, by 
virtue of the competition between the two antigens (viruses and 
hiostimulators) for the macrophages, to have the immune response 
against the viruses blocked, i.e. to have it react only to the biostim- 
ulators and “forget” about the contagia. This results in the con- 
centration of viruses in the organism beginning to grow. After some 

lime the biostimulators cease to be injected, and are removed rather 

quickly from the organism. The immune System alone remains to 

Stand against the “chronic” antigen, but the situation has significantly 


ons [8.8], the temperat j i 
} : ’ p ure reaction of the organism 
an be i 6d [8.9], and the treatment of chronic forms with the 


s+ AMlp of a stimulator of antibody production (SAP) [8.6], to eluci 
: 5, 6], icidate 
¥. minke’ of .a general morhidity from viral hepatitis [8.10]: to a 
41 ‘Vaswrved bingham i 
y. me hypotheses | 
¥ Molggic effects 


Stary 
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AN ANTIVIRAL IMM 


awd. Marehuk, L. 
THE MODEL or UNE 


RESPONSE 


: Fr -ariables 
Based on tho material of Sec. 8.1 the following vartad 


{ the model are introduced: : . 
‘ nw is the number of “frau” viruses (vical particles frooly oo, 
culating in the organism and capable 2 aie 1 
of an organ sonsitive to a given type of virus), 

My () is the number of stimulator, macrophages (macrophages 
that have interacted with free viruses); _ p 

Hy (t) is the number of helper T-lymphocytes Inv olved in the 
cellular response: 

Hy (t) is the number of helper T-lymphocyte 


humoral response; ; 
E(t) is the number of effector T-cells (killers); 
B (t) is the number of immunocompetent B-lymphocytes capable 


of receiving the stimulation signal from the stimulated macrophages 


My and helpers H p: 

P (t) is the number of plasma cells; 

F(t) is the numbor of antibodies ; 

Cy (t) is the number of virus-aflected cells of the organ; and 

m (t) is the nonfunctioning part of the virus-aflected organ. 

We mako the following simplifying assumptions. 

1. The number of macrophages JM in the organism and that of cells 
C in tho target organ are reckoned constant and sufficiently large 
for the increase in the stimulated macrophages My and affected 
cells Cy to be proportional to the number of free viruses V,. 

2. The reception of the stimulaling signal by a lymphocyte leads 
to the formation of a clone of terminal cells after the time required 
for it to divide and proliferate. For the helpers to be stimulated 
requires a single signal from A/,, and for the cells Z and B a double 
a a from My and from the corresponding helper (Hz and F 5). 
ae art of the clone formed of terminal cells may again be aroused 
byt 1¢ corresponding signal and stimulated to form a new clone. The 

omaining part performs other immune functions: help in stimule- 
ee effect, and antibody production cay 

ape ise ly te ae Abas A, and Hy, having performed an act of 
med help” hy 7 ha ne ht E and B, respectively (‘having rend- 

9. For some tine the Bape beet Seniiate net ee 
functions. Their death is dus enh ote inact et 
versible viral damago either to the development of an nr 
ogee eee to their elimination by effectors Z. Thus 
virus and those killed by of = combone oes eile 
sairableidamaccae th y effector lymphocytes. Therefore, 2 

go of the organ results in an aggravation of the general 


g involved in the 


-“ 


si 


. ty 
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he organism and hence in a decrease in the offectiveness 
e 

Suelo of its immune system. eer 
ge , assumptions lead to a system of equations whi ¢ 

a aadal of an antiviral immune response: 


Ves nd,pCvE + Pom — mV, = VF _ koCV ,, 

Myer MV, — Ay My ’ 

he bar {E(m) Op MyH|t-<,,— My A g]—bpM yH gE + Oy (HE—H ag), 
Wye Oe (Elm) PMvAal,_cm— MyHol 


— WPM) H»B + aS? (HR—H,), 


(8.2) 
E=bp{k (m) peMyAgE|1-1,— MyH gE|— beCyE + ag (E*— E), 


B= UP (E (m) ppMyH »B\-., — My H pB) +p (B*—B), 
P= UPE (m) ppMyHgBl,-1,+%p (P*—P), 
F = pyP — ny,V,F —a,F, 
€y.=0CV,—bglCyE—b, Cy, 
W= poe E + nb,Cy —Am. 
Fee all the 


coefficients are positive constants; the asterisk marks 
the values ¢ 


‘ orresponding to normal constant levels in a healthy 
@geniam (when V, = 0). 
“His model has been constructed comparatively recently [8.11] 
end has not yet been studied in detail. However, what has already 
cal shows that it embodies the basic regularities of the simp]- 
oe model, that it can he used to study the various kinds of immu- 
nedeficiency , and that on the basis of the competition of 7- and 
B-svetens for the antigen there may arise conditions in the course 
it a disease that have not yot been described. All this will make 
Dateadaes to acquire a deeper understanding of the mechanisms of 
en reeie processes, It should also be noted that a further exten- 
im of the model consists in allowing for local mechanisms for tho 
Mplementation of the eff 


. ect of killer cells and antibodies iu a partic- 
ar viros-affected organ (8.12). 


84, 


MATHEMATICAL PROBLEMS OF MODELLING 
beaia, she fare Saige we have constructed satisfy 


the following 
adequate to actual processes: ee 


Bu 
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(i) globe 
(ii) ns feet te for all ¢> 0) and uniqueness of a solution 
ditions, and (iii) axis Ee tty see nonnegative inti! vee 
ary solution peas ee of conditions of the stability of a station- 
fivst. criteri : pant ing Lo the state of the organism S health. The 
bi ‘iterion ensures that within tho framework of the models no 

viologically absurd event sl : I 
tr gence nina sa should occur, namely, that the amount 
hile oe a nt of the process will attain an infinite value in 
ai ake a 1e second criterion guarantees the nonnegaliveness 
Cae cone as would be expected from the biological 
sae pE . ie 1¢ lescribed process. The third criterion guarantees the 
a aA an immunologic barrier V* (the attraction zone of the 
Stal i realthy organism) such that, when a healthy organism 
is infected with a small dose of viruses V°< V*, the disease does 
a develop ani for it to develop it is necessary that either the viruses 
ould pass this barrier V° > V* or the stability conditions should 
be broken. If the third criterion is neglected, then within the frame- 
work of the models any contact with the virus should lead to the 
development of a disease, although in real life this far from being 
the case. 

The proof of existence and uniqueness theorems and of a theorem 
on the nonnegativeness of our models is based on majorizing the 
models by a linear system and the continuity of solutions, respectively 
(see [8.6], [8.7]. for example). As to stability, for models with a large 
number of variables it is convenient to cite the following result we 
are using, which for simplicity is formulated for a system of two 
equations without time lag and whose proof as a matter of fact is 
contained in (8.13). 

Theorem 8.1. Given a system 


vaf(z,v), 2= 9, ») 
with functions f and @ ensuring the existence and uniqueness of its 


solution which allows the stationary solution {z, v} = z*, Uf. 
follows from the exponential stability of this solution in the system 


Saft, Hho), F=PEO=M (zy) 6-4 


(8.3) 


that it is asymptotically stable in (8.3). 3 
The breaking down of our models into two subsystems is i ra 
effect by imparting to them a biological meaning: our models © 

scribe a conflict between “defense forces of an organ 


(bart a. 1 P l 
and the vector of a “viral origin proper v. It hese es the eaal 


useful to prove theorems 0 
of the existence, uniqueness, and nonnegativencss oO 
It seems that apart from the three indicated ie 
it is difficult. if not impossible, to carry out an an : it refore is 
the models. he only efficient method of invests 


-- Sponse (8.1) in which the last equat 


te 
a 
; 


ae 
? 
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satnal si a computer, which creates the problem 

by sumperical bls courpaling methods of solution. The situation 
paar se the fact that our models are systems of ordinary 
is saath equations with lagging argument whose solutions 
rhabeahaee = is known [8.14], may have discontinuities of the first 
anlar rt therefore inappropriate to use methods for solving ordi- 
an differential equations since this may lead to the loss of the 

( roximation. 
wo —yfecgiskaes the following result [8.15]: . . is 

Theorem 8.2. Given in (a, b) a piecewise continuous differentia 
function { (t) that possesses on differentiability intervals waders 
of up to the Ith order inclusively (l > 1) and has at points {t, } of (a, 5) 
(k = 1,N) disvontinuities of the first order (or discontinuities of the 
first order of the derivatives) Af (i = 0, 1; k = 1, WN), there exists 
@ unique function g (t), computable from the formula 


N t-{ 
g (t)= a @ (t—t,) py Af (t—t,)*/il 


end smoothing up to the (1 — 1)st order, such that the function u (t) = 
HD — g(t) is (L—1) times continuously differentiable in (a, b). 

his theorem allows one to use a “smooth apparatus” in problems 
‘with an insufficient smoothness of its components. Using this theo- 
Fem we have constructed a generalized Taylor series and inter- 


apie polynomials for the solutions of our models f (¢) and modified 
Mme classical Runge-Kutta difference schemes [8.15]. 


8.5. 


MATHEMATICAL MODELS AND THE ANALYSIS 
OF EXPERIMENTAL DATA 


In this section we consid 

‘the analysis of clinical and laborat 

logical experiments. We shall be 

the gravity of an organism's state from the values of the indices 

*Pecific to the disease and with the problem of evaluating the coef- 

‘Rivients of the models we have considered from observed trajectories 
Of state variables. 


8.534. Generalized index of the gravity of a diseased organism’s 
- Let us roturn to the mathematical model of tho immune re- 


ion describes changes in the extent 

SD organiem’s affection. It is a certain abstract characteristic 
Which in clinical practice must be assigned a particular indicator. In 
{8.40} Tesults are reported of a comparison between the model and 
*tperimental data obtained for a group of hepatitis pationts. It is 
Teen that such an indicator is the biochemical index q, (8.16). 
It ts a scalar function of the vector X which characterizes the state 


er Lwo problems associated with 
ory data and of the data of bio- 
concerned with the estimation 


M, Znev 


of a diseased organism. The vector components are rel i Uaregaee 
observed biochemical indices. The coefficients of the ue ea niga 
its form were ovaluated from the minimum condition oF xe fig 
square deviation at the disease height ty of the values 0 ea 
from tho estimato of the gravity of the sta the p aa 
Since, with ¢ = th fixed, the values of the biochemica se : 
obtained for V patients aro of a random nature and may be regarde 
as the realization of a random variable, for a comps 
gimulation results we obtained solutions corresponding to different 
sets of coefficients: @ = Zp) + £, where @ is the vector oF 
a, are values corresponding to the acute form of the disease. and & 


is the normally distributed random variable with zero expectation 
ariation & was chosen 


and standard deviation ka,. The coefficient of v : 
so that the sampling distributions of @p (t,) and m (t,) Gt in the 
best way. The experiment established that the best fit takes place 
for k = 0.04 and the experimental data do not contradict the hy- 
pothesis about the linear relation between , (tn) and m (tp). 

On the other hand, the analysis of the experimental data in (8.17) 
has shown that the average value of ¢, (t)/@p (tn) has an exponential 
dynamics. The same follows from model (8.1) for m (¢). ¢ 2h. 
Since m (t) affects the nature of the immune response and hence the 
course of the disease and its outcome, the choice of therapy must 
take into account the value of m (t) whose actual analogue is the 
biochemical index. But the biochemical index was constructed to 
estimate the state of hepatitis patients and cannot be used for other 
diseases. The need therefore arose to formalize the approach to the 
construction of this kind of indicators. In (8.7) one of the possible 
approaches is considered. This paper presents a more formal con- 
struction. 

Lets = 0. 1, 2, ..., r bean estimate of the gravity of a patient's 
state given by the clinicist at the height of the disease and 4 = 
(z,, q+ + +» In) be the corresponding vector of the state. The func- 
tion p (X) on which tho functional J = |] 9 (X) — s |] attains a mi- 
nimum is called a generalized index of the gravity of a diseased 
organism's state. It is clear that the solution of the given problem 
is determined by the choice of the norm |{-||. We shall consider X 

as an n-dimensional continuous random variable with correlatio® 
matrix R and define @ (X) as a predictor of a random variable 5 
having a minimum mean square error. Then 
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J= 2 PoE [(p (X)—5)*|sle 


where E is the expectation operator and p, 
state s. If E (@ (X)| 5) = for alls = 0, 1,.. 
functional attains a minimuD. 


is the probability of 


., F, then the gt 


: \athomation! Modelling of Infectious Diseases 258 
a Ma 


' hen it js pow 
: aa sand Am ft, 2,..5 a. T 
| lay | =X) 8 linen combination of indices: 

sibbp-¥e tare : 


hn n 
mm) Ni a= 4, 
eA) 2 Gite 


aincn yf sl =s.' ieients @,, %q, . «+s be 
. in thi B lp (X) | sl = s. Tho coefficients a, ay,» « 
ate anil Was + minimum condition of the Lagrangian: 


Fe Nod PE ( 1, (24 — s))*| a] +3 a,—1). 


i. ‘ ' i= 1, n, and equating 
S wentiating J (a A) with respect to a, 2, @ 4 
a pra nlp wo obtain a system of algebraic equations 
Pan a and A: 


ED PBila—a)e—Iiste—0, ke Tn, 


Ya,=14. 


a in the case where R is a diagonal matrix the solution of the given 
;agetem is written as 


._ a ‘a io 

4 Cc rT ~j 3 

ra < ; = R R 
. a i (a, Il, Ry) aly Runs (2 AN 1) Al kh 
F and for the variance of the generalized index we get 


B(@(X)—sy2=( 9) 4/Ryy)"* 


Since ie k=, n, ore positive and bounded, we have 
; tip E (g ( }—s*=0. Thus the introduction of a generalized 


Be? 2% .coducey the estimation error of the patient’s slate and makes 
BS Powibie mol from the analysis of an n-dimensional variable to 


BY 


ue 


, Ff a . Suppose now that the regressions E (z, | s) = 
‘@f6 nonlinear. This case can be reduced to the one 
ming regressive relations to a linear form, for 


| 3 Leche k= np, 
E Pele, with the help of the polynomials Nn (z,), AK =T, nv, So 
E ina (ea). |.6] = s 


Ri ¥euerdized index will be a linear combination of poly- 


a 


tt 
© CK) me BS ays (2:)- 


EE )— LU 
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ron pe (A) * 
Ifthe vector X characterizes the state of some organ tt of covery 
qf Bln asa function of time represents ¢ As ossumed hat the 
of the functions of the given organ. [t is ace ie 
form of relations E (z, | 5) and the coefficients @i- 8.7). 
unchanged in time. Otherwise one can use the approach ot eas 
So the transition to the scalar characterizatiyt Manamics of the 
state significantly simplifies the analysis of ca ry the recovery 
process of the disease. It follows from model (8.1) thata 
stage (¢ > ty), when the pathogenic effec e 
neglected. m (t) and hence ;, decrease exponent’) i), ie 
ported by the experimental results obtained in 10.0 02/+ S°" , 
p= Agen Po= ts A=const>0, 2% 5) 
This equation describes the recovery process of the functions by 
the organism in the average. However, individual patients trajec- 
tories for this process have random deviations from this regularity. 
As already pointed out, good correspondence of model (8.1) to the 
experimental data for ¢ = fn has resulted from small random changes 
of the coefficients. In [8.17], (8.18] therefore it was suggested for the 
description of the process of recovery of p, that model (8.5) should 
be supplemented by introducing in the coefficient A a Gaussian 
white noise of small intensity e: 


= —(AtVe en P=l, O<ecA. 


Then the model of the process in question is the following stochastic 
differential equation in the Ito form [8.19}: 


dp, = (0.5e— A) 9; dt + Veg du, 


where w, is a Wiener process. 

It has been shown that the last equation describes well the observed 
trajectories of the generalized index and that the properties of 16 
solution allow one to use the method of maximum Jikelihood © 
estimate the coefficients A and e from the experimental date (3.171. 


——= 


= 1, n, remain 


ent methods of treatment to be objectively compared. According - 


The simple solution of the problem of evaluating the parameter 4 
from observed trajectories has stimulated an extension of auch we 
approach to the case of more complicated models. First of nel 
appears most natural to consider deterministic models as the 
of averaging a real stochastic system (8.20). Then the set of 
aflecting the studied process but not included into the model c#” 


POC? Cen: vam 3 


wpe 


<5 
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by introducing random disturbances. These 


aketizieto accaunnt . ee 
are discussed 1n the next section 


wt ters of the model. 
are problem of evaluating the parame 


: he model be a system of differential equations: 
Let t Or : 


6 
x, = E(k @)s x, =c=const>0, ¢€10, TI, (8.6) 


; ion f (x, @) is linear in @. 
where z,€R", a € Ri aud the see Aropens aris ie aad eeeond 
In whet follows we shall require the exister ied, Wa thers: 

tial derivatives of the right-hand side with respec a oldiian 
a sab shall assume that f (x, a) satisfies that condition. 1@ SO TI 
, @f problem (8.6) will be denoted by x; (a) assuming that ¢ € (0, 4 . 
Here T is the transition time in the simulated system. In other words, 
"dn the interval {0, 7] there occurs the development of the immune 
~ ‘$esponse and the recovery of the organism's healthy state; 7 ~ 40 
3 ai for hepatitis, for example, and 7’ ~ 30 days for pneumonia. 
‘Suppose as a result of an experiment or clinical observations a 
- -Wyajectory of the state variables of the model is obtained. This means 
Series isaget @ = {t), t,, ..., ty} and the values of the var- 
tod X= (m4, ..., X+~} observed at these moments. If the 
a “‘wxperiment USES A group of m animals, then we have a group of tra- 
-- Petories X,, = (Xo i= 1, 2, -: m} in which {Xi = xj, ¢€ 0} 
* a8 the observation on the ith animal. It may happen that the ex per- 
ament will produce pot trajectories but sets of the values of variables 


for 1€ 8, ie, X4 = (xi, i= 4, 2, ..., My, t€@} and all the 


rr ye < 5 
 % 


wot ae, 


er ans 
experiment with a single gan eeting from the repetition of 
Pajectories have'a ran 


‘'yY unessentj : 
rf Process involved i ntial relation 


—__ ~~ | a 
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ture are 
ea. in model (4.6) theese fine 
- actual (trajectories it ts notupel te 


qualltativoly ite basle regulari 
bancos that canes aliort-lerm 


uncontrallablo, se in describing 
considor thelr effects an setheiaap yap es 

ations the trajoctories from a rol ‘ \ a 
el east ig the vector @ from Ag OF X;, in that 
1 


Tho problom of ovaluath aie he 
s nec to oasign to the set of sumpling trajec a ) 
sis Jehitlan ol the not of solutions {x, (a), @€D & R') of problem 


(8.6), io. it is required to construct a functional J (m, (), X,») 


such that 
~~ J (x, (@), Xm) = J (Xx, (2m), Xm). 


whore a,, is tho estimate of the vector of coofficlonts. i 
It will bo assumod that thero fs no observation orror. { 
Suppose first that the observod trajectory x,, f € 0, is in the saa! 

of solutions of systom (8.6), j.0. for some a = 2,X, (a) = wg, 1 EO, 

Thon tho problem of ovaluating @ may he solved by the methods @ | 

porturbation theory (8.21) according to the following scheme. | 
It is assumed that some (unperturbed) stato of tha system involved 

with tho corresponding vector a, is known. It is also assumed thas 

tho observed stato called porturbod is described by equation (8.6) 

for @ = a + 5 and tho deviations & are amal) compared to a 

On this basis the problom is linearized and 6 and the parameters cor- 

responding lo tho perturbed state are ovaluated (for details see (8.2)). | 
In this case the porturbed state cannot be implemented within — | 

the framework of system (8.6) using the above method. for the ob | 
sorved trajectorios are not in tho set of solutions of the mode! (owing 

lo the random nature of these trajectories). Let model (8.6) describe | 

an unperturbed motion with a set of parameters a, and let the pe- 

turbed motion havo corresponding 10 it a, = a -+ 6. where 5. 

f€ (0, 7], is the function of time. Thon ovory sarapling trajectory be 

is associated with 8, €€ (0, T]. Since X!, { = 1, 2, ..., m, have 

a random nature, it is natural to consider 6, i=it, 2...--.% 

as realizations of a random process (0,, ¢€ (0, T)}, E{ oI?’<@- 

Since we assume that the differences in the trajectories are due !0 

purely random factors, we have £6, = 0 for all ¢ € (0. T}, and the 

presence of random fluctuations with rospect to the trajectory ¥r | 
means that 


= s 
(1/7) { 8, at a 0. es 

0 { 
The oxact equation holds in the limit as T+ 00 if cov (6. ra 


F6,8.4; ae 0. For a fnito 7 this is true therefore ffcot @. 
vanishes sufficiently fast, i.e. for + < 7. 


—_ ~~ 
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t representation of (8.7) we introduce a process &,; such 
we ele <o, EE, = 0, ¢€ (0, TI, 


T T 
cor &, Bree) > % dim (1/7) | ( Bele deds=e", 
ag a) 


G=(e) ff Ht, 2.6 b 
We represent. 6, = §1e, Where € > 0 is a small parameter, and 
sexy that for any T>0.¢>0 


t+T 
him P {|«ur) Eds | >q} =0. 


fs unifonn in t. Such a representation may be explained as follows. 
Suppose, for example, that §, and the state variables have the same 
characteristic time of change. Then the variable 8; = §e is fast 
in comparison with the dynamics of x; (a) and we shall assume (8.7) 
te hotd for sufficiently small values of e. Thus the set of trajectories 
X,, will be considered to be a restriction to © of the set of realiza- 
tions of a random process x, which satishes the system of equations 


i; SExy, ao + Eye), Xo =e, £E (0, Th. (8.8) 
As shown in (8.22] for any 7 > 0,6 > 0 
lim P _ =0. 
7 X; (@_)| > 5} =0 


eg 
netic for small e model (8.8) describes the process of random 
be ations of the trajectories with respect to the general regularity 
X, (@,), i.e. the actually observed pattern. 
coe the problem of evaluating a, from the set X,, (Xi) consists 
fi ea) rear fast random variable 4. It will be assumed for sim- 
; eA at : is a diagonal matrix. Also note that by virtue of the 
a ¥ Bi (x, a) in a a representation f (x, a) = B (x) a is per- 
. aac ce oo ann X | matrix whose elements are functions 
aa under the assumptions mad li b i 

Wt of model (8.6) and the made earlier about the right-hand 

’ . properties of the process &, it can be s} 
ng {8.22] that the normalized difference es ie 


: c= Ke — x, (@))/Ve, 
Re n solution of (8.8), as e + 0 weakly converges in the in- 


: , ae Redeiorpaea Markov random process ¢? which satis- 
Soar oo : 
MPa Nnts Bix eles, t=0, (8.9) 


tale eS 
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where w, is a Wiener random process with a coterie ee Ht, 
Tisanl x Lidentity matrix and A (x) isann xX nm maltrix: 


A(x) = (0f' (x, ajax’), 6’ = (V 9"). 


Since tho random variable iv (8.8) is a fast one, e may bo assumed 
sufficiently small to approximately consider {X+— Xt (aq). fE 
{0. TI} as a Gaussian Markov process satisfying the oquation: 


yxy (@9)) = A [21 (ee) (21 — ¥4 (29)) +B (21 (Oo) ITH 
(8.10) 


where ' = V eG’. Since the form of the distribution of deviations 
X_ — X,_ (a,) is known, the vector @, can be chosen proceeding from 
the best fit of the theoretical and the observed distribution of trajeo- 
tories, i.e. the functional J (x, (a), X,,) can be constructed by the 
principle of maximum likelihood: 


J (x¢(@), Xm) = U P {x, (a), X'). 


Since the process is a Markov one, 
N 
P {x, (a), X= UT Py (eA, —'Xq_, (@)), 


where p (x | y) is the distribution density of x for a fixed value af y. 
By (8.10) this density is Gaussian: 


P(X1,— Xt, (a) | Xty_y —Xey_, (@)) 
= [(2n)" det K,,)7'? exp {— (4/2) (a4, — x, (a) — My)” 
x Kil (ty—X,(a)—M,)}, (8-41) 
where K, and M, are defined by the following equations in [f,.,, th: 
My = A(x, (a) My, My,_, = %y_,—X4,_, (@)s 
Ky = A(x; (a)) Ky + KAT |x, (@)) + F la (a), T's (8.18) 
K,,_,=0, Pee bY (b)7, T’ =eG, 


bf is the ith row of the matrix B Ix, (a,)). 
We shall consider the function 


L (a. I’) = (f/m) In J (x, (a), Xo): 
then 


@.t® 


ia 
Aa 


L (a, TM’) =(1/m) = In Pim, —%; (a)\xy_,— 2-4 (a)). 


t 
T 


_——n 
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g, Me 
‘ 14€0, i= 1, Mm) 
ralues X= (Xn EG 
f independent va tn ; 
Given 0 el OO of trajectories Xm: here 1s 
the sol 0 ) 
<a Bs ic otst x(a) (8.14) 
! Ixy, — X43, (@ ; 
Lay P*)= 3 (flim) 2 Im valet, — 


e solved in the interval 0, 7] with Lies 
ditions My = 9, K, = 0 since Xp — Xo (2) = O. It ie 
‘B12 that M =0,1€(0, TI. If in this case we assume Ke o be 
. ar al matrix with Lime-independent. elements, then (8.14) goes 
| ver into a sum of squared deviation of x, (a) from Xm which cor- 
- gegpoads to the least-squares \echnique. This case occurs when the 
random character of the trajectories is due entirely to observation 
axror. But if the observation error is to be considered together with 
the perturbations of a real system, then the matrix K, in (8.11) 
- should be replaced by a matrix K; = K, + S, where S is the dia- 
- gopal matrix of error variance. 

The analysis of the function of likelihood has shown that if for 
ali a € D solutions of equations (8.12) and (8.6) exist and there is 
in addition a set 9 such that for a, + «,, @,,@, € D, one can always 
find t, € 6 for which X1,(@:) *X,(@2), then the limiting point of 
a sequence Gp», m= 1, 2, ..., will with probability 1 be ag, 

ere a, : an unknown true value of the vector of parameters. The 
‘ TN asllenaiaie seieleerect yao nonlinear in a. 

, can be used also in the case where the right- 

hand side of the model contains variables with time lag: . 


ae Ky =f (x,, x)-;, a), x, = @ (s), s€ [—t, O]. (8.15) 
| uation” model for which (8.15) is an average system is the 


and equations (8.12) ar 


/ 


op Op arg? ORR OIE ower os aeons of ewer 


na - xz; = (x, Xt-y, @ + Etre). 
R ap sia ‘ 

rye oa by a reasoning similar to that of (8.22) it can be 

aT: ie ae system with time lag that (x, — X, (2))/Ve will be 

: jenntan tehe are » and this will allow the method of maximum lik 
x used to estimate a from Xn 18.23). eee 
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-ctem for automatically designing (SAPR) (for Siste- 
me acces aapavaanoce Prooktirovaniya) electrophysical (levices 
which cau calculate the characteristics of a construction and so enable 
its parameters to be optimized is considered. We discuss the calcu- 
fation of two- and three-dimensional electro- and magnetostatic 
fields in ungeometrical regions, wave processes In dynamic systems, 
end the simulation of high-current beams of charged particles. In 
mathematical terms these topics can be reduced to boundary value and 
Cauchy problems for elliptic equations, to partial eigenvalue problems 
for boundary value problems, to the integral equations of potential 
deory, and to systems of the differential equations which describe 
-the motion of charged particles given a space charge. ; 
We shall give mathematical statements and the basic algorithms 
far these problems and cover their implementation in the form of 
software packages. 


#41. INTRODUCTION 


Traditionally eloctrophysics has been concerned with 
the calculation of electromagnetic ficlds, current densities, and charge 
distribution. It is applied in many fields of science and technology 
and in the design of high-voltage constructions, olectrical dovices, 
qranaiormers, cliarged particle accelerators, spectrum analysers, 
image converter tubes, microwave electronic devices, high-current 

_ Seam generators, semiconductor devices, and plasma handles. The 
* Adaiher and variety of oloctrophysical devices makes it necessary 
- aire be able to study them both in terms of simulating construc- 


at already exist and designing new systems with " 
properties. gning : with predeter 


83. PHYSICAL MODELS AND MATHEMATICAL 
; STATEMENTS 


a In the case of station tential ol 

Satic folds the probe of beter pe potential ¢ eclro- and magneto- 
nee MOH Of alculating them can be reduced to solvin 

Roimon's equ in a region © with boundary I (see (9.4}) sat 


, Alen i oO ou 2 a 
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whore fj} - i, a= 0 for threo-dimensional problems, = - d = : 
for throe-dimensional axisymmotric problems, ’ 
for plane-parallel probloms. é 

On tho boundary FP or parts of Wr, (UP, = PF). { = 1, 2,4, one 
of the following conditions may ho givon: 


ulr, we Ry (x. Ne z), (9.2) 
dulon |r, - ha (Be Us 2), (9.3) 
z). (9.4) 


lou/on -|- y (x, vs 2) 4) Ire 2 Bs (x. > 
In addition, if there aro media with difforent physical propertics, 
tho so-callod conjugation condjtion 


tps = Ul pz ve duldn| py & du/dn|_< (9.5) 


is imposod at thoir intorface Ty. Tho solution of problem (9.1)-(9.5) 
is assumed to bo uniquo and tohave sufficient smoothness, unless other- Fa 
wiso statod, Dosidos tho intorior boundary value problem (9.1)-(9.5) 
wo shall considor an equivalent system of integral oquations for the 
surface donsity of chargos (0).8 € T, which in the three-dimensional 
cnso is of tho form (seo (9.2}) 


FuQGP, Qal=m(P), PETe 
r 


any (P)-4- | w(Q)19G(P, QVan+ y(Q)G.(P, QAP F 
: (9.6) 


= 8, (P), P E Ty. 
Any (P) + [(es —e_)/(es + 2-)) \ u(Q)(aG,(P, Q)/onjdP=0, PET, 
r 
whore the kernel G, (P, Q) = 4/R (P, Q). . ; 
it (Q) it is possible to int tho se Krom: the know nce? 


w(P)= | (H(QVR(P, Qiar. (0.7) 
Tr 


et ee er 


To gut the exlorior boundary value problom given by the second and 
third equations of system (9.6) it is necessary to change signs before 
the intograted terms of tho loft-hand sidos. 

Phe calculation of a two-dimensional nonlinear magnotostatic 
fold without hystorosis can bo reduced to finding the z-component 
(8-componont in tho axisymmetric cage) of the magnetic potontia 
vector A as tho solution of tho boundary value problom 


— -[¥ (BI) (42 +04)]-2 [x, BF $l owl Ae 
(9. 
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| i d a = 4, zy = ry 
z, = y in the plane case an Saad 
gai l sexitymmetric case, B= (By, Bz,), Bs. = aie Bae = 

«= zinth Alz,, jis the current density vector, [Ho 15 baat 
oA ia lity and the nonlinear function of the magnetiz 


; ‘i lations: 
, (1B 1) calishies the following re 
: ‘ \, (z) € c? (0, 00), vp (z) = 0, ze€ (0, 00). (9.9). 
| “The boundary conditions (9.2) to (9.4) may be given on the boundary 


' 8), (9.9), 
Boi ts T,. Instead of the boundary value problem (9 
318.4) consider the functional of magnetic field energy (see [9.3]) 


= 0.7, % 7: 


P(A) | a v, (€) d&—po4j ] 0 (9.10) 
ea 9 


far which equation (0.8) is the Euler equation, We shall assume that 

tife‘aolution A is in a corresponding Sobolev space. We have descri- 

hed the statements of the problems of calculating two- and three- 
dintensional electrostatic ond magnetostatic fields. 

._ Now we will describe briefly the class of electrodynamics problems 

* (00 [0.4)). Consider an clectromagnetic field in a vacuum (e = 

pale gy is convenient to introduce the scalar and vector potentials, 


g 
H=curlA, E = —grad g — (A/c) dA/at, (9.14) 
wigch setisfy tho wavo equations 


AA — (1/4) OA/at = —Anjic, Ag — (1/c*) #piot? = —4np (9.12) 
and ths relation (the Lorentz calibration condition): 
div A + (4/c) dg/at = 0. 


_¥p anuutbor af casos it is 
; more conve lL: 
®8 sums of potontial and cur! componente?” i ae 


E = E(p) + EO A = Alp) 4+- Ate) 
a pee (9.14) 
‘ * eGiixing tho equations 
ee a diy A® — div EO — curl E(p) — 0, 
ay a : ™.—(Uc) dA/aL, Ew) — —grad o, H = curl A, ee 
2 peje? De® Salar and vector potentials 
di TRY ¢ and AC), as 
v0 15), satisfy the eysiem of equations ache ve 


a ho 
a — (Ve macian = —4xi/c — (1.c)a (grad 7)/dt, 


z &y = —np. (9.16) 
ATR aeine of tis statement is that the’scalar potential ® 


ne “79 Goulamb interaction of charges and only para- 


(9.43) 


—_—_ ~~» a 
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: resented 
motrically depands on Lime. The vector potential may be rep 


as the series 
AO = 2. gu (t) An- 
ho 


whero A, are the eigenfunctions of the operator A= 
curl curl dofined by the relations . a 
AA, + adn 20, div An =O AY |p = 0. (8.18) 


(9.17) 


grad «div — 


The last condition moans that the tangential Soe ica « at 
vector A, is zero on the rootallic conductor surface. Problem (9.18) 
defines a «liscrete set of eigonvalues )»- [he eigenfunctions corre- 
sponding to distinct ), aco mutually orthogonal and may be assum- 
ed to be normalizo according to the con:lition 


\ Ay A, dV = 8x1 


In tho problem of exciting oscillations of resonant cavities h, 
and A, aro tho frequencies and harmonics of free oscillations. To de- 
termino the amplitudes q» (t) the first equation of (9.16) is multi- 
plied by A, aad intezratod with respect to the volume of the cavity 
©. Considering relations (9.17)-(9.18) we obtain the oquation 


Int O89, = (Ane) \ jA, dV, oO =Ae (9.19) 


After finding tho voctor potential tho electric and magnetic in- 
tensities aro ovaluated from the equations 


EM = — (Ale)s35 m4, H= 2 qy Curl Aye (9.20) 


Thus the main conputational problem is the partial eigenvalue 
problon (9.15). To approximate the vector Scibatisl by a finite S0g- 
ment of series (9.17) it is required to find several of the smallest 
eigenvalues 4, and the corresponding eigenfunctions Ay. 

In simulating high-current boams the mathematical statement 
consists in solving the so-calle! self-consistent nonlinear problems 
which can bo reduced to calculations of the electromagnetic fields 
and the motion of beams of charged particles taking into account 
space charges and currents (see (9.5]). 

, The potential of the electric field @ formed by a system of lec: 


trodes and the 
Poisson's equation.” chargo of particles with densily p S@ 


Ag = —4np. (9.24) 


| 


it 
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The motion of particles with © maEs M and o charge « is given by 
dre equation (in Gauss units) : 


d(M dridijidt = cE + (s/c) \(dr/dt) Al, (9.22) 
ahere r is the radius vector of a particlo, ¢ is the velocity of light, ¢ 


is the time, and H is tho magnetic vector. 
Tho flow continuity condition of charges 


div j = div pv = Op/at (9.23) 
is satisfied, with j the currant density and v the average velocity de- 
fined as 

vr) = hm 1 2eve (raul. (9.24) 
Here y, = deydt is the volocily of on individual particle with a 


charge 3;. The sums are taken over all particles in volume AV. Ac- 
cordingly the densily of the space charge is of the farm 


p= lim (>) 2,/AV] = 9 (AV)/AV, (9.25) 


aed qg (AV) = Dz; is the total charge in AV. 
he magnetic field is represented as the sum H = H? + H,, where 


- Hy is the intensily of the external field which is given or calculated 


as 8 fnnction of independent variables. The vector Hy specifies the 
Wwegnetic field proper of the beam 


Bi, (r) = (A/c) \ (1) (r) x (F— ei re 1?) av. (9.26) 
G 


gnc required to find a solution, i.e. the distribution of the potential, 
% rraut density, space charges, and the trajectories of particies in 


-@ Closed region G on whose boundary T° the conditions for > ond §, 


4 The problem of optimizing axisymmetric electro 


e ieee data for the coordinates and velocities of the particles 
n-optical systems 
bution such thet 


) reduces to findi j i istri 
re tontial «distri 
g an axia) potontia ical properties 


_*9e value of a functional F, which characterizes the opt 


oy OS, resches a minimum. 


us 
a 


solve the problem the potential is represented as 


© (2) = ,(2) + BD OWe) Br (0.2%) 


Thice a : ie b- 
: o (3) is th ti i i initial boundary pro 
ip e axial distribution for the vatiebs aad 


» (the initial esti 
; imate of the boundary con 
tire region), ®, (z), the disturbance influence functions, are the 


“8 > 
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of the axial polenta’ with ca 
lefining the disturbances of the geome 

oe boundary conditions, and 65f,! is the value of the 

sr api i tF 

i Tnus opitiaixalion reduces to finding disturbances 66, such tha 

reaches a mibimum. 


ect to the para- 
{ the boundary 


ivatives OD/dBs 
maine given (kth) 


W 
The functionai’.o pv minimized is represented as, F = z a; (Ji— 


, 2, where V==1, 2, 3, a,, J, , are the given numbers, and J; 
fe ne characterislics of the eloctron-optical image which are the 
functions of the axial distribution © (z). a 

To describe the process of calculating the geometric influence func- 
tion a parameter B, which specifies the variation of the boundary is 
given. The following variations are provided [or: ee 

(a) a translation of a part of the boundary along the direction unit 
vector c = (e,, e,), with B, the value of that translation; 

(b) a longitudinal extension (compression) of a rectilinear segment 
of the boundary along tho direction vector (q,, 7.) with a fixed ond- 
point, with B, the length of oxtended segment; 

(c) a rotation of a part of the boundary about a fixed point, with By 
the angle of rotation; 

(d) a chango in the radius of the spherical generator; one endpoiat 
of the generator and its radius are on the z-axis and the other endpoint 
changes either along the z-axis (r = const) or along tho r-axis (z => 
const), with fi, the radius of tho generator. 

Itis usual to require in such probloms that there should occur ne 
discontinuities when there is a disturbance. In such cases one varia- 
tion involves several portions of curves and a forced variation not 
pea ta type with the main, governing, variation is given on 


The influence function for geometric disturbances is given by the 
formula 


Os (2)= | (om +046) dr, (9.28) 
Tt 


Where y, = dG/dB,, 0, = aa'ap i 
: x, and o and G are the density aud 
the kernel of the original intogral equation. 


The density disturbance function is given by the integral equation 
J iG UP, QpaSa= fo Oion(P, Q+¥a(P, Qasr 222) 


r 


—_—_ 
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a3. NUMERICAL METHODS OF SOLVING 
ELECTROPHYSICAL PROBLEMS 


Eloctrophysical Devices 27 


As is seen from the preceding section, there is a great va- 
" eiaty in tho statements of electrophysical problems and it is therefore 
< — diffcnit to choose a universal approach to their numerical solution 

5 gpich would take into account both the specific features of simulated 
‘-  ghysical processes and the specific character of the mathomatical 
stasaments Uhomselves. 

Do solve the potential problems (9.4)-(9.15) and electrodynamic 

jams (9.4), [9.4], [9.5]) we consider the use of the finite- 
ce mothod (FDM). 

Coasider a gtid formed by coordinate lines (or planes) paral- 
? | axes and areal a region G: z = 2, y = Yj, 2 = 2, 
A , NM, Byes », J =9, : rere m, k=Q, | n. 

Ba recblaroea ido follows there is no third coordinate for the two- 


We denote by (i, j, k) a node with coordinates (z;, yj, Z,) and 


) 
let AY n= AR =z, —o1 4, AM p= Mr =yy—yyen RO = MT = 


Lean — 4) 
= Sp — yy ND Rha = tn — Shoe 


3 Se Tee ee ~erres 


n= bh mg 
a ™ £,+;—Z, denote the distances from (i, j, /) to the adj- 
Seem nodes. We introduce the notation A = max {sup h'f?, sn}. 


The H ° 15a 
yeh h k) will bo called internal with Seanect to Gif (ty, Yss 
roa! nodes rake otherwise. We denote by 2, the set of all inte- 
oundary | 7 *s the set of oxternal nodes, and by Mr the sot of 
PN fein of the grid, i.e. the points of the intersection of 
en U ew fu ( of the grid with the boundary I of G. 
at. tho grid aa of 2h)) = {us,,,n) be tho grid function dofined 
‘whiate N is ttre neap hen its range forms an V-dimensional vector, 
Web, 7, otal number of the nodes involvod. If the index of the 
git, shen th ordored in some way is L, thon u;,),.4 = UL: For oxom- 
By dy. i natural numbering is used L = lt + jl-+ kin, t= 
ve Mig die s [= 0, 1,...,m, k=0, 1, ..., 2M. 
Fe be w rentiel equations defining the boundary-value problem 
= Titken ia operator form 
LW = 4. (9.30) 


Y 
» J 
Rana clfexgaiat problem (9.30) is assigned a systom of alge 
ae erence ‘equations 


aay (9.34) 
3 V8 0nd Pgs Midlimensional vectors whose components are de®- 


- T. fo por 


+s, 


” iso rong . 
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fined as tho values of the grid function at the nodes of the grid 2 


and £,, is a square matrix. : 
On donoling grid nodes by Q, system (9.31) may be wrilten as 


Po (Qu) ¥ (Qn) — oe P, (Qu) 0 (Qi) = 1 (Qn) (9.32) 


where D (Q,) is the collection of nodes used in the equation for a 
point Q, (these nodes will be called adjacent to Q,) and s (Q,) is the 
numbor of such nodes. 

The matrix of the system of difference equations will be symmetric 
subject to the condition P; (Q,) = Pr (Qy-) if the nodes k and 1’, 
k’ and i coincide pairwise. 

When a sufficiently large number of nodes are used, Poisson's equa- 
tion can he approximated up to any givon error with the aid of finite- 
difforence expressions. We give simple but most frequently occurring 
examples. The simplest “one-dimensional” difference Laplacian is 
of the form (the indices j, & are omitted for brevity) 

Ag) oe a 
A= TOL ea MM MOT FAD 


(uy 4 MoM ( oe 
™ | az? e 3 (se): 
i. (ht)*—ATAT_ 1+ (AT_,)* ( au 
de ~<A ae 

In particular, for a uniform grid (hf = h,) we have 


O(h) (9.33) 


(A,u),; = z (yg — ty + Uy 44) 


= (Se) +E (SE) ($5) 4000. 0 


I'he approximation error of these expressions on the functions 
laving bounded derivatives up to the third order inclusively is 
Q (h). But if the grid is uniform and the function bas a fourth de 
rivative, then tho error has a second orier. 


The simplest approximations for Poisson's cquation are: 
(Aste); » = (Ax + Ay) Wig = fs (9.358) 
for the plane problem and 
(Art)e nn = (Az + Ay + Ad) win = fone (0.350) 


for three variables, with A, and A, deh imi in (9.54) 

¢ ; ned similarly to A, !0 ‘ 

Obviously both differonce equations (9.35), (9.35b) approving 
3 


Poisson's equation with an error of the first-order on 4 00” 


adil 


_ i }”}» 


a. Software for Designing Electrophysical Deviccs 


m one. More precisely, 
M h2/12 for the latter, 
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the second order on a unifor 


an error of 
rmor case and |p |< 


rel Mok 3 for the fo 
with 


AM, = max sup uior' dy’, 
t Shy 
k, S, p= {F1 STA Y pry Sy}: 


fond, -. 0 


The above see expressions approximating the differ- 
wquations are defines if the points used are in the set of nodes 
lage bela pee is G. For the nodes near the boundary, how- 

° uations may i ri 

Se oadase ta tl cose when a points lying on the boundary I 
case whon a differential equation is approx- 

tated = gp on ee is smoothly extended beyond the 

ance h. c i i 
Gaia as e external grid nodes that appear in the 
pea ah sometimes called fictitious. The internal 
; ifference equations contain points o th ; 

irra the region will be called near boandart nt de seen ia 

. ; . y no 

ra seeder a bbls be called regular nodes. ern eee 
he of system ce equations lo be definite, i 
peas pane to equal that of the grid nodes ao ee ee ee 

, dary necessary to use finite-difference ap ie hy ae 
oun conditions. The methods of approximations of the 
may differ dependi approximating boundary co 
__ StF Dodes with respecl ny 8 the character of location of the pound 
pte of the ieee tains a bie ariel patterns, ene tho 
4c the boundary conditio or ee Pealeme aiier-considorably 
“Por th ms contoin derivatives and when they 
Ror the basic algorith : 
se iuistion ee sasaiione = ate, : epee ee heer 
. of differenti a : s other schemes of the ap- 
dine Disined Gee de ee example 
=o pong ice and mized SeNoleo iieiiliia be solved by 
: wal, rr Alions vver subrogions bape Lia la cae 
5 ee lout overlapping (se 
F me, gemerg) Fearn af the it ° E 
Sheree a es Fase eee ea for solving the system 
n ig a square matrix of the 


var 


ede) is oi 
<) is given by the formula 
: B® « =~ 
ns weiett+ Hyde"), n= 4, 2 (9.38) 
a inc 1 1 @B eR . 
Br weetar of the nth imati 
eR are or eee approximation (the nth i 
5, Waa. Rudin ane specifying particular cuits sles. 
- ee 98) may be written in an equivatent form 
« Bye +9", (8.87) 
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whore g" = H,f and B, = E — H,A is the transition matrix oF 
Alo iteration step matrix. ene 

A large Ramibee of direct iterative methods and ways of optimiz- 
ing them are given in (9.7}. ; 

Mothods of solving systoms of algebraic equations based on com- 
bining direct and iterative methods have lately been actively devel- 
opod. The idea behind these methods is that tho computational re- 
gion may bo partilioned into subregions so that ono or more of them 
are rectangular and includo the major part of tho grid nodes. Then 
the solution of the original problem can be reduced to a succeéssivo 
solution of auxiliary probloms in the subregions so that tho iterative 
approximations converge in the region as a whole to Lhe «desired solu- 
tion. It is necessary to give special boundary conditions on the bound- 
aries of the introduced subregions for oach approximation. 

It is ossential in this case to construct well converging iterations 
in the subregions. 

Suppose, for example, that the computational region CG is parti- 
Lioned into two subregions G® and GG by an auxiliary curve 5, 
and that there is an approximation to the desired solution in G® 
aad on the boundary between the subregions, S,: ugg (z, y), (x, y)€ 
GO Y S,. Then we find a solution ug ,, of the problem in Gl 
given boundary conditions on S,, whose right-hand side deponds on 
uz. Then in GO we find the next approximation uZ,, given the 
boundary conditions on S, defined taking into account usf4,, the 
process thon boing repeated iteratively: 


@yuys 1 +B, Jub, i/dn ls= ayuby + By duyy’/in Ist» 
CyUnt2 +B, Susie 2/IOlg, = FUN e1 +B, Ouse /ADl gc, 
k=0, 1, 2, os « 


(9.38) 


Here v |g; and v | st are Jimiting values of the functions as they tend 
to S, from G and G, respectively. Each of tho approximations 
uz} +, and ub}',, is delinod as a solution of Poisson's equation in & 
and G@) with the original boundary conditions on the boundary of 
the region G or conditions (9.38) on S,. Tho iterative process can be 
modified by introducing relaxation parameters: 


Aull. =f, (z, y) E GO, 

ules = ous + (1—o) wht, (9.39) 
Au, = f@), (z, y) EGM, 

ays = aura + (1—o,) uff, 


- ~~ 
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ith nfl sand uli +, on tho loft-hand sides of (9.38) replaced by 


eu , Without going into tho studies of algorithms of this 
aia and wi Wi veipal rosilt of the latest work: there are values 
aren pod, 2 such that the ilorative process (9.38), (9.39) 
ar argos. (0 tho solution of tho original problom, ic. Ush+a > 
ai. g) for (eu) € GY and ue, > w(Z, y) for (, y) €G™ 
ask > 20. Ove variant of the boundary conditions is as follows: a 
Dirichlet condition is givon on S, for G and a Neumann condition 
is given for G, io. 0, = % = 9. In tho general case tho problem of 
optimizing 2. By» Zar Bar Oar Os remains open (they may be variable 
as well over different iterations). 

Schwartz's alternating mothod and iterations over nonoverlapping 
subrogions oxtond in a natural way to the case of partitioning the 
aie rogion into several subregions and to Uhree-dimensional prob- 
ems. 

Wehave described the iterations over the subregions at the differ- 
eutial level, but when difference equations are solved, expressions 
(9.38), (9.39) are naturally replaced by the corresponding finite- 
ab approximations. This approach combined with the of- 
siege lg mothods of the fast Fourier transform or cyclic reduc- 
se en an ungeometrical region is partitioned into simple sub- 
ipa oe to be promising since it may be expected that the 
; nvergence of the iterations over the subrogions is indepon- 
pie the grid steps. 
aia eee way of solving the boundary-value problems by 

is oi is by the multigrid mothod. 
0 particular versions of such an approach for solving 


Juation Aju, = ae : 
veral Drécadure = f, consists in a successive porformance of se- 


(a) The iterative process 
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ne n<-{ — 
i ur=un' ta (A,unm#—f,), m=4, 2, 0-5. My (9-40) 
% and 
expansion ; - — so that the computed components of the uj! 
Uciontly eanit te ourior sories in the matrix eigenvectors are suf- 
sf cigenvaluos ee for the Dirichlet problem in a square 
bens es A xy Ag = —(4/h*) (sin? (pa/2) + sin” (qn/2)), 
+ igh-frequoney Ai Beet 2,..., N. Assuming those harmonics lo 
inyeet suppressi r which p or q are greater than N/2, wo shall have 
by ay 3 tesla with a = h/5, less than g ~ 0.6. 
(by Tee ot m ae igs possible to suppress these components 
esi. : 
ual of the approximation is obtained 


r 


(9.44) 
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and a vector rp, made up of tho components equal to the values of 
Fr, coincident nodes of grids 2, and Q,, is determined. 
(c) The equation 


An,2n, = Tra (9.42) 


is solved on tho grid Qp», 
(d) The voctor 


Zn = Pants (9.43) 
is determined using the operator of interpolating Pan,» from Q,, 
to 2p. 


If the values of z;,) on a square grid are only known for even { 
and j, then a simple interpolation is carried out using the formulas 


(Zee, pt Zier, 9/2, with ¢ odd and j even, 

min (21, at 24, y-s)/2, with i even and / odd. 
(Zyos, pH Za. seat Ze, post Ziss, y)/4, with i and jf odd 

(9.44) 


(e) Tho approximation on , is corrected 
unit! M4 g,. (9,45) 


Noxt \, ileralions are carried out using formula (9.40) and udi+! 
as the initial estimate (V,< N,). The residual f, — A,uNs7Aot#! 
is again calculated and, if it is still large, the entire cyclo is repeat: 
ed. As arule, the approximation u%:+4.+! pow coincides, within the 
required accuracy with the desired difference solution u,. 

For the correction of the system of equations (9.42) may in turp 
be solved using a still sparser grid 2), and so on. If the solution ob- 
tained on a sparse grid 2), is used to construct the initial estimate for 
Qy > then it can be shown (by sufficiently complicated mevipy- 
lations we omil) thal the total volumo of calculations required for 
the solution u, to be obtained is O (h-*), i.e. is proportional to the 
number of nodes. ; ; 

When approximating integral oquations in the two-dimensioos 
caso individua) parts of the boundary are described in eee 
form and the potential density is represented by the function © 
parameter o = g (t) which is approximated on each simple com aD 
part of the boundary using B-splines. If the values of o (f) are post 
at NV + 4 points ¢, of the interval [a, ], thon the B-spline ¢P 
mation is given by the formula 


N+p @.#) 
0, (t) = 2. cB” (l), 


ail 
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ro Bim (t) is 8 B-spline of the nth order, 


— 


N+p 2 
ge (etre) SG delek-r(by RRO By oes (9.47) 


ON (t) =(t— thea) (t = theta) eee (t mae tha) 


in + 1) isan odd numberra = n/2,Pp=a+i p= otherwise 
aafp=(nt he, p= (n — 1)/2. In (9.47) the ¢, are the spline 
nodes which for n = 3 coincide with ¢, and for rn = 2 are half-way 
between f,_, and fy. 

To uniquely define the spline interpolant at the ends of tho inter- 
val a. b boundary conditions for one of the following forms are given: 


(0) =A, 05(a)=C, oa(0)=B, on(d)=D, 9-4) 


where A, B, C, and D are numbers chosen a priori by considering 
the behaviour of the interpolated functions at the ends of the in- 
terval. If o (t) is periodic at a part of T (for example, [' is a closed 
electrode and the points a and b coincide), then periodicity condi- 
tions are imposed on the spline: on (2) = a’, (b), Sn (2) = On (b). 

Note that the part of the boundary on which one spline dn (f) is 
constructed may in fact consist of segments of different type, i.e. 
be a collection of different segments of straight lines or circles, on 
seb different boundary conditions for the potential may even be 
b An approximate solution of the integral equations is constructed 
“4 the collocation principle as follows. Let the boundary of a region 
reba up of L simple-connected segments Ty, b 4,2, 0-2 L, 
; ee equations are represented in parametric form. Bach of the 
atervals (~,, B,) of the change of the parameter t is partitioned uni- 


(ormly into NV, subintervals by poiuls ta, & = / — 4 + Di, aes 


{ 
ro bt py Nj. The total number of points is thus N=L + Ne. 


=i 

ib each of them an approximation of one of the integral relations is 
itten, depending on the type of the boundary condition oo the 

reir ponding part of the boundary, with the function o (t) simultan- 
ai ¥ replaced by its spline interpolant. We thus obtain N alge- 

DE equations in 2pL + N uaknown coefficients c,. Adding then 

tatn equations from the boundary conditions for the splines we ob- 

@ syslem of equations of the (2pL + N)th order 


Hy @ square matrix A = {a;,)} and & vector of unknowns ¢ = 
tt. The elements of the matrix A are obtained from the rows 
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e bya straight- 
ly found. The 


corresponding to the boundary conditions for the spin 
quires calcu- 


, ubstitution of (9.46) to (9.48) ond oe edad 
at bali ‘bes of tho olomonts of the remaining rows re 
lating aril ses Matar integral equ 

The numerical solution of integral eq! vo-dli- 
probloms, whilo not differing in principle from id Say, “The 
monsional problems, is much more complicated ge , ec ossary 
challonge is naturally the increased dimonsionolity. t : n Molds 
to approximate the densily function on two-dimensiona saps 
and to carry out the numerical integration with respect to suriaces 
that often havo a complicated configuration in practical problems. 
The specific features of tho surface potential density now occur in the 
neighbourhoods of dihedral or trihedral angles and its asymptotic 
hohaviour has a more complicated form. If the characteristic dis- 
cretization stop for tho boundary is h, then the order of the resulling 
system of linear algebraic equations is O (h-*). To ensure a given ac- 
curacy we must solve dense systems with a thousand or more equa- 
tions, which requires large computer resources, 

As notod above, tho solution of the problem of calculating the 
Magnotostatic field in a two-dimensional region 2 reduces to finding 
tho function A (x), x = (z,. z,) €Q minimizing the energy func- 
tional (9.10). Thon the problem of seeking a minimum of (9.10) 
Spice by an approximation problem. To do this Q is approxi- 

ated’ by a region 2, made up of closed triangles T, which form a 
grid , and have only one vertex or one sido in common, A mini 
of (9.10) is sought on Q, in the cl i quetiaae tic 

a in tho class V, of continuous functions li- 

near on every T,. Tho space V, is a finite-di i 
chéoss Cour cai ; h nite-dimensional one and one can 
ae The bun uncttons 7, as a basis, whero i is the index of a node 
he or any function v € V, we can write the expansion 


ations for three-dimensional 


N 
v (2) = 2 v1: (2), (9.50) 


sida mit ool number of nodes in @, ond vp, is the correspond- 
AREY, minimising the at et at the ith node. The function 
systom of nonlinear algchraic oquetivas: ee eae aoe 

OP (As)/94,=0, i=1,2,... N 9.51) 
Ono of the efficient Ways of soly ee = 


method and ils varions modification sae {stem is the Newton 


lions, the tow 
mel ‘).. - ; 1 one- os) 

aoe e oe last is as follows. one talent 
the ith node the formula re Value of the (n -+ 4)st iteration at 


OP (ARTY, sped 


+1 
Ar =Aj +o too Atte, Aq. eee, AN)/AA: 


+f nat 
i] ’ 15 B wey Att h, 47. enon ARWOAS 


(9.52) 
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oss is iterated until adjacont iter- 
or the first and second derivatives 
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9 Sof 


used with  € (0. 2). The proc 
sions are clase in Some norm. F 
of the functional we have 
BBs 6B,,  , OA 
( Bs, BA, 4- By, BA, —) Say } 22 dQ, (9.53) 


¥ xl | i 


: 8 
we (CRR BY + Ba ae 


o"B,. 02A 
- pa: 5 — > 
4- By, 7A j oa \ a9 dQ. (9.54) 
Suppose that for an arbitrary tri i 
Nl y triangle 7, of a triangulation @ 
nodes are consecutively mumbored i, j, ke. Then, aie ad 
a,= 
(= 2a — Zh nT, Oy = Zq,5 — Tan C1 = TA TH 


a=2 _ = 
P= Tatar — Dy iZany Oy = Tan — Zarts Cy = Tt — Fahy 
(9.55) 


a =r 
Litgy — Ty, yr b, =2.;—2 =2,j5—- 7 
1. ’ 
} 2 fs A 28 2, Js Ch 1,3 1: i) 


for the val 
ues Asana : 
Me, i of A® inside the triangle 7, we get 


: (e)+ bz, +. A h + h 
zz LSE C18) At + (ay-b byx, + € j2q) A; + (an + bnzs + CnZ9) Ay 


where A, is the ; 

=4! a < 
1? (9.53) and (0.54) of T,. Using (9.50) we get for the oxpressions 
Bam (— ye Ait cy} +cat 


, (9.57) 


B = A 

ae Catt ee ele (See 

"bs, / 64, = (— 4)" oo TH, ¢tZ FF )]; (9.58) 
oR har ) ¢,/2A,, 

es eyit Bex. 1 

ap 24, e(———,;)]} (9.59) 


tL 2 
é 0 oR 
Ass aay =0, om ates 4: cet 074 
Ai 2 5 0A! = 0. 


0 


= @ =” 
EE 
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By roprosonting tho intograls in, (9.95) and (9.4) us tho sums of 
intograls (akon over tho triangles which form tho triangulation @p, 
thon substituting expressions (9.57) to (8.59) into the intograls, and 
approximating tho functions v, (| B 1) and v; (| BI) inside tho 
triangle by their values at tho centre of 7, we obtain a final vx pression 


io calculato AP". Also officiont, bosides mothod (9.52), has prove 


to be the methol of iterating over nonoverlapping subrogions. The 
computational rogion may be partitionod into subregions 2, with 
a nontinoar function v, and into @, with o linear function. ‘To ob- 
tain a solution in $2, wo can uso mothod (9.52), for example, and to 
obtain one in Q, any itoralive or direct mothod of solving a linear 
problem. 

In solving the oigonvaluo problems which arise in tho study of 
probloms of electrodynamics diferent numerical algorithms, such 
as the linile-differonce mothod, aro efficiently used. To find a mini 
muw oigenvaluo one can use the powor method with a variabl ae 
trum shift and to hind several eigenvalues one can om ! th Sethod 
sa ead ee in a subspaco (see 19.10), (9 11}) Poy hea 

un simulating sleong current ; ; i 
ee aa ntrcige danslly Ge oo ‘tho ae a erticls oasl pei 
ionary probloms a moro economical stream-tub ‘a: ; 

Tua aligsical char m-tube model is used. 
greatly dopendent a ne cos lat Relat aia arppoaieris iy 
Tho calculation is carrioi out in ale: ee and initial conditions. 
lions of whoso boundary either Diric} lot a occ rma 
given, If modia with dilforsat diol ot or Noumann conditions are 
prosont, thon the conjugation ¢ fae constants &} anil &- are 
_ As a rulo wo are interostod We tia willed Lda lloataee 
figurations, including multipl is serine Will ago ee El 
there aro desired boams of A etserae ieee assumed That 
Ihe current density is eieh icles of various sort in the rogion. 
mean of the current Jeasiuy gerd as a ah Ble 

elf-consistont stati eG sige 
proximations with ho Artepcs sient cy ert 
for some initial distribution S spac charge, Fast a tol fount 
lortes and curronts and tho che (os Tule:n-aeree50) aoe sieve 
a field. Thoo another field is found nee calculated in a0 
the lrajectorics are again c ala eral ema De ae 
Linue until tho adjacent a 2 aries and so on. The iterations 00" 
A-aolution: at a ee coincide to a given accuracy: 
of Stationary solutions fa ane propion: is defined to be & revert 

or each of which the boundary and initiel 


conditio n 
MS correspond to time ft, = >) Aty. The values of At, #8 
| 


choson sufficien 
tly small ‘put, Goae:@l 
change in the paramotors of the: be a said = 


—-——-—— — 
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ary-valuo problows for potontials aro solvod using differ- 
pace methods on rectangular grids with piecowise constant steps 
jn cach of the indopondent variables. To calculate the intensity of 
the clectrostatic field, algorithms for the first or second order ap- 
proximation aro used, oe on 

With an external magnetic tivld, it is assumed that ils components 
are given al tho points of the symmetry axis. A spline interpolation 
ismadensing these values and then the intensity al the interior points 
of the region is determined from a Scherzer series. When choosing an 
algorithin for calculating the trajectories, we are first interested 
in algorithms which are rolatively easily implementable for solv- 
ing practical problems since the trajectories are calculated in re- 
gions with ungeometrical conligurations. Second, the electric field 
gradionts aro calculatod numerically from the potentials at the nodes 
of the difference grid. In this caso it requires a large numbor of oper- 
ations to calculate the electric and magnetic components and to 
analyze the positions of the points of the trajectories. 

For these rensons we prefer mothods that have a smal) number of 
calculations on the right-hand side for each integration step. We use 
economical modifications for different types of problems depending 
on the presence of a magnetic field and the allowance for rejalivism. 
Balance: and piecowise analytic algorithms are implemented. The 
integration step h of the equations of motion is chosen so that the 
particle crosses a difforence-grid cel] in several time steps 


(1/2) Bh < | tha, — fn | < 26h, 


el 6 is a given paramoter and h is the average value of the grid 
a calculating beams in an oxterna) magnetic field, wo arrive 
be solution of the Cauchy problem for Poisson's equation. It ap- 
iL lo he important to use algorithms stable with respect to errors 
. = Witial data. One such algorithm is based on Poisson's formula 
roential and tho introduction of the operator that regularizes 
oat sonse of A. N. Tikhonov [9.12]. The harmonic function at a 
(r. 2) is defined approximately as 


Bound 


Pa(r, 2) = rst rf Ta (s) ds dO 
on =| \ TARE rep stor (RF sty cos O— Bre)" 


0 -R 
R ~ 
= | Kirz,0) Galas, (9-60) 
-R 
¥ . 
here R is the radius of a sphere enveloping the computational re- 


ri ue 
°P and gq (8) isa “regularized” potential distribution on that sphere.. 


't~o5y 


2 es 9 pe eape = any. ee ees = 
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To find it wo sot up an integro-differential equation 
s; (9.64) 


R ~~ ~ 
J K (0. , 5) Ga (s) ds— 2195 (s) — Pa (6) = PC 
-R 


: -e impose the 
where az is tho regularization parameter. In addition we imp 


‘acs ~e ad eet ¢ (s). If A 7 (0, z) 
naturnl conditions pe (—/) = ga (A) = 9 On Fa 5 { li- 
is givon at .M points of the axis, then wo can obtain a system © 


; - ysi d- 
near algebraic equations in (aq (S:),6 = 1.2) - + -* M by using ae 
raturo focaulas awe finite differences to approxime’: the eee 
side of (9.64). Aflor solving the system (this can be ( har ot ars 
elimination) it is then easy to calculate aq (r. 2) by app vy g q 
rature formulas to integral (9.60). The paramoter @ can he chosep 
such that tho standard deviation of the calculated values qq {r, 2) 
from the given ones 9 (0, z,) be minimum. 

Nnaibor aicoelthin is based on the use of a segment of the Scherzer 
series, which is an expansion of a harmonic function 


1 d@(z, 0 . 4 ate (z, 0) 
9 (z, y) = Oz, o—= SES yay. , (9.62) 


for the plane field and a similar relation 
Ors 2) = J 1-1)" (ol (7/2) 3G 0, 2) / det (9.68) 


for the axisymmetric case. 

Expressions (9.62), (9.63) describe the solution of the Cauchy 
problem for the Laplace equation in a Cartesian and a cylindrical 
coordinate system respectively for the given values of g and the 
zero normal derivative on the line of symmetry. 

Tho approximation of the held on the axis (or some straight line 
parallel to the axis) is carried out using smoothing splines [9.13}. 


9.4. A COMPARATIVE MODULAR ANALYSIS OF 
METHODS FOR SOLVING PROBLEMS 
IN ELECTROPHYSICS 


The solution of the boundary-value problems of mathe- 
matical physics and questions concerning the relevant algorithms and 
packages of application programs (PAP) may he presented in relation 
to several stages. 

A. Preparation of initial data. This includes the description d 
the differential equation (or system of equations), its coefficients, sp 
configuration of the computational region, the boundary condition, 
and the initial data. Additionally variable parameters, their aad 


P 
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errr rection (the minimizod functional) have 

araints 206 a ae alice sr ableni: If the software provides 

19 be specite lifferent methods, then the necessary algorithms or 

oer 1 parametors (the type of grid, the number of 

ibeir pre near grid equations, the mothod of solving them, 

si Hai sss he supplied. Finally, this stago may also include in- 

alee about ithe content and form of the resulls or messages con- 
pours the process of the computation to the user, 

B. Diseretization of the differential problem. At this stage the 
grid is constructed, the grid oquations formad, the approximation 
of differential or intogral equations and boundary conditions are 
specitied, and the matrices aud vectors of the resultant systems of 
algebraic oquations are formed. 

C. Solution of grid equations. In nonstationary problems the 
calution isreduced toa calculation of the grid functions for a sequence 
of time intervals, in stationary problems either iterative or direct 
methods of solving the algebraic equations, which are highly specific 
because of the band structure of the matrices that are formed, are used. 
The current efficiont approaches to the solution of grid problems 
are based on a combination of direct and iterative methods. p- 
proaches like Schwartz's alternating method, where the computa- 
tional region is partitioned into subregions while calcujating in 
turn successive approximations to the solution in each of them are 
alficient. Wheu uniform grids are used in simple subregions, fast Fou- 
ner transform or cyclic reduction methods are especially economical. 
patie of grids can also bo useful. First an approximate solution 
sip the an auxiliary sparse grid, thon an interpolation is made 
that grid po of the dense grid, and then tho solution is refinod on 
dite and . volume of calculations can thus be substantially re- 
solutions o i same time the accuracy increased by combining 

D. elesle eront grids (the Richardson extrapolation). 
of the grid ue and analysis of the results. The immodiate result 
only to at, tion is a vast ocean of information. The user tends 
the values ae ew values at separate points and on some lines, o.g. 
Points, Meliss ee and the coordinates of tho corresponding 
onals of the s : le vector fields of the gradients, and different func- 
28 the results Bas It is extremely useful for tho user can visual- 
“ €9, different a pence various graphical mothods, e.g. graphs, 
e use of a pack mber formats, headings and toxtual explanations. 
Rediate Tighe age is greatly enhanced if there is a flow of inter- 
t ion. diagnosti aii meee concerning the progress of the com- 
Ss for their ol; ics of the errors mado by the user and recommenda- 
Peasible), AN ike and estimates of computational error (if 
hice. ang S requires special software, especially computer 
Cleney the output peripherals must b h t th 
i»? 88d completeness of ust be such to ensure the ef- 

of the analysis. 
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‘The baale modules are onay Lo dl 
Tho eat group should include the Me a 
havo information aboul a problam in elias 
ty he oany for the user in describing (he P 


y i n, and vorsalility- 
quirements are ronclsonoss, visuallzallo : a Deenaie. 


if deserlbing the data may he called a Hig Gone 
whe acand roprosentation of the Initial data we Baath eee in 
vontion an internal langiago) Is made orion eo a ale 
wodulos implementing tho algorithms ¢o handle a S dcvalon 
cally. ‘Tho uxo of an internal language makes it pos 


and madify the modules regardloas of the oxternal inte ate 
the package and usor. Tho modulo that translates Uho information 
from the inpul to the internal language is a LransJator si ane 
ploxity is dotorminod by tho lovel of the expressive means to be im- 
plomontod by it. ere : 

‘The socond group of modules constructs the grid. Thero is o vast 
literature on tho topic and tho algorithms capable of automatically 
constructing grid in two- and three-dimensional rogions satislying 
tho basic nocessary roquiromonts. The output from theso makules 
are tho coordinatos of grid nodes (appropriately ordered, which is 
also important), thoir positions relative to the boundary and their 
“neighbours” and other information nocessary for third group of 
modules, which construct grid equations. 

Tho modules that solve the grid equations carry a considerable 
computational load sinco thoy tond to recalculate the grid functions 
for a largo numbor of itorations and/or Limo steps. These modules 
aro most ofton simplo in structuro since the basic logical and goomet- 
rical operations aro bost comploted in tho proceding stages. Tho situa- 
lion changos of course if large-scalo arrays must be handled at each 
lead ab apis de a aaa ilacisions in such cases concern the 

trays and tho organization of rational ox- 
changes with tho oxtornal momory. 
pa eas packages there is a large group of service modules to pro- 
and output rosults, to control the usor’s work and the package 
itsolf, and lo onsuro the work of the calculator modules. 


‘orn from the ubove. 
fie input morduios. It is useful a 
Tho lirst is designe 


sd the basic re- 
Tho way 


9.5. SOFTWARE SAPR REQUIREMENTS 


We considor a tochnologi : 5 
oe functioning aud pechiiea ale ince SAPR. ae 
ores pon ix tho abject lo bo designed. This may be an 
inated ical dovice for which input data are given and tho char- 
; s aro spociflod. In tho simploat caso the problem is to dle- 
ino quantitatively the dovice’s characteristics for gi input ood: 
ditions, For oxamplo, high voltage constructions mainly ey faire 
poak valuos of the clectrostatle intensitios for fixed potontials an 
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sions of motallic olectrades with a known shape of nae 
¢ cn dielectric properties. But the main aim when construct- 
gapand knot rophysical equipment is to find the hest goometric 
eit : il aramoters to ensure the necessary service properties. 
and a ome of the electrodes has to be found given some con- 
after ee the overall dimensions and such that the intensity modu- 
nodes not exceed the critical value that may lead toa break-down. 
Thus we arrive al & aynthesis or optimization problem at the basis 
ign process. 
es MS BR. application software for electrophysical devices will 
contain some complex mathematical formulations and may number 
tens of thousands of statements, while the volume of data may run 
‘nto hundreds of thousands of words and the calculations may have 
to he run several times. Thus there is a considerable expenditure of 
time and computer resources. 

The development and operation of a SAPR software is a long pro- 
cess and particular attention must be paid to the methodology of 
constructing the programs, to their operation and supervision. 

The industrial character of this sort of software must satisfy strict 
requirements which may be formulated as follows: 

(a) completeness of the physical and mathematical models em- 
braced by the structure of the developed programs; 

: Me ae Nea implemented algorithms, a measure of which be- 
ia Seats approximation the amount of machine time required 
sels oe loa Lan accuracy. A better measure must take into 
calaiiga air _. al] the computer resources expended on a cal- 
cries: ie effort that goes into the development of the pro- 
compute ant easy operation: dynamic running of problems on the 
tion and com res economical representation of source informa- 
the eimpuler dialeee results, ease of access (o the interface with 
sult messages). co _ or in batch operation, error and partial re- 

(4) reliable | mplete and rigorous documentation; 

{ gorithms and programs: a high degree of debugging 


Sale operat “ : yee 
of various ac ensuring the required accuracy, the availability 


€) extensibl : 
, © al . Se eye 
anging or ox gorithm, and program structures, the possibility 


Lo ung tending the mathematical model wi ri 
: ue the software f etentially: without having 
Puter wie” adaptable to changes in the configuration of the 


ve items 
ality sad'te fre naturally part of the general topic of software 


An impor 22 Cxhaustive treatment of these ti [9.4] 
: Portant noi, almen questions see [9.1]. 
8Pplicat; ' point is the admissibility of different levels of using 


ae package (9.44]-[9.17]. The most typical 


“lication sho 
e to carry out designs using standard circuits. 
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sit new compononls to 
On theJother hand, the possibility oleate class of physical 
enable numerical methods to be optimized vd ne iderable practical 
and mathomatical models to be oxtondod is of co 
i ae: which is 
a npg Spree monn that tho software must be & aoe and, 
divorced from its designer, that in the manuals per = aan: 
moreover, ily structure will depend on the intended Lacs an 
A SAPR that satisfies lo somo oxtont these Se lection AL pro: 
fact a package of programs, which is defined as a co pas Drea 
arams compatible in terms of data structures and cre ’ bicas 
by the common functional purpose of solving & class of pro y 


a certain circle of usors. 


9.6. EXAMPLES OF PAP’S FOR THE AUTOMATIC 
DESIGN OF ELECTROPHYSICAL DEVICES 


Wo now deseribe several application software packages 
implemented at the Laboratory for the Automatic Construction of 
Algorithms, the Computing Centre of the Siberian Division of the 
USSR Acadomy of Sciences within the framework of the software 
SAPR of electrophysics. 

The ERA package is designed to calculate stationary high current 
aaa beams in two-dimensional (plane or axisymmetric) 

olds. 

The problem is to calculate the electrostatic field, the charged 
particle trajectories, and the charge and current density distribution. 
The problom is solved using the self-consistent formulation described 
by the equations in Sec. 9.4. The potential distribution is described 
by Poisson's equation in Cartesian or cylindrical coordinates. The 
computational region is bounded and may have practically any 
arbilrary boundary individual sections of which are represented 
by line segments or second-degree curves. On the various boundary 
segments boundary condilions of tho first. second or third kind may 
bo given. Il is assumed that thore are several subregious with differ- 
ee properties al whoso interfaces the continuity condilion 
ping a and the jump condition of the normal derivative are 
ee or particles with differont charges aud masses may 
sities may be citi oe region. The initial current den- 
Walotiiine oe ascribed by « given function of coordinates and 

les or given that the current is limited by the space charge: 
Whon particles move, the azimuthal com fan i 1 mog- 
netic fiold 1 ponent of an interna 

( old and all the components of the external atic field 
given by valuos on Ul i See ee 

) the axis or plane of symmotry are taken into ac 


count. When the acce i ; : iphone 
are allowed for. lerating voltages are high relativistic eficcts 
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Antaportent feature of the package is that it is orionted towards 
sens Whe are engineers and hence there is a special method of de- 
goribing complex houndary-value problems and the initial data for 

articles, the automation of the construction of the algorithms and 
the output of the computational results in alphanumeric and graphical 

m. 
peed equation is solved by the finite-diflerence methods de- 
scribed in Sec. 9 3on rectangular grids wilh piecewise uniform mesh 
steps. The approximation is done on five-point or nine-point patterns. 
For near-boundary nodes approximations of the boundary condi- 
tions of all the above types, including those on curvilinear boundaries, 
are used. 

A considerable proportion of the package is taken up by algorithms 
for automatically constructing the difference equations which in- 
clude the time-consuming analysis of where a grid node is relative 
to the boundary, i.e. whether it is exterior or interior to the compu- 
tational region, how far it is to the boundary along the coordinate 
lines, and what kind of boundary conditions there are on the sections 
adjoining the node. For near-boundary nodes, the necessary geomet- 
rical constructions (drawing normals to the boundary, calculating 
where they intersect the grid lines, interpolation, etc.) are carried 
out automatically allowing for boundary conditions with derivatives. 

The way the coefficients of difference equations are represented and 
stored is essential for economic algorithms. In the ERA package, the 
computed coefficients and the right-hand sides are only stored for 
near-boundary nodes (6 numbers are stored for each node in the case 
of five-point patterns and 10 in the case of nine-point patterns). 
During the iterative solution of the difference equations, for regular 
nodes the coefficients are calculated from simple formulas via grid 
steps and for near-boundary nodes precomputed values are used. 
This allows the package to avoid a cumbersome geometric analysis 
at each iteration. Storing the difference coefficients for each node 
would reduce the time required for iteratively solving the equations 
but it would significantly increase the working storage required 
and thus would lead to severe constraints on the number of gr! 


nodes. 
The differen i - be solved by any one of the algo- 
pid hereaeet x ihe ‘ca overrelaxation (SOR), 


rithms in the package. which are pointwise 

Yy sverralaxslian wih line sweeps "SLOR), or overrelaxation criss- 
‘toss sweeps (ADI). To simplify the logic, the iterations in sitet 
Method are assumed to be implemented for every. grid node, aC ihe 
ing the exterior ones. The type of each node is determine’ & mn 
‘orresponding coding of the nodes is carried out during oe eration is 
cal analysis and the calculation of the coefficients). No Sie are 

one for the exterior nodes while successive approxim™ a coni- 
calculated for the interior ones, so that given @ homogene© 
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putational scheme the boundary conditions for aD arbitrary evi = 

boundary, including a multiply conneclod one, are allowe 

to tho difference coefficionts for the near-boundary nodes. nets 
Tho charged-particle trajectories are calculated by integra & 

equations of motion in momentum form. 
The current and space charge densities are ¢ 


. ' . uu sar”? ce charge ite : 
in Sec. 9.3, and calculating “oxtorior spa & voximation® 


external magnetic liold is determined using spline app 


from tho values H, on the symmetry line. 

Self-consistent problems may be solved on a sequence of nested 
grids, in which case first a rough approximation 1S found on aD eh 
iliary sparso grid (with four fewer nodes than those on the origina 
grid) and then the results are refined on the principal grid. _ 

Tho most complex source information concerns the description of 
the houndary-valuo problem. To specify it the input language PG2M 
(9.4G6] is used. This is capable of representing an ungeometrical bound- 
ary and boundary conditions in a visual and economical form. The 
translator from that language in the ERA package translates charac- 
ier texts into the number arrays subsequently processed by the com- 
puling modules. 

The second group of input data relates to the “trajectory” part of 
the package. To calculate the motion of a beam of charged particles 
it is necessary to specify such parameters as the geometry of the sur- 
face where the beam enters the computational region (the initial 
front of tho beam), the energy and angular responses of the particles, 
the modes of operation of the emitter, the components of the external 
magnetic field, the information on the output of trajectories, and 
some parameters used in numerical algorithms. To describe the in- 
formation ERA uses a modular analysis to break the input data into 
information modules, each having parameters of the same semantic 
type. To process a module a FORTRAN subroutine is developed. Es- 
sentially the subroutine takes in the information in the module vie 
its parameters, processes it, and transfers it into a standard file 
which consists of a number sequence “intelligible” to the computing 
modules. The standard file is set to default values corresponding to 
the most frequently used parameter values. 

The PAP is a collection of data consistent FORTRAN, ALGOL 
or assembler subroutines (modules) executed under the control of 
the package’s master rouline and the DUBNA monitoring system on 
a BESM-6 computer. The modules of the package are: 

PG2M, tho translator from the input language for the boundary 
problem, 

_ GEOM, the subroutines to process and calculate the geometric 
information, grid nodes, and difference equation coefficients, 1 
ITER. the module to solve the difference equations iterativ® e 


alculated as described 
rations. The 
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the module for computing trajectories, and current, pace 
M, the 


’ ic fi nsilies, i 
an ace MAG for oulpulting the computational re- 

SERV, the © eri aphical form. 
sults in o}phan es porious Self-consistent problems are solved the 

When Ue calles is carried by the ITER and BEAM modules. 
a eee oneal modulo calls them in turn and iterates ex- 

De : j ions with relaxation. 
For eel desreipoh of the ERA software see [9.5]. 

The ESTAMP PAP software package is designed to calculate two- 
dimensional magnetostatic fields (plane or axially symmetric) al- 
lowing for the nonlinear properties of isotropic ferromagnetic mate- 
rials. 

The problem reduces to the solution of the boundary-value problem 
in a bounded region for a vector potential component (in the axisym- 
metric case this is the azimuthal component). The boundary of the 
region may be multiply connected and consist of straight lines or 
second degree curves. Arbitrary boundary conditions of the first, 
second or third kind are assumed on the individual sections of the 
boundary. It is assumed that the region has an arbitrary number of 
coils with given current densities and arbitrary number of magneto- 
circuits with different configurations, the latter consisting of several 
te . ferromagnetic materials whose magnetic properties are 
g ea ee positions of their B/H characteristics. 
method The ary-value problems are solved by the finite-element 
problem. computational region is lriangulated and the originab 
Which lea inated in the space of piecewise linear functions, 
tlie: Values ae - System of nonlinear seven-point grid equations for 

Nonlinear vector polential components. 
thod. To Pe etd are solved by the SOR-Newton iteration me- 
With twice eae the efficiency a precompulation on a sparse gridv 
terpolated aoa spacings is used, after which the results are in- 
Proximation is 1¢ nodes of the principal grid and the resulting ap- 
eromagnotics Rae ages Allowing for the nonlinear properties of 
points by third B/H characteristics are approximated from given 
4 Nonlinear pollen Gat obtain a good initial estimate of 

ielectric permittivit S' the linear equations corresponding to the 


. f t hd - . . . 

mieal considerations) ene (it is chosen from a priori 
ulat : 

Version of hee of magnetic lenses ESTAMP also implements 


agneti .. -Ubregion iteration. First the field in the nonferro- 
dition ime is calculated, with the Neumann hom ogeneous con- 
are the ed on the boundary with the “iron”. The grid equations 
rom the od with the Dirichlet boundary conditions 
nd then i: vious solution. We thus obtain a first approxi- 

© iterations are continued in a similar way alter- 
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: the field in 

o of the boundary conditiont ured, mint condition 
ir +  ieront coil aubrenion 18 calculated 0 ned from the pre 

an 0 ‘ { tho normal derivative : ter ime on the bound- 


. . rT Lr) oset 
roximation jn the iron in imp ; tic | es (when 
i ions. For some Lypes LSet ons ields 
tho cof Stora auch less than unily) oven the first iteration y! 

d approximation. Beer: 
: res ra ine the magnetic nee aa sy preter 
an u rulo, only the intensity compone aaea by ia 


ed. T ion is then re 
d bo procisel computed. The solution is 
A tscioaguler ~ibrogion (a “window") that includes the line segment 


iti btained on its 
of intorest is chosen and the boundary conditions vee 
boundary from the solution of the basic grid equations are taken. 
Then a dense uniform rectangular grid on which a refined solution cap 
the calculated quickly is constructed in the ' window . ; 
Tho source information of the ESTAMP PAP includes a descrip- 
dion of the boundary-value problem, the specification of the ways 
of triangulating the region, data on the B/H characteristic of the 
ferromagnetics (if they ure nol available in the package's data 
baso) and directions for the mode of calculalion and the output of 
the required results. 
The hasic dota aro given in PG2M. 
| In addition Uhe input representation specifies the values of relax- 
ation parameters, the required accuracy and control characters for 
the mode of calculation (if necessary, partial quantities are recorded 
on disc, or the results output on the graph plotter). 
_ he ESTAMP is a collection of FORTRAN data consistent sub- 
be ae executed under the contro) of a single master routine and 
A aig ae tu system on a BESM-6 computer. The excep- 
eres cor, tee meant oneteetaae nemo 
Seaiiahivite <9 i ' pare wales 
nes he ‘is input by PG2M, translated into the internal represen- 
fpyldiagnostics of the user's errors are issued : 
fi.is constructed and its quali ae 
Hine are irregulariti quality controlled with messages 
ilies, angles are too small, etc. 


Moients of i imati 
ponloulate ‘ae spline approximation to the B/H charat- 


268 


vious app 


Menproteesed and the nece 


= Aaljthenumeric or eraphic ssary physical characterise 


form. 


- A ee Pols a - pusiadi a 
aay Ge) 5 ree © | 


267 
9, Software for Dosigning Eleotrophysical Davices 


calculating two-dimensional (plane 


ar ae uations for 
gly ame ton, BEA 
the potontial of a simp o layor (Ss Be i he fields of axisym- 
= it possible to calculate disturbances in the he ae 
nae slectron-optical systems (KOS) and to optimize hares sate 
imizing a givon functional of the solution while varying the po 
tials or geometric parameters of olectrodes for specified linear or 
nonlinear constraints. ; 
The Laplace equation is considered in either Cartesian or cylin- 
drical coordinates. The solution must be formed in a bounded or un- 
bounded region with a boundary (possibly multiply connecled) made 
up of line segments or portions of second-degree curves. It is assumed 
that the region may have “internal” boundaries on which the con- 
Linuity condition of the solution and that of the jump of its normal 
derivative are given. Boundary conditions of the first, second or 
third kind may be given on different sections of the boundary. 
The problem of optimizing electrostatic fields is considered in a 
formulation similar to the one considered in Sec. 9.3. 
_The EFIR package allows the following lypes of geometric varia- 
tions: a shift of a section of the boundary along a given vector, a rota- 
tion of a section of the boundary about a fixed point, a longitudinal 
extension (compression) of a line segment with a given fixed point, 
a change in the radius of a circle segment with one fixed point on 
the boundary. In addition the related variations are considered, 
eT dae hae of one segment results in a shift or compression 
ses in tp, tama slo, to abn 
The desired h pi quation for given )oundary conditions, 
Ssimple lay ela ipi function is represented as the potential of 
be (ieniell 7 As mee density a system of integral equations 
y conditions. If there are singularities on 


the boundar , : . pales 
Secbunk y the asymptotic behaviour of the density is taken into 


TI ; : 
with the stab i" algebraic equations is solved by orthogonalizing it 
ee adil ity of calculations automatically controlled and an 
‘After ri Sah pl of the error of the result. 
is deca rages has been estimated the desired potential 
sentation usin 8 the approximation of the original intogral ropre- 
Sscdicie i e B-splines and quadrature formulas. 
atives of the potential are calculated from the expres- 


sions obtained by dj aes 
Potential, by differentiating the intogral representation of the 


The caleulati 

lation of n isy edi 

optical systems is cal qnaxisymmetric disturbances in the electron- 
cs 


armonics. culated using integral equations for individual 


Tae EFIR PAP was designed to 


The : 
Source information about the boundery-value preblem iss 7 
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’ (input comp ce 
"TR package in the 1G input language ESTAMP, 
i angunages used in the ERA and apelatoe 


ncluding the 
itten entiroly ( plemented aa hot 


elfled in the 
which iva ilevelopeiey of the) 
The EF ‘on WE 
Pie EET pie ee sage) in FORTRAN and im 
thus: proceasing 

The structuro of the modules ¢ clo ere Liber 


diagnostics, contro 
hinear algobraic equations (a Inborious and Jo 
solving the syalomn, solve ae Flan baaiilts 

Is, and processing and oulpu - 
gat Stren maodill uses an analysis of the input rahe Nase 
mino the form of tho assignmont, that Is whether only the bounce a 
value problem is to be solved or to calcuJate nonaxisymmetric 
turbonces or to solve an optimization problem. {t also carries out 
tho necessary exchanges with tho external momory if communications 
aro necessary betwoon diflorent computational sessions. 

The matrices of tho algebraic systems are formed in a uniform 
manner for different kernels and right-hand sides of the integral 
equations corresponding to the different types of problems. 

The outpul module onsures the formation of visual alphanumeric 
lists, tables, and sketches. 

Tho EDIP PAP ia for calculating the fundamental or first few 
nalural frequencies and the corresponding harmonics of electrody- 
namic systems and to determine their basic physical characteristics. 
The EDIP package also allows two-dimensional (plane and axially 
panel fields described hy boundary-value problems to he cal- 
culated. 

Two-dimensional free-oscillation and wave problems which reduce 
to tho oigenvalue Problem for the Laplace equation in a bounded 
region Q with a piecowise smooth boundary I are considered. In a 
physical formulation, with @ = 0 (in Cartesian coordinates) the 
computational region Q is a cross-section of a regular waveguide, 
and with @ = 1 il is part of tho moridional plane of an axisymmet- 
A eel The Dirichlet or Neumann boundary conditions for an 
eat Her ang are imposed undor the assumption of ideal wall 

From the solution of tho original ‘ari “ai 
one of the electro’ yaninic ssi erage Weenie ve gi 
impedances, cents of amplification of fields, choracteristic 

© solvo the cigenvalue Problem or to solve the b : 
bia solv oundary-value 
phe phe euation tho finite-diflerence methods described 
ed hy a system of five- original differential equation is approximat- 
in the noighbourhood Fee difference equations, whose coefficients 
ood of singular points are calculated automatically 
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allowing for the asymptotic behaviour of the solution, In the calcu- 
lations a sequence of nested donsed rectangular piecewise constant 
grids is used, 

To refine the difference solutions Richardson's extrapolation is 
used in whieh a combination of two solutions on grids makes il pos- 
sible to obtain au error up to O (ke). Naturally, this increases the 
economy of the calculations since a close solution from the grid Q, 
is taken as initial estimate when solving a problem on a grid Qyz2. 

The algebraic cigenvalue problem for a system of difference equa- 
tions is solved by various iterative algorithins. If only a minimum 
eigenvalue and the corresponding eigenvector are to be calculated, 
then the Rhue algorithm, which is based on successive overrelaxa- 
Lion with an automatic choice of a “nearly optimal” relaxation para- 
meter. turns out to be the most reliable and economical method. 

To calculate several fundamental natural frequencies and their 
harmonics, the subspace iteration method is efficient. 

Using the resultant harmonics obtained the components of the 
electric and magnetic fields can be calculated by approximating the 
above formulas by finite differences with a second-degree error. 

A feature of the EDIP package is the availability of two independ- 
ent ways of specifying input data, each constructed on different 
principles. The lirst approach is to describe the information with 
the aid of a character text in a natural form in a way similar to that 
used in the ERA, ESTAMP, and EFIR packages. 

The other approach is to create a set of auxiliary procedures for each 
package. each virtually a descriptor of a boundary seclion with an 
index and type of boundary conditions assigned to it. 

The user can instruct the package Lo output to the printer or graph 
plotter tables. graphs, or sketches with the required textual com- 
ments. These may be the values of the harmonics or those of the 
intensity components at the grid nodes, the frequencies, wavelengths, 
characteristic impedances of the electrodynamic system, etc. If 
there are user errors in the input data diagnostic messages are issued. 

The algorithms for designing eclectrodynamic systems have heen 
implemented as subroutines in FORTRAN, ALGOL-DDR, and 
MADLEN autocode for the DUBNA monitoring system for a BESM-6. 

The EDIP modules are functionally those for processing the input 
data (in particular. translating the character information into the 
internal language), automating the construction of the difference 
equations and forming the system’s matrix. solving the algebraic 
re pea or the eigenvalue problem. and servicing auxiliary oper- 
rs ia Ae computation is organized by the executive routine which 
ae he modules turn and interfaces them, accesses external 

ry, and oulputs resulta. ae ¢ ZiLbes by the mput data. 
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This is a collection of articles by Sovist scientists 
on curront {asues of building macroscopic models of 
mattor and fiolds. Based on thermodynamics con- 
copis the papors dovelop goncral variational tech- 
niques of modeling materia] continaous media and 
fiolds allowing for their interactions in reversible 
and irroversiblo processes. 

Tho book is intonded for rosearchers, engineers, gra- 
-duate and postgraduate students interested in the 
qocchnnics of continuous media. 


Problems of 
Computational Mathematics and 


Mathematical Modelling 


. , Mem. USSR Acad. Sc.. 
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The work presented in this collection covers 
three main topics. The first deals with 
solving the systems of linear algebraic 
equations that result from the discretization 
of mathematical physics problems by finite- 
difference and projection-difference methods. 
Another is associated with the mathematical 
modelling of general atmospheric and oceanic 
circulation (in particular, consideration is 
given to optimization models for environmental 
protection). The third topic deals with the 
mathematical modelling of infectious diseases. 
Some papers are concerned with neutron trans- 
port equations, vector algorithm, and rando- 
mization of Monte Carlo methods. These papers 
develop the basic theory of vector stochastic ls 
algorithms for solving integral equations 
and of “double randomization” algorithms. 
The final paper discusses the technology of 
software application packages. 
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